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The terms superfluid and normal fluid may be interpreted in 
various ways, and in Landau’s theory the fraction of normal fluid 
given by flow experiments (e.g., second sound) is not a direct 
measure of the number of atoms involved in the excitations. 
Furthermore, the anomaly in the specific heat above the \ point 
indicates the continued existence of unexcited material above the 
\ point, probably in the form of (nonspherical) droplets or clusters, 
which does not actually contribute to the superfluidity. These 
rather complex relationships are considered in the introduction, 
and it is concluded that, in spite of the various possibilities of 
choosing the two components for the two-fluid theory, any pair 
can be considered as thermodynamic components. It is also con- 
cluded that it is probable that the normal fluid and superfluid 
are separated in ordinary space as well as momentum space. 
There follows a discussion of the equation for second sound, and 
a comparison of the values for x (mole fraction of normal fluid) 
obtained from second sound and from the Andronikashvili experi- 
ment. The values of x are also discussed in connection with the 
values of the roton part of the specific heat, c,. It is shown that 


these are difficult to reconcile from a thermodynamic point of 
view on the basis of any of the usual theories, and it may be 
necessary to reinterpret the equation for second sound in the region 
where both phonon and roton excitations are of importance. At 
higher temperatures the apparent anomalies, and especially the 
rapid rise of c,/x near the \ point, are readily explained with the 
aid of the unexcited droplets mentioned above. Finally a critical 
analysis is made of the assumption, inherent in the second-sound 
equation, that entropy is carried only by normal fluid and not by 
the superfluid, which is in apparent contradiction with the fact 
that the entropy of mixing of superfluid and normal fluid cannot 
be zero if they are separated in ordinary space. It is shown from 
two points of view that there is no actual contradiction. In the 
first procedure a pressure is introduced which arises from the 
forces tending to separate normal and superfluid, and the accom- 
panying work is considered. It is shown that this pressure must 
be considered to reside in the superfluid. The second procedure 
starts directly with the energy equation. It is shown that 
H. London’s equation for the fountain pressure follows directly. 





1. INTRODUCTION 


S is well known, many of the properties of liquid 

helium can be explained, or at least described, in 
terms of the two-fluid hypothesis, which supposes that 
superfluid and normal fluid exist together below the 
point. In actual fact, however, both theory and 
experiment indicate that the situation is more com- 
plicated than that. The fractions of superfluid and 
normal fluid can be estimated from certain flow experi- 
ments such as the Andronikashvili experiment and 
second sound. On the other hand, they can also be 
inferred from the thermodynamic properties, and these 
two estimates may not agree. In fact, different things 
have been meant by the terms, superfluid and normal 
fluid. 

Let us first consider the roton excitations at low tem- 
peratures. As these excitations are presumably localized 
and do not change greatly in character over a range of 
temperatures, it seems quite natural to assume that 


* Work assisted by the University Research Fund of the Uni- 
versity of North Carolina and by the Office of Naval Research. 


the atoms involved in these excitations constitute the 
normal fluid. It is, however, quite possible that flow 
experiments will not measure the mass of these atoms. 
In the theory of Landau! and the theory of Feynman? 
the excitations are considered to behave like a Bose- 
Einstein gas. These excitations are assumed to be in 
equilibrium with the superfluid substrate regardless of 
whether they are drifting with respect to the latter 
or not. The excitations have various momenta, and 
their energy depends upon their momentum with 
respect to the substrate. Thus motion of the substrate 
affects their distribution in momentum, and the drift 
of mass relative to the substrate occurs because now 
some relative momenta are favored over others. Thus 
the apparent mass is only indirectly related to the 
actual mass of the atoms involved. Because of the 
peculiar relation between energy and momentum, the 
state of lowest energy can shift in such a way that its 


1L. Landau, J. Phys. U.S.S.R. 5, 71 (1941); 11, 91 (1947). 

*R. P. Feynman, Phys. Rev. 94, 262 (1954); Progress in Low 
Temperature Physics, edited by C. J. Gorter (Interscience Pub- 
lishers, Inc., New York, 1955), Chap. 2. 
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momentum changes greatly. This results in a very 
large apparent mass at low temperatures, and in the 
1947 theory of Landau and the theory of Feynman 
we have 

pr/p~n/NT, (1) 


where p,/p is the ratio of the effective density of rotons 
to the total density, m is the number of rotons per V 
atoms, and ~ stands for approximate proportionality. 
There remains the question whether equilibrium would 
actually be established in a second-sound experiment. 
Also, we have shown* that the roton excitations can 
be discussed by a more conventional type of statistical 
mechanics. This leaves some question as to whether the 
close tie-up between momentum and internal energy 
of the roton is actually necessary, and gives a picture 
more consistent with the idea that the rotons move 
through the superfluid with a mass closely related to 
the actual number of atoms involved. 

Just below the A point, in any event, it is the normal 
fluid which is the substrate, and we can hardly imagine 
that excitations of different momentum can be distin- 
guished. Since the liquid behaves much like an ordinary 
fluid just above the A point, we may infer that the 
normal fluid still behaves so just below. This suggests 
that in this temperature region at least the apparent 
fraction of normal fluid as obtained by flow experiments 
closely approximates the true fraction. 

Nevertheless the possibility must be considered that, 
especially at low temperatures, the flow experiments 
will give a ratio p,/p, which is different from the ratio 
for what we should like to think of as the components 
in a two-fluid theory, and this is certainly true in the 
case of phonons. Phonons are in any case not localized 
excitations, and it would be difficult to assign particular 
atoms to them. 

The complications do not end here, however. Some 
years ago we made an attempt® to understand the 
behavior of the specific heat just above the \ point on 
the basis of the supposition that droplets of superfluid 
appeared in the liquid above the \ point. Whatever the 
details of the theory one may propose, it would appear 
that the sharp rise of the specific heat in this region is 
a pretransition phenomenon which implies fluctuations 
involving superfluid. However, the superfluid which 
appears above the \ point obviously does not contribute 
to the superfluid properties. 

The appearance of superfluidity probably requires 
establishment of some kind of long-range order in the 
superfluid. We have supposed®:® that, while the super- 
fluid is in the form of disconnected (though by no 
means necessarily spherical) globules above the point, 
below the A point there are connections extending 
throughout the liquid, or at least over macroscopic 
distances. However, below the \ point an appreciable 
fraction may be expected still to be in the form of 

30. K. Rice, Phys. Rev. 96, 1460 (1954). 

*O. K. Rice, Phys. Rev. 98, 847 (1955). 


5O. K. Rice, Phys. Rev. 76, 1701 (1949) ; 78, 182 (1950). 
®Q. K. Rice, Phys. Rev. 93, 1161 (1954). 
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droplets which will appear to be part of the normal 
fluid in a flow experiment. 

In view of this complicated situation we propose to 
distinguish between superfluid and normal fluid, as 
measured by a flow experiment, and superfluid substance 
and normal substance characterizing the actual parts of 
the fluid. Further we shall consider the droplets to be 
part of the normal substance, and shall consider in 
addition excited and unexcited components, with the 
relationships : 


Normal fluid substance= excited component+droplets ; 
unexcited component=superfluid substance+droplets. 


As is customary we shall write p, and p, for the 
apparent densities of normal fluid and superfluid ob- 
tained, say, from second sound, and we shall write 
x=p,/p (where p is the density of the liquid) for the 
apparent mole fraction of normal component. 

Since all parts of the liquid are in equilibrium with 
each other, we can, in a two-fluid theory, choose either 
the normal substance and superfluid substance or the 
excited and unexcited components as the pair of thermo- 
dynamic components. In our previous work we have 
chosen the latter pair, although, unfortunately, we 
called them normal and superfluid. 

Now pxVn, Where v, is the velocity of normal fluid, 
is defined in terms of momentum in the Landau- 
Feynman theory [see, e.g., Feynman? (1955) ], and 
hence represents a true mass flow. Also the composition 
of this material is independent of v,, if v, is small. Thus 
it also is possible to consider whatever is transported 
with velocity v, (i.e., the normal fluid, in the usual 
description) as one component, and whatever is trans- 
ported with velocity v, (ie., the superfluid) as the 
other component. These components can be assigned 
proper partial molal quantities in the usual way and 
the standard procedures of thermodynamics can be 
applied. It is true that a certain conceptual difficulty 
may arise, since in the Landau-Feynman theory p, and 
p; are defined in terms of an equilibrium process, and 
a change in p,/p implies a change in temperature, 
whereas the use of the partial molal quantities implies 
the addition of one of the components without change 
in temperature, and hence a slight departure from 
equilibrium between the two components, while equi- 
librium is established among the molecules of a single 
component. Since, however, we will be dealing with 
processes which never depart far from equilibrium, and 
which do not involve large temperature changes or 
sharp temperature gradients in the atomic sense, this 
difficulty is more apparent than real.” 

7 Equation (23) assumes that the transfer of material takes 
place at constant temperature, since the partial specific quantities 
are so defined. If equilibrium is maintained at any given point, 
however, change in the amount of normal or superfluid changes 
the temperature. Since the normal fluid presumably has an 
intrinsic specific heat, this would require a further change of 
normal fluid to superfluid, or vice versa, to effect the energy 


balance. Equation (24) excludes this particular change, giving 
only that which specifically interests us. 
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Whether p, and p, are equal to densities of normal 
and superfluid substance, or not, p». and p, are the 
appropriate quantities, and superfluid and normal fluid 
are the appropriate terms, to use when discussing flow 
experiments. This applies in the case of the present 
paper to Secs. 2, 4, and 5. 

If we attempt to bring the phonons into the picture 
it becomes still more complicated, since the phonons 
cannot be considered to be localized excitations, and 
since their ratio of effective energy to mass appears to 
be much larger than that of the rotons. Fortunately, it 
does not appear to be necessary to consider the mass 
of the phonons if we confine our attention to tempera- 
tures above 0.8°K, since de Klerk, Hudson, and Pellam*® 
estimated that the roton density is already 20 times the 
phonon density at that temperature. The phonon 
specific heat is appreciable, because of the phonons’ 
large energy-mass ratio, but this can be at least approxi- 
mately estimated by extrapolation from low tempera- 
tures and subtracted from the total. 

The description of liquid helium just given implies a 
separation of superfluid and normal fluid in ordinary 
space as well as in momentum space, regardless of how 
the components are chosen. This means that there will 
be an entropy of mixing of the two fluids, and hence a 
nonzero partial entropy §, of the superfluid. In dealing 
with second sound it is generally assumed that the 
superfluid carries no entropy, and there is good evidence 
to support this view. However, to say that it carries no 
entropy is not the same thing as to say that it has no 
entropy, despite a statement of London’s® to the con- 
trary, and one of the objectives of this paper will be to 
set up a consistent hydrothermodynamic formalism in 
which the entropy of transport of superfluid vanishes 
even though &, does not. 


2. RELATION BETWEEN THE ANDRONIKASHVILI 
EXPERIMENT AND SECOND SOUND 

Second sound may be described as a wave motion in 
which the normal fluid and superfluid move with re- 
spect to each other. To compute the wave velocity m1 
it is assumed that this motion is reversible and that all 
the entropy is carried by the normal fluid. It is then 
found that!® 


uyt’= (ps/pn)(s°T/cp), (2) 


where s and c, are respectively entropy and constant- 
pressure heat capacity per gram. Peshkov'! measured 
uyx and concluded that the values of p,/p which could 
be deduced from it were in good agreement with those 
of Andronikashvili.” They did not agree exactly, how- 


8 de Klerk, Hudson, and Pellam, Phys. Rev. 93, 28 (1954). 

9 F. London, Superfluids (John Wiley and Sons, Inc., New York, 
1954), Vol. 2, p. 185. 

1 Reference 9, pp. 77 ff. 

VY. P. Peshkov, J. Phys. U.S.S.R. 8, 381 (1944); 10, 389 
(1946) ; J. Exptl. Theoret. Phys. U.S.S.R. 18, 950 (1948) ; Report 
International Conference on Low Temperatures, 1946 (Physical 
Society, London, 1948), Part II, p. 19. 

2 EF. Andronikashvili, J. Phys. U.S.S.R. 10, 201 (1946) ; J. Exptl. 
Theoret. Phys. U.S.S.R. 18, 424 (1948). 
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TABLE I. Normal fluid density and roton specific heat. 


Cr 
(joules Cr/X% 
100x deg™ g™') (Refer 
(Refer (Refer ences 
ence 18) ence 15) 5 and 16) 


100x 
(Refer- 
ences 


15 and 16) 


100x 
(Refer- 
T (°K) ence 12) 
0.094 

0.307 

0.715 

1.49 

2.82 

4.75 

7.40 6.0 
11.3 10.5 
16.9 16.5 
23.8 24.0 
32.1 33.4 
42.8 44.2 
55.8 58.0 
63.9 66.2 
72.6 75.3 
85.1 86.3 
99.2 96 


0.0102 
0.0339 
0.0807 
0.160 
0.281 
0.464 
0.716 
1.048 
1.476 
2.00 
2.66 
3.47 
4.76 
5.62 
6.70 
8.38 
11.4 


10.9 
11.0 


So 


3.16 
4.80 
7.04 
10.05 
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ever; Andronikashvili'® believed Peshkov’s values were 
better than his own in the lower part of his tempera- 
ture range, and he quoted them in connection with 
other work. The latter tabulation was apparently 
plotted by London" as Andronikashvili’s own work. 
This is confusing, and it appears desirable to compare 
afresh Andronikashvili’s values of p,/p with those 
obtained from second sound and the new values!® of 
cp and s. We have used (see Table I) the second sound 
measurements of Pellam and of Maurer and Herlin’® 
which agree very well with those of Peshkov and seem 
actually to lie between those of Peshkov and of Lane, 
Fairbank, Schultz, and Fairbank.'” Also included are 
some results on the Andronikashvili experiment recently 
obtained by Dash and Taylor,!* as calculated from an 
empirical formula given by them for the range 1.1° to 
2.0°K, and some other data for later reference. It will 
be seen that the agreement between Andronikashvili 
and Pellam is very good, and Pellam’s values would 
agree almost as well with the results of Hollis-Hallett!® 
using Andronikashvili’s method. However, below 1.7°K 
there appears a serious discrepancy between the results 


18 F. Andronikashvili, J. Exptl. Theoret. Phys. 18, 429 (1948). 

M4 Reference 9, p. 67. 

15 Kramers, Wasscher, and Gorter, Physica 18, 329 (1952). 

16 J. R. Pellam, Phys. Rev. 75, 1183 (1949), for 1.5° to 2.18°. 
R. D. Maurer and M. A. Herlin, Phys. Rev. 76, 948 (1949), for 
0.9° to 1.4°. Reference 8 for 0.8°. 

17 Lane, Fairbank, Schultz. and Fairbank, Phys. Rev. 71, 600 
(1947). 

18 J. G. Dash and R. D. Taylor, Program of the National 
Science Foundation Conference on Low Temperature Physics and 
Chemistry, Baton Rouge, Louisiana, December 28-30, 1955 
(unpublished). We may also note that at the same conference 
Pearce, Markham, and Dillinger presented data on the specific 
heat between 0.4° and 1.0° which apparently show roton con 
tributions about 10% higher than those of Kramers, Wasscher, 
and Gorter. The data of G. R. Hercus and J. Wilks [ Phil. Mag 
45, 1163 (1954) ] are also about 10% higher than those of Kramers, 
Wasscher, and Gorter, giving values of x from 10% (at 1.1°) to 
5% (at 2.05°) higher. 

#9 A. C. Hollis-Hallett, Proc. Roy. Soc. (London) A210, 404 
(1952). 
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of Dash and Taylor and the earlier results. The dis- 
cussion of Sec. 1 suggests that possibly such a dis- 
crepancy might arise if the Andronikashvili experiment 
allows true internal equilibrium to be established but 
that second sound does not. However, we shall not 
speculate further on this point. 

To assess the significance of the agreement, insofar 
as it does exist (in any event near the A point), we may 
consider what would be the effect of assuming that the 
superfluid and the normal fluid carry their partial 
entropies per unit mass, namely, §, and §,, respectively, 
instead of assuming that only the normal fluid carries 
entropy. If entropy is carried only by normal fluid, 
the entropy, ps per unit volume, moves with the 
velocity of the normal fluid, v,, the rate of transfer of 
entropy per unit time per unit cross section is psv, and 
the corresponding flow of heat is Tpsv,. If, however, 
both fluids carry entropy, psv, would be replaced by 
£:8:VetPn8nVn. Because superfluid and normal fluid are 
in equilibrium, we have the relation 


h,—T8,=h,—T3,=h—-Ts, (3) 


where h, and h, are the partial specific enthalpies, and 
h is the total enthalpy per gram. If there is no heat of 
mixing of normal and superfluid we can set h,=0 
(neglecting any excitations in the superfluid) and we 
have the relation 
ph=prln. (4) 
Further, if we can suppose that the over-all density is 
constant and that there is no motion of the liquid as 
a whole, 
v.= — pnVn/ ps (5) 


From Eqs. (3), (4), and (5) we find 
PsSeVet pnSnVn=pVrh/T. (6) 


The result of using this expression for the flow of 
entropy instead of psv, is that h/T is everywhere 
substituted for s, e.g., in Eq. (2). Since 4/T is around 
15 percent smaller than s for most of the temperature 
range, this would upset the good agreement between 
the results of Andronikashvili and Pellam, and the 
agreement between Dash and Taylor and Pellam 
above 1.7°. 

If we assume that there is no entropy of mixing 
instead of no heat of mixing, we set §&§=0; then Eq. (3) 
takes the form 


h,—T8,=h,. (3a) 


(We cannot now set h,=0, so there is a heat of mixing.) 


* See reference 5. The situation is quite different in the case of 
the ideal Bose-Einstein gas, where both A, and &, (with subscript s 
referring to the condensed state) are zero. This is easily seen, 
since h,—T8&,=h—Ts=e+ pv—Ts (where ¢ is the energy per gram, 
p the pressure, and v the volume per gram), and e+pv—7s=0 
below the A point (see e.g., reference 9, pp. 47 ff). This can be 
traced to the fact that in this case the transition is first-order (see, 
e.g., reference 6). Thus it is clear that h—T7s is constant during an 
isothermal condensation, and regardless of the temperature the 
final state, in which all the gas is condensed, is one in which both 
enthalpy and entropy vanish. 
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We then have p.3,Vs+ pnSnVn= PndnVn= pSV, and we re- 
cover Eq. (2). We shall return later to the question, 
whether this is the only way to obtain Eq. (2), or 
whether Eq. (2) can be reconciled with a nonzero 
value of &,. 


3. THERMODYNAMICS 


Under assumptions which are equivalent to supposing 
that the mixture of rotons and superfluid obeys Raoult’s 
law, it can be shown® that at low concentrations of 
rotons the number » of rotons when there are V atoms 
is given by 

n= Ne”, (7) 


where m is the effective number of energy levels per 
roton (the intrinsic entropy of a roton being k lnm) 
and ¢ is the energy (strictly the enthalpy) of formation 
of a roton from superfluid. We then have 


d Inn/dT=d Inm/dT— (kT)~!de/dT + €/RT®. 


If a roton can be considered to have a fixed number of 
atoms then, since & lnm is an internal entropy term 
(or if both m and ¢ are fixed), we can write 


kTd \nm/dT=de/dT 
and 


d |Inn/dT = «/kT?. (8) 
If € is constant, then 
Inn= — e/kT+ constant (9) 


and the heat capacity per N atoms due to rotons is 
given by 
C,= edn/dT = (e/kT?)n. 


Where we go from this point, depends upon whether 
we believe that the mass of normal fluid, as revealed by 
flow experiments, depends directly on the number of 
atoms in a roton, or is a more complicated function as 
in the Landau-Feynman theory. In the former case «x is 
proportional to , and we have 


cr T?/x= constant. (10) 


In the latter case we apply Eq. (1) and obtain 


¢,T./x= constant. (10a) 


Actually one would not expect ¢ to be entirely con- 
stant. If we suppose the internal energy of rotons to 
be simply the energy of normal fluid, we can make 
some estimate as to how e may vary. Slightly above the 
\ point, the specific heat has a “normal” value for nor- 
mal fluid of about 0.5 cal per gram per deg, and the total 
enthalpy is about 0.7 cal per gram. The specific heat of 
normal fluid substance would be expected to be less 
than this at 1°K, but orders of magnitude are such 
that the enthalpy of normal fluid substance, and hence 
inferentially «, might be approximately proportional 
to T (though we have previously estimated* that the 
dependence on temperature is not this strong). Let us 
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suppose, then, that «=b7, where 6 is a constant; 
integrating Eq. (8) we find 

n=aTk, 
where a is another constant. In this case, 


C,=d(en)/dT=ba(1+6/k)T**, 


(11) 


and, again assuming x proportional to n, 
(12) 


In this case there would be no point in applying 
Eq. (1), since the Landau-Feynman theory definitely 
requires the approximate correctness of Eq. (9). 

Values of x have been obtained over a wide range of 
temperatures from second-sound measurements, and we 
shall use these results to test the relationships which 
have just been found, recognizing that if the recent 
measurements of Dash and Taylor’ are confirmed, our 
conclusions will need modification, especially in the 
low temperature range. The values of x obtained from 
second sound are plotted logarithmically against 1/T in 
Fig. 1 for temperatures from 0.8° to the \ point. Values 
of c, may be obtained from the measured specific heat!® 
by subtracting the extrapolated value of the phonon 
part, and values of c, and c,/x are given in Table I. 

It will be observed from Fig. 1 that, between 0.8° 
and 1.4° Eq. (9) appears to hold, if we assume that « is 
proportional to ” [but use of Eq. (1) would make little 
difference ]|. Above 1.4° the law changes; still Eq. (9), 
with a different set of parameters, seems better than 
Eq. (11). In spite of this, Eq. (12) is more nearly fulfilled 
than either Eq. (10) or Eq. (10a). 

Above 1.4° this is not surprising since this is the 
region where the concentration of rotons becomes 
appreciable. There will be coalescence of rotons, they 
will lose their identity, and the relation between x and n 
appropriate to the lower temperature might break 
down. It is possible that the rotons entrain or drag 
some of the nearby unexcited atoms. As the density 
of normal fluid increased and some of the rotons 
coalesced there would be less exposed roton surface, 
and so fewer unexcited atoms would be included per 
atom of normal fluid. Thus c, would increase relatively 
faster than x over a considerable range of temperatures, 
and this would be equivalent to a tendency for Eq. (10) 
to go over to Eq. (12). 

If we assume that « is proportional to n, then the 
foregoing explanation of the preference for Eq. (12) 
over Eq. (10), despite the fulfillment of Eq. (9), must 
break down below, say, about 1.4°K, since in this 
region the rotons are separate and independent. On the 
other hand, if Eq. (1) holds it may be interpreted as a 
continually increasing drag of unexcited atoms (or 
material pushed through a “whirlpool’”?) as the tem- 
perature decreases. This occurs in this case because of 
what may be regarded as a specific interaction between 
the excitations and the substrate, which, however, does 
not result in frictional forces because it operates re- 


c,/x*x= constant. 
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Fic. 1. Relation between mole fraction of normal fluid, by 
second-sound velocity, and temperature. 


versibly. However, the predictions of the Landau- 
Feynman theory are specific and they, also, are not 
fulfilled. Possibly one should wait for further experi- 
mental data before drawing definite conclusions, in 
view of present uncertainties.'* Tentatively, however, 
we suggest the possibility of a breakdown in Eq. (2) 
arising from a failure of the phonons to take part in 
the motion of the normal fluid under some circum- 
stances. At the higher temperatures where the density 
of rotons is much greater than the effective density of 
phonons, the latter are probably dragged along with 
the former because of reflections, scattering, and other 
interactions; thus, although an appreciable part of the 
energy is phonon energy, since only a negligible fraction 
of the mass is phonon mass, all the excitations behave 
and move as though they were part of the roton excita- 
tion. Further, at the higher temperatures, the low- 
frequency phonons are not important. At temperatures 
between 0.6° or 0.8° and 1.4° where the roton density 
still predominates over the phonon density, but is 
itself small, low-frequency, long-wavelength phonons 
may move with a different velocity than the rotons due 
to weak and infrequent interaction. They might, in 
fact, produce a secondary wave or pulse of high velocity 
which would go unnoticed because of its low energy 
content. The values of s and c, to be inserted in Eq. (2) 
should then not include all the phonon contribution. If 
we subtract all the phonon entropy and specific heat 
from s and c, in Eq. (2), the calculated value of x 
changes in such a way as to considerably overcorrect 
the trend in c,T?/x. 

At temperatures below 0.6° or 0.8° the roton excita- 
tions become completely unimportant, and then the 
waves or pulses characteristic of the low-frequency 
phonons predominate. 
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If the above discussion is correct, it means that the 
apparent straight line for logx against T-' below 1.4° 
is to some extent spurious, for the values of x need to be 
corrected. The corrected values might not give such a 
straight line since « probably varies. Above 1.4° (or 
perhaps only above 1.7°, considering the results of 
Dash and Taylor), the values of x are probably reliable. 
In this region the interpretation of the empirical results 
are complicated both by variation in ¢ and deviation 
from Raoult’s law, and the straight-line segment in 
Fig. 1 is not readily interpreted. 

The sharp rise of c,/x above 2.1° is connected with 
a rise in each of the quantities separately, and it is seen 
that c, increases less rapidly®* with T than does dx/dT. 
Thus, actually, a lowering of the intrinsic energy of the 
normal fluid is indicated. Above 2.1° the drag of un- 
excited atoms mentioned above is probably no longer 
important, and the regions of normal substance may 
now be large enough for the inclusion of unexcited 
droplets to begin, thus lowering the energy of the normal 
fluid. Close to the X point this trend should reverse 
itself, due to increasing instability of the droplets, and 
their disappearance should cause a rise in the intrinsic 
specific heat of the normal fluid, continuing (as ob- 
served) above the \ point; however, no indication of 
such a rise below the \ point appears in the work of 
Dash and Taylor.” 


4. SECOND SOUND AND FOUNTAIN EFFECT 


As already remarked, if the superfluid and normal 
fluid are separated in ordinary space, we expect there 
to be an entropy of mixing, and &, will not be zero, even 
if the intrinsic entropy of superfluid vanishes. Equa- 
tion (2), however, is valid if the superfluid carries no 
entropy when it moves with respect to the normal fluid. 
It has been widely believed’ that this requires that 
§,=0. It will be shown that not only is this not true, 
but that the equations of motion which are used to 
derive Eq. (2) automatically provide for the possibility 
of a difference between the partial specific entropy and 
the entropy of transport. 

The equation of motion which gives Eq. (2), relates 
the relative acceleration of the superfluid and the 
normal fluid to the temperature gradient, as follows??: 


dv,/dt— Av,/dt= (p/pn)s gradT. (13) 


This equation leaves out the terms of the (v-grad)v 
type, but these are of higher order, since the velocity 
appears twice, and they may be neglected in setting up 
the wave equation for second sound. Other terms of 
higher order are also omitted. 

The relative acceleration, dv,/d/—dv,/dt, may be 


%« This has been discussed by Dash and Taylor in their defini- 
tive paper on the work of reference 18. I am indebted to Dr. Dash 
for a preprint of this paper, and have revised my conclusions in 
its light. 

21 For reviews see reference 9, pp. 83 fi.; J. G. Daunt and R. S. 
Smith, Revs. Modern Phys. 26, 172 (1954), especially pp. 218 ff. 
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considered to result from the gradient of a pressure P 
which exists within the superfluid, and which tends to 
move the superfluid relatively to the normal fluid. In 
ordinary hydrodynamics the negative gradient of the 
pressure is the force per unit volume, but in this case 
—gradP is the force per unit volume of superfluid, 
and the force per unit volume of the entire mass is 
—(p,/p)gradP. Equating this to the reduced mass of 
the two fluids in unit volumes times the relative 
acceleration (retaining only first order terms), we have 


— (p./p) gradP= (p.pn/p)(Ov,/dl—Av,/dl). (14) 


Comparing this with Eq. (13), we find 


—gradP=ps gradT. (15) 


Since s= —0g/dT, where g is the free enthalpy (Gibbs 
free energy) for a constant pressure, and since p is 
practically constant under such conditions, integration 
gives 


P=pg=p(h—Ts). (16) 


The constant of integration is determined by setting / 
equal to zero at 0°K and assuming P is also zero at 0°K, 
which is necessary in order to obtain the correct results 
for the fountain effect. It is very interesting to note 
that if we had assumed the pressure P to reside any- 
where other than in the superfluid we would have had 
some density other than p in Eq. (15) and could not 
have integrated it. This is, of course, connected with 
the form of Eq. (13), and throws some light on the 
meaning of that equation. 

Let us now consider the rate at which the pressure P 
does work. The net rate at which the density of super- 
fluid is increasing at any point, due to flow, is 
—div(p,v,), and we suppose the normal fluid to be 
leaving at the same rate to keep the total density con- 
stant. The volume of superfluid which enters per unit 
volume per unit time is —p'div(p,v,), since the 
intrinsic density of either superfluid or normal fluid is 
approximately that of the liquid. In calculating the 
rate, dW/dt, at which work is done by the pressure P 
on the entering superfluid, we note that, since the forces 
are forces tending to move superfluid with respect to 
normal fluid, they act through a distance equal to 
V,—V,, rather than v,, per unit time. Therefore we 
write 


dW /dt= —[(vs—Vn)/Vs |Pp~! div(p.¥.) 


=— Pp, div(p.vs), (17) 


using Eq. (5). Then, from Eq. (16), 


dW /dt= —(p/pn)(h—Ts) div(p.v,). (18) 


If it is desired to restore the original temperature after 
the replacement of normal fluid by superfluid, it will be 
necessary not only to add enough heat to change the 
superfluid back to normal fluid, but in addition heat 
must be added at the rate —dW/dt, This quantity is 
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positive, since 7s is greater than / and since the rate 
of accumulation of superfluid is —div(p,v,). 

When a certain amount of superfluid enters a given 
volume an equal amount of normal fluid is displaced. 
To find the resultant excess of superfluid, the amount 
entering must be augmented by that which was origi- 
nally associated with the departing normal fluid. Thus 
the rate of appearance of excess superfluid is 


— (1+/./pn) div (p./¥.) = — (p/pn) div (p.V.). 


To change this superfluid back to helium 1 it would be 
necessary to add heat at the rate —h(p/pn) div(p.v.), 
since / is the amount of heat required to change one 
gram of superfluid at 0°K to helium 1 at the appropri- 
ate temperature, besides the addition at the rate 
—dW/dt to compensate the work term. The net rate 
of addition of heat per unit volume requiredi therefore 


dq/dt= —Ts(p/pn) div(p./Vs) = Ts(p/pn) div(pnVn). (19) 


This neglects the effects of gradients of h or Ts, which 
are percentagewise negligible compared to the variation: 
of v, and v,, and therefore may be neglected, if v, ard 
V, are small. Since the heat input dg/d? per unit volume 
is required to bring the system back to its original 
condition, we see that the entropy change per unit 
volume is — 7~'dgq/dt if no heat is added. From Eq. (19), 
then, we can say that entropy is being carried by the 
normal fluid at its velocity v, and that the superfluid 
is carrying none. 

If there is a heat of mixing of superfluid with the 
normal fluid, this can supply some of the heat required, 
and conceivably it could be just sufficient to com- 
pensate the work term.”? This would mean that the 
pressure P was really the gradient of an internal 
potential energy, a situation which is easily visualized. 
This is essentially the assumption made by London.’ 
It is, however, quite well known that osmotic pressures 
are often caused by differences in entropy. This is never 
as easy to visualize, but there is no reason to exclude 
this possibility. If there is no heat of mixing and if no 
heat is added then the work term will be compensated 
in the case where excess superfluid is entering a volume, 
by the conversion of some normal fluid to superfluid. 
It is for this reason that we have spoken of the rate of 
entry of superfluid —div(p,v,) rather than the rate of 
increase of superfluid density dp,/dt. It should be noted 
that this conversion of superfluid to normal fluid will 
not affect the derivation of the usual equations for 
second sound, since these depend only on Eq. (13) and 
the transport of entropy solely by the normal fluid. 

Much the same discussion can be applied to the 


22 Superfluid is increasing effectively at the rate —(p/pn) 
Xdiv(p,v;). To restore this to helium 11 requires a rate of absorp- 
tion of heat equal to — (h—h,s)(p/pn) div(p.vs). But, if §,=0, then 
h,=h—Ts at equilibrium, so comparing Eq. (18), the part of the 
expression involving fh, is just equal to —dW/dt. Therefore, if 
§,=0, the heat to compensate the work term is furnished by the 
heat of mixing. The expression — (i—/s)(p/pn) div(p.v,) is simply 
an alternative expression for —/(p/p,) div(o;v,) —dW/dt. 
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fountain effect. The only difference is that in this case 
the normal fluid cannot move down the capillary, so 
all the transport is done by the superfluid. No normal 
fluid enters into the end of the capillary when super- 
fluid flows out. It flows out pushed by the pressure P 
and the volume which flows out is p~! per gram. The 
work done by P on the superfluid is h—7s per gram, 
which must be subtracted from the heat /# per gram 
necessary to change the superfluid back to helium 11; 
thus the total heat absorbed in order to restore the 
system to its original temperature is 7s. With a tem- 
perature gradient in the capillary, when equilibrium, 
or more properly a steady state, is set up there will be 
a difference in hydrostatic pressure which just balances 
the change otherwise occurring in P. Eq. (16) then 
leads directly to London’s* equation for the fountain 
effect and this has nothing to do* with the value of §,. 

This reconciliation of the possibility of simultaneously 
having &40 and a zero entropy of transport for super- 
fluid is much more satisfactory than my previous essay 
in this direction.”® In the latter paper we considered 
the possibility that there would be a pressure drop at 
the end of the capillary, but it appears necessary only 
to consider an effective internal pressure which regulates 
the relative rates of flow of superfluid and normal fluid, 
which must exist if their relative motions are to be 
explained at all. Further, we considered the possibility 
that there was a layer composed largely of superfluid 
near the wall in a capillary or a Rollin film, but the 
evidence that such a layer exists”® is removed by later 
work”’ which indicates that there is no sudden change 
in the equilibrium thickness of a Rollin film at the A 
point. No such special mechanism is required by the 
considerations of the present paper. 

All the considerations of this section apply, of course, 
only to that region of temperature in which Eq. (2) is 
correct. If there is a region of temperature in which 
Eq. (2) fails, this presumably indicates that some of 
the energy excitations do not travel with the normal 
fluid. If Eq. (2) does not hold in any temperature 
range, it might well be expected that London’s equation 
for the fountain effect would also break down, although 
this is perhaps not absolutely necessary since even 
excitations which do not travel with the normal fluid 
in the case of second sound might be stopped by a 
narrow capillary in the fountain effect. However, it is 
interesting in this connection that Bots” has indicated 

3H. London, Proc. Roy. Soc. (London) A171, 484 (1939). 

*4 Compare reference 9, p. 73 (footnote 2). 

25Q. K. Rice, Phys. Rev. 89, 793 (1953). Because we did not 
consider the pressure P in this paper, the derivation of Eq. (15) 
there is not correct. With the present value, Eq. (16), of P which 
is based only on the entropy of transport being zero, not on §,=0, 
only the London equation can result, and the equation of Gorter 
and de Groot, which substitutes x,(0S/0x,) for S in London’s 
equation, can be considered only as a special case, arising if §,=0. 

26 O. K. Rice and B. Widom, Phys. Rev. 90, 987 (1953). 

27 A. C. Ham and L. C. Jackson, Phil. Mag. 45, 1084 (1954). 

8G. J. C. Bots, Conference on Physics of Low Temperatures, 
Paris, September, 1955 (Supplément au Bulletin de |’Institut 
International du Froid, 177, Boulevard Malesherbe, Paris, 17°). 
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the possibility that London’s equation does not hold 
below 0.8°K. He remarked that this may be an appear- 
ance only, since there may be some error in the entropy 
values in this region. If this proves to be the case some 
of the difficulties noted in Table I may also be elimi- 
nated, at least in part. 


5. ENERGY EQUATION 


The above results may be obtained from the energy 
equation 


te) 
—($pnVn2+3p.Ve+e) = div[4onVneVn+ 3 psVe°Vs | 
ot 


—div(psTv,), (20) 
which states that the rate of change per unit volume of 
the sum of the internal energy (e per unit mass) and 
the kinetic energy is equal to the rate at which kinetic 
energy is carried in plus the rate at which heat passes in. 
It is assumed as before that the heat is bodily trans- 
ported by the normal fluid, crossing unit surface at the 
rate psTv,. This is the same as the equation given by 
London” except that we have omitted terms involving 
the bodily motion of the whole liquid as we assume it 
to be at rest, the total pressure which we assume to 
be constant, and external forces which we assume to be 
absent. We have also omitted a term in (de/dx),,,. Ac- 
cording to the theory of Zilsel,® (de/dx), .=3(¥n— Vs)’, 
and the terms will be negligible if the velocities are 
small. The terms giving the flow of kinetic energy are 
also small since they involve the velocity to the third 
power. These terms are important in the Rayleigh disk 
experiment,*! but are not needed to get the velocity of 
second sound. Carrying out the time differentiations, 
we thus obtain 


*® Reference 9, p. 136. 

*P. R. Zilsel, Phys. Rev. 79, 309 (1950). See reference 9, 
pp. 126 ff. 

41 See reference 9, pp. 137 ff. 
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PnVn* OV,/Ot+ pV. OV,/dt+ pde/dt= —div(psTV,) 
= —psv,-gradT— (p/p,)sT div(pnVn) 


—ppnT Vn: grad(s/pn) (21) 


[the last expression from application of div(ab) 
=a divb+ b-grada to div{ (p/pn)pnsT Vn} |. Using Eqs. 
(5) and (13), this reduces to 


pé= —(p/pn)ST div(pnVn) — pon] Vn: grad(s/pp), 


where the dot stands for 0/d/. Now grad(s/p,) will be 
a small quantity, and since it is multiplied by the small 
quantity v, the last term may be neglected, so finally 
we have 


pé=— (p/px)sT div(pn¥n). (22) 


The change of e is effected through transfer of normal 
fluid and superfluid. If the pressure and density of the 
whole liquid remain constant ¢=h, and since we are 
considering the case where 6,= — pn we have 
pe= (An— hs) bn 
Let us consider the case where there is no heat of mixing. 
If we can neglect any intrinsic energy of superfluid due 
to excitations in it, we may set h,=0 and ph=p,phn, so 
that pé becomes equal to (p/p,)pn. Inserting this in 
Eq. (22) we find 


(23) 


T= (sT—h)h™ div(pnvVn), (24) 
where 


T'= 6,+div(p.Vs) = — pn— div (pnVn). 


I’ gives the rate at which normal fluid must be changing 
into superfluid to maintain the energy balance, under 
the particular conditions noted, thus giving quantitative 
form to the ideas outlined in the preceding section.’ 
There is no more difficulty in setting up equations for 
the energy balance if h,=0 than if §,=0. We can 
conclude that these equations offer no reason for 
believing that the entropy of mixing vanishes. 
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The range-energy relations for alpha particles in Ge, Si, InSb, Al, Cu, Ag, and Au were determined by 
measuring the air equivalents of thin foils of the materials. The incident alpha particles had energies between 
0.7 Mev and 4.45 Mev, which were obtained from a Po” source with air as a variable absorber. A CsI(T1) 
crystal was employed as the detector and the pulse-height distributions of the alpha particles were observed 
with a 20-channel pulse-height analyzer. Approximate analytical expressions for the ranges in microns in 
Si, Ge, and InSb for alpha-particle energies above 0.5 Mev are: Rgi=2.13E'“5+2.20, Rag =1.95E! 4+ 1.72, 
and Rinsp=2.08E!-”-+ 1.65. The ranges for the semiconductors interpolate smoothly between those of the 
metals, which are in good agreement with available data. 


INTRODUCTION 


URING alpha-particle irradiation experiments of 

germanium semiconductors, it became evident 
that the interpretation of the results could be much 
simplified if the samples irradiated were considerably 
thinner than the range of the incident alpha particles. 
The alpha-particle source for the experiments is po- 
lonium, deposited on a circular disk and covered with 
a thin steel foil; the emergent alpha energy being 
somewhat less than 5 Mev. 

The only published range-energy measurements on 
semiconductors known to the author are those of Heller 
and Tendam! for deuterons of about 2 to 9 Mev; they 
found that the relative stopping powers per electron of Si 
and Ge can be obtained by interpolation from the metals. 

When the available data?~® on alpha-particle ranges 
in the energy region 0 to 5 Mev are investigated, it is 
found that the ranges reported for noble gases are 
somewhat lower than expected, when compared to the 
ranges for the metals. Uncertainty as to whether to 
include the data for the gases or to use only the data 
for the metals as a basis for interpolation to the Z 
value of germanium prompted the experimental deter- 
mination of the range-energy relation for alpha particles 
in germanium. 

Since similar irradiation experiments are planned 
with Si and InSb, the ranges in these substances were 
determined simultaneously. Measurements with Al, Cu, 
Ag, and Au were included in order to check the per- 
formance of the equipment. 


EXPERIMENTAL PROCEDURE AND APPARATUS 
Apparatus 


The experimental method employed was to measure 
the amount of energy intercepted from an incident 


* In its initial stages, this work was supported in part by the 
U. S. Signal Corps. 

t International Business Machines Research Fellow. 

1Z. H. Heller and D. J. Tendam, Phys. Rev. 84, 905 (1951). 

2G. Mano, Ann. Physik 1, 407 (1934). 

3S. Rosenblum, Ann. Physik 10, 408 (1928). 

4H. A. Wilcox, Phys. Rev. 74, 1743 (1948). 

5 P, M. S. Blackett and D. S. Lees, Proc. Roy. Soc. (London) 
134, 658 (1932). 

6 M. Bogaardt, thesis, University of Utrecht, 1953 (unpublished). 


alpha particle by a given thickness of the material. 
Rather than to measure this intercepted energy for a 
number of foils of the given material of varying thick- 
nesses, a very thin foil was employed and the inter- 
cepted energies were determined for many different 
incident alpha energies. These were obtained by varying 
the pressure of dry air in the bombardment chamber 
(Fig. 1). The residual energies were measured with a 
thallium-activated cesium iodide scintillator. 

It was preferable to calibrate the scintillation crystal 
response to various alpha-particle energies during the 
performance of the experiment, in order to eliminate 
errors that might arise due to aging or contamination 
of the crystal. Therefore the chamber was constructed 
so that it was possible to measure in quick succession 
the pulse-height spectrum of alpha particles after 
passing through the samples and the spectrum of the 
incident alpha particles, which had a known energy. 
This was done by mounting the samples on a movable 
holder, allowing one to insert either a sample or a blank 
aperture before the detector crystal. 


Samples 


The samples of the four metals were quite easily 
prepared, being small areas of commercially available 
one-tenth mil foils which were carefully weighed with 
a microbalance. 

The samples of the three semiconductors were ground 
from single-crystal blanks. Since previous work indi- 
cates that the range of polonium alpha particles in 
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Fic. 1. Cross section of bombardment chamber. The tray 
holding the sample mounts is moved horizontally by means of a 
rack and pinion drive operated through an O-ring seal. 
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Fic. 2. Observed alpha-particle pulse-height distribution. 


germanium is about 20 microns,’ it was necessary to 
obtain samples less than 5 microns thick. Samples of 
comparable thicknesses are required also for silicon 
and indium antimonide. 

The samples were bonded to glass plates with dental 
wax and were ground and polished to the required 
thicknesses. A Michelson-type interferometer, using 
the polished sample surface as one mirror, was used to 
measure the step distance from the sample to the glass 
substrate, both from the front and the back. 

The thicknesses of the samples were calculated from 
these measurements and the index of refraction of the 
dental wax. The samples were then removed by dis- 
solving the wax in benzene and mounted on the blank 
sample holders. 

Where the quality of the surface permitted, the 
thickness was also measured by infrared transmission 
fringes on a Perkin Elmer model 12-C infrared spec- 
trometer. When this was not possible, the samples were 
fractured after the range measurements were completed 
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Fic. 3. Pulse height vs absorber thickness, dgir. 


7 W. H. Brattain and G. L. Pearson, Phys. Rev. 80, 846 (1950). 
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and the thickness was measured with a Vickers pro- 
jection microscope by looking at the broken edge. 

Owing to the difficulty encountered in accurately 
preparing, mounting, and measuring the thickness of 
such samples, three samples of each material were 
prepared, in order to cross check the results of the 
measurements. 


Procedure 


The system was evacuated in order to obtain the 
highest possible alpha-particle energy incident on the 
sample. The energy of the alpha particles emergent 
from the polonium source used in these experiments 
was determined by the manufacturer® to be approxi- 
mately 4.3 Mev. When the calibration curve for the 
cesium iodide crystal (described below) is extrapolated 
to zero pulse height, the intercept gives an energy of 
4.45 Mev. The pulse-height distribution from the 
scintillator was determined with an Atomic Instrument 
Company 20-channel pulse-height analyzer, and the 
observed spectrum had the shape indicated in Fig. 2. 
The full width at half-maximum was 6% of the mean 
pulse height. If the alpha energy was reduced the 
absolute width of the pulse-height distribution remained 
the same. 

Then air was admitted through a P.O; drying column 
in small amounts to obtain lower alpha energies. The 
centers of the corresponding pulse-height distributions 
were located graphically as accurately as possible and 
a calibration curve of mean pulse height in arbitrary 
units as a function of air absorber thickness (or residual 
range in air) was constructed (Fig. 3). By referring to 
the range-energy curve’ one could construct a curve of 
pulse height versus residual energy. Because of noise 
problems in the equipment at the low-energy end, the 
lowest such pulse height considered reliable corre- 
sponded to a residual range in standard air of 0.245 cm, 
or an energy of 0.38 Mev. 

The pulse-height distribution from alpha particles 
emergent from a sample was observed, the center of 
the distribution determined, and the corresponding 
residual range in standard air was read from the 
calibration curve for the crystal. One could then calcu- 
late the average air range of the alpha particle while 
traversing the sample. Also, the air equivalent of the 
sample at the energy corresponding to this average air 
range was found. 

A complete set of such measurements for each sample 
for many different average energies in the sample was 
obtained. 


RESULTS 


From these data, the range-energy curves indicated 
in Fig. 4 were constructed. It should be noted that the 
8 Mound Laboratories, Monsanto Chemical Company, Miamis- 


burg, Ohio. 
9H. A. Bethe, Revs. Modern Phys. 22, 213 (1950). 





RANGE-ENERGY 


range in the four metals was determined directly in 
mg/cm’, whereas the range in the semiconductors was 
determined in microns and changed to mg/cm? by use 
of the density of the materials (dg.=5.35 g/cm’, 
dsi= 2.4 g/cm’, dinsp=5.85 g/cm’). 

For practical reasons, the range in microns as a 
function of energy for the three semiconductors is given 
in Fig. 5. 

The principle of construction of the range-energy 
curves is illustrated in Fig. 6. The air equivalents, 
AR, ir, of the aluminum sample are plotted as a function 
of Riz, which is the average of the air ranges of the 
incident and the corresponding exit alpha particles. 

The curve is first extrapolated smoothly toward zero 
mean air range as indicated in the figure. The range in 
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Fic. 4. Range-energy curves for low-energy alpha particles 
in various materials. 


air, R,, of an alpha particle whose range in Al is 1 
sample thickness is equal to twice the mean range in 
this interval, Rim. This mean range is determined by 
the intersection of a line of slope two through the origin 
with the air equivalent curve. Then using R; as a new 
origin, the process is repeated to obtain Ro, the range 
in air of an alpha particle whose range in Al is two 
sample thicknesses. Similar procedures yield Rs, Rg, -- - 
By plotting the data for the three semiconductors on 
log-log paper, it was found that over the energy range 
investigated, the range-energy relation could be ex- 
pressed as 

Rsi(microns) = 2.13E' 5+ 2.20, 

Rae(microns) = 1.95F!-4+ 1.72, 

Rins» (microns) = 2.08E'-°+- 1.65. 


RELATION FOR 


LOW-ENERGY a PARTICLES 





20 


R (microns) 








1 
3 


Eq (Mev) 





Fic. 5. Range in microns as a function of alpha-particle 
energy for three semiconductors. 


There is some uncertainty in the ranges at low 
energies because of the lack of accurate data for the 
energy region below 0.5 Mev. The results for the differ- 
ent samples of each of the semiconductors agreed well. 

For considerations involving range differences (AR) 
for energies above 0.5 Mev, the standard errors are given 
in Table I. These errors arise principally from the errors 
present in the determination of the sample thicknesses. 

Since the stopping power per electron has been found 
to decrease linearly with InZ (e.g., reference 1) a check 
of the present results may be obtained by plotting 
A/(ZAR/AE) (which is inversely proportional to the 
number of electrons/cm? over the range interval con- 


sidered) vs InZ for the energy intervals 1 to 2, and 2 
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Fic. 6. Principle of construction of range-energy curve for Al. 
Sample air equivalent (AR) is plotted as a function of R.i,, which 
is the average of the air ranges of the incident and corresponding 
exit alpha particles. 
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Fic. 7. Plot of A/(ZAR/AE) (inversely proportional to the 

number of electrons per cm*) as a function of InZ. The errors 
indicated are taken from Table I. 





to 4 Mev (Fig. 7). The experimental points fall reason- 
ably well on a straight line, especially for the higher 
energy interval which is the region of greatest interest 
for the irradiation experiments. 


DISCUSSION 


The range-energy curves of Fig. 4 for aluminum, 
copper, and silver are in very good agreement with 
similar curves previously determined for these sub- 
stances over the energy region 2 to 4 Mev.’ 

In the case of gold, there is some disagreement in the 
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literature**.® concerning the range in this energy region 
(e.g., the range for E.=3.0 Mev is given as high as 
12.5 mg/cm?“ and as low as 7 mg/cm?,® while the 
measurements given here yield 8.9 mg/cm’). This 
discrepancy can be attributed largely to the uncertainty 
in the low-energy region. In all cases, including the 
results given here, range differences in gold agree closely 
for alpha energies above 2 Mev. 

These results are therefore considered to be in agree- 
ment with the data previously obtained for metals. 


TABLE I. Relative standard errors of range differences, (AR) 
(E,>0.5 Mey). 





germanium 
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copper 
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The ranges for Si and Ge interpolate smoothly be- 
tween those of the metals while the range in InSb is 
approximately 5% lower than one would expect from 
interpolation between the metals. This discrepancy, 
however, is within the experimental error. 


ACKNOWLEDGMENTS 


The author would like to express his sincerest thanks 
to Dr. E. Bleuler for his very valuable help in the 
instrumentation and interpretation of the results. The 
author also is indebted to Dr. K. Lark-Horovitz for 
suggesting the problem and for his helpful advice. 





PHYSICAL REVIEW VOLUME 


103, 


NUMBER 2 SULLY 325, 


Nature of an Ohmic Metal-Semiconductor Contact 


F. A. Kr6crEr, G. DreMEr, AND H. A. KLAsSENsS 
Philips Research Laboratories, N.V. Philips Gloeilampenfabrieken, Eindhoven, Netherlands 
(Received March 21, 1956) 


A brief discussion is given of various existing models for an ohmic contact between a semiconductor like 
CdS and a metal. An alternative model is proposed according to which the ohmic nature is brought about 
by a thin layer of highly conducting n-type CdS underneath the electrode. 





ARIOUS models have been proposed for explaining 
a dc ohmic contact between a metal and a semi- 
conductor. Phenomenologically such a contact is, of 
course, defined by the fact that it obeys Ohm’s law, 
thus fulfilling the following two requirements: (1) the 
threshold voltage for zero current is negligible with 
respect to the applied voltage (2) the proportionality 
factor between current and voltage (i.e., the conduc- 
tivity) does not vary measurably with voltage. (1) and 
(2) must be valid within a certain not too small voltage 
range, say from about 1 millivolt to several volts. 

Neglecting space-charge effects in the bulk,! such an 
ohmic contact will be present if the voltage drop at the 
electrodes, which is required to supply a number of 
mobile charge carriers to the semiconductor sufficient 
to maintain the carrier concentration essentially 
constant, is small compared with the total voltage drop 
across the semiconductor. 

This will, for example, be the case if the work function 
of the metal is equal to or smaller than the work 
function of the semiconductor. Smith and Rose! thus 
explained the ohmic contact of In or Ga to CdS. 
Smith’s model, however, cannot explain Butler’s® ex- 
periments, according to which any metal can give an 
ohmic contact to CdS, provided the CdS surface has 
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Fic. 1. Proposed band model of an ohmic contact between a 
highly resistive n-type bulk IV and a metal electrode I. III is a 
thin layer of strongly n-type semiconductor, and II is an ex- 
haustion barrier due to the difference in work function between 
the material III and the electrode I. 


1R. W. Smith and A. Rose, Phys. Rev. 97, 1531 (1955). 
2R. W. Smith, Phys. Rev. 97, 1525 (1955). 
3 W. M. Butler and W. Muscheid, Ann. Physik 15, 82 (1954). 


previously been exposed to electron or ion bombard- 
ment. It is our experience moreover, that, contrary to 
Smith, even with In or Ga such a bombardment is nearly 
always required. On the other hand, the model proposed 
by Butler, according to which no exhaustion barrier at 
the surface should be present, is. not satisfactory, 
because it is known that such a barrier must always be 
present if there is a difference between the Fermi levels 
in the metal and in the semiconductor. 

The fact that those trivalent elements which are 
known to diffuse easily into CdS produce ohmic con- 
tacts, while elements as Ag and Cu which are incor- 
porated as monovalent ions produce rectifying contacts 
has suggested to us the following alternative model: 

Ohmic contact on a highly resistive n-type material 
is brought about by a rather thin layer of low resistivity 
(strongly n-type) in the semiconductor underneath the 
electrode. This strongly n-type conductivity is, in the 
case of In or Ga electrodes, induced by diffusion of a 
certain amount of trivalent metal atoms into the CdS 
and in Butler’s case by the electronic or ionic bombard- 
ment, which is known to make CdS superficially highly 
conductive.‘ 

Monovalent elements like Ag, Cu, etc., will produce 
the opposite effect since their incorporation in the CdS 
crystal lowers the Fermi level. That diffusion of these 
elements into a sulfide single crystal can already occur 
during evaporation of the electrode material onto the 
crystal has been demonstrated by Diemer.*® 

At the very surface of a highly conductive part of 
the CdS, adjacent to the electrode, there may exist an 
exhaustion barrier, which, however, in such a strongly 
conducting material is so thin that the electrons may 
easily tunnel through it. The band picture according to 
our model is schematically drawn in Fig. 1. 

The region of strongly conductive CdS acts as a 
supply of electrons for the highly resistive bulk; the 
whole system will be ohmic, when an electric field is 
applied, since only the density of electrons in the con- 
duction band at a height AE above the Fermi-level 
counts. A slight deviation from ohmic behavior in the 
thin layer of highly conducting material III and in its 
exhaustion barrier II will have no measurable influence 
on the over-all current-voltage characteristic, because 
of the high series bulk resistance. 

* J. Fassbender, Abstracts Physiker Tagung Wiesbaden, 1955; 
see pp. 36-37. 

5G. Diemer, Philips Research Repts. 10, 194 (1955). 
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A discussion of theoretical and experimental work concerned with spin exchange effects in ferromagnetic 
resonance is given. Qualitative and quantitative results of the author’s exchange theory are summarized 
together with work of Ament and Rado in the same field. An approximate solution of the exchange problem 
due to the latter authors is used to analyze the recent ferromagnetic resonance results of Hoskins and Wiener 
on permalloys. Such analysis indicates that some of the observed effects may have arisen from exchange but 
that it cannot explain the observed experimental g shifts from the free-spin value. 


NTEREST in the effects of exchange interactions in 
ferromagnetic resonance has been enhanced by 
experimental observations of Rado and Weertman! 
suggesting that such effects can be observed under the 
proper conditions at room temperature. Landau and 
Lifshitz? first showed how the exchange effect might be 
included in the equation of motion of the magnetization, 
and the solution of this equation for rather general 
boundary conditions was the subject of a detailed 
investigation by the author.’* Kittel and Herring® have 
also carried out a perturbation analysis of the problem. 
The conclusion was drawn from these treatments that 
at X-band or K-band exchange effects were most likely 
to be observable in metals at very low temperatures 
where exchange damping might be expected to dominate 
other damping mechanisms.* 

By carrying out resonance measurements on a 66% 
nickel, 34% iron permalloy of extremely low magneto- 
crystalline anisotropy, Rado and Weertman hoped to 
achieve the foregoing condition at room temperature. 
Their conclusion that they have done so is based on 
their derivation from the data of a reasonable value of 
the exchange coupling constant A and on fairly good 
agreement between experimental and theoretical reso- 
nance absorption curve shapes. Concomitant with this 
experimental work, Ament and Rado® independently 
developed a mathematical machinery for the calcu- 
lation of exchange effects. 

Although the RW data could be and was adequately 
analyzed by Rado and Weertman using a simplified 
approximate form of the AR solution of the equation of 
motion, cases of importance may arise where the con- 
ditions necessary for such simplification are inappli- 

1G. T. Rado and J. R. Weertman, Phys. Rev. 94, 1386 (1954). 
(Referred to in the text as RW.) 

2L. Landau and E. Lifshitz, Physik. Z. Sowjetunion 8, 153 
(1935). 

$ J. R. Macdonald, Ph.D. thesis, Oxford, 1950 (unpublished). 

4 J. R. Macdonald, Proc. Phys. Soc. (London) A64, 968 (1951). 
Some of the details of the work of reference 3 are given in this 
paper. 

°C. Kittel and C. Herring, Phys. Rev. 77, 725 (1950). 

* Note added in proof—K. H. Reich, Phys. Rev. 101, 1647 
(1956) has apparently succeeded in observing such predicted 
exchange anisotropy effects in nickel at 4°K for both K- and 
X-band wavelengths. 

6 W. S. Ament and G. T. Rado, Phys. Rev. 97, 1558 (1955). 
This work will be referred to by the designation AR. 


cable. Since the author’s solution is more general 
than that of AR and has not been previously published, 
it has seemed worthwhile to summarize some of 
its results.? In addition, a brief discussion of other 
resonance data which may indicate the presence of 
observable room-temperature exchange effects will be 
given. 

There are two principal differences between the two 
theories. First, the author treated the case of resonance 
in a plane-parallel metallic sheet of arbitrary thickness 
with material of arbitrary impedance abutting its rear 
surface, while AR considered a magnetic sample of 
infinite thickness. In the former case, reflection effects 
at the back surface must be taken into account. 
Because of triple dispersion arising from exchange 
damping, there are then six electromagnetic waves 
present, three going into the material from the front 
surface and three traveling in the opposite direction. 
There are twelve magnetic field components, six electric 
field components, and twelve magnetization com- 
ponents present in the sample. Solution of the equations 
leads to a general expression for the surface impedance 
for arbitrary thickness and, in addition, to a formula 
for transmitted power through the sheet. If the sheet 
is sufficiently thin, of the order of a skin depth or two, 
enough power may be transmitted through it so that a 
transmission curve can be measured which has a 
minimum near (but not at) absorption resonance, 
where the effective loss factor \/up reaches a maximum. 

The second difference is in the methods of treating 
the complicated equations of the problem. Both treat- 
ments use the same boundary conditions and lead to 
exact® expressions for the surface impedance which 
differ in form but presumably not in content in the 
infinite thickness case where the solutions overlap.° 
Because of the considerable complexity of these results, 
their exact comparison, which would have to be done 


7 The pertinent mathematical results of reference 3 are sum- 
marized in the Appendix. 

8 Exact except for the usual neglect of second and _ higher 
harmonics in the equations. 

® There is, actually, a second-order difference in the treatment 
of phenomenological damping. This difference arises from the 
present author’s inclusion of the spin-exchange contribution to 
the effective internal field in the phenomenological damping term 
of the equation of motion. 
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numerically, has not been carried out by either the 
author or by Ament and Rado. 

In spite of the complexity of the author’s solution, 
sufficient numerical calculations were originally made 
using it to allow the following conclusions to be drawn.* 

(a) Exchange interaction leads to damping of the 
resonance absorption curves even in the absence of 
other types of damping. 

(b) Exchange leads to a shift in g-values in such a 
sense that values calculated without taking exchange 
into account are reduced when exchange is present and 
properly accounted for in calculating g. Thus, if ex- 
change is present but not recognized in calculating g 
(giving the apparent g, ga), ga will be larger than the 
true g value of the material. 

(c) When exchange is sufficiently strong, the resonant 
frequency (or resonant magnetic field strength) and 
apparent g value depend on film thickness in thin films, 
with gq rising rapidly from the true value to a larger 
value in the neighborhood of a film thickness related 
to the skin depth. 

(d) Because of a difference in the weighting of ex- 
change effects for absorption and transmission of 
electromagnetic power in a thin sheet, the maximum of 
transmitted power occurs at a greater magnetic field 
strength than does the maximum of absorbed power. 
It is the latter field strength which is used to calculate 
g in usual resonance experiments. 

(e) With exchange damping only, one of the electro- 
magnetic wave propagation factors goes to zero at 
antiresonance (the low-field minimum of the \/ur 
curve,” where b~G), giving an undamped wave which 
can be reflected at the far side of a sample no matter 
how thick it is. Solutions of the infinite thickness case 
yield zero effective surface impedance for this field 
strength. The more complete thin-film solution shows, 
however, that the necessary nonzero value is obtained 
even in this case. The approximate Ament-Rado 
solution does not apply in those experimental cases 
where antiresonance is observable since it holds only 
when 61>". 

(f) When exchange is appreciable, it was found that 
plotting the real and imaginary parts," s/ur and 
4/ |x| of the theoretical normalized surface impedance 
against one another in the manner of a circle diagram 
gave an excellent circle in the infinite thickness case 
provided the region around antiresonance was calcu- 
lated from the complete solution to avoid the behavior 
discussed in (e). As stated in the earlier work, such a 
result shows that the complicated exact formula for 
the surface impedance may often be well approximated 
by a far simpler formula which represents a bilinear 
transformation between the static magnetic field axis 
and the complex surface impedance plane. 


10 Normalized quantities such as 6 and G are defined near the 
beginning of the Appendix. ; 

1 The absolute value sign in 1/|uz| is required to keep this 
quantity real. 1/|uz! takes the sign of uz. 
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Ament and Rado® have presented a useful approxi- 
mate form of their exact solution of the equation of 
motion which holds well when h, G*, \/ko, and P» are 
all negligible compared to unity. These quantities are 
defined in the Appendix. Since these conditions were 
satisfied for the RW experiments, the simpler approxi- 
mate solution was used for their analysis. Since Ament 
and Rado did not consider the case of a ferromagnetic 
sheet of arbitrary thickness, it has seemed worthwhile 
to apply their approximations to the author’s solution 
for such sheets. As shown in the second part of the 
Appendix, considerable simplification occurs, and easily 
applied formulas for effective surface impedance and 
the ratio of transmitted to absorbed power in the sheet 
are obtained. 

As a partial check between the Macdonald and 
Ament-Rado sclutions, the possibility of reduction of 
the simplified arbitrary-thickness solution for the 
effective surface impedance to the AR approximate 
result” was investigated by letting the thickness become 
infinite. This limit is carried out in the Appendix and 
does indeed yield the AAR solution. Such reduction was 
not carried out in the original work, however, because 
some of the above conditions were not satisfied in the 
author’s experiments to which the theory was applied. 
In particular, the condition #1 requires that the static 
magnetic field strength Hy be much smaller than 
4M, in the region of interest around resonance. In the 
author’s experiments and in most others except those 
of Rado and Weertman, this quantity has been of the 
order of unity near resonance. Rado and Weertman 
noted that the use of materials with extremely low 
magnetocrystalline anisotropy allows experiments to 
be made at sufficiently low frequencies that h is small 
near resonance but saturation is still achieved. Opera- 
tion in the h<1 region not only makes possible com- 
parison of experimental results with the AAR solution 
but also increases any resonant field shift arising from 
exchange relative to the resonant field itself. Such an 
increase, of course, increases the probability of observa- 
tion of exchange effects. Whereas earlier workers*:® 
pointed out that an increase in AH (exchange)/ H o(resonance) 
could be achieved by increasing metal conductivity by 
going to low temperatures of measurement, Rado and 
Weertman! noted that this quantity could also be 
increased at room temperature by using sufficiently 
low frequencies. 

It is of interest to point out that the AAR solution 
is of almost the form required by the bilinear trans- 
formation mentioned in (f). In addition, Rado and 
Weertman! have noted that the AAR solution yields 
negative values of u2, the imaginary component of the 
equivalent permeability," u=y;—ipu. for low static 

2 The approximate Ament-Rado [their Equation (31) ] result 
will hereafter be denoted by AAR. 

18 The equivalent permeability, determined from measurements 
of effective surface impedance, is not necessarily the intrinsic 
permeability of the material, but may include exchange and other 
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magnetic field strengths below resonance. Such a 
negative 2 was observed experimentally by RW. As 
evidence that this negative ue is not an artifact intro- 
duced by the approximations leading to the AAR 
solution, it may be mentioned that numerical calcu- 
lations*® using the author’s exact solution showed that 
exchange effects can lead to a region on the low-field 
side of resonance where |yu,|>wur. Since p2=[ur 
— |ux| ]/2, this condition implies a negative py. Unlike 
the AAR solution which predicts that wu will remain 
negative down to zero magnetic field strength once it 
goes negative, the above calculations show that pe 
becomes positive again as it should for sufficiently low 
fields. This difference is probably not very significant 
since even low-anisotropy materials will not be satu- 
rated at very low fields. 

Recently, Hoskins and Wiener'* have presented 
resonance data on a range of permalloys in the 36- to 
48-percent nickel range for wavelengths of 3.15, 1.2, 
and 0.6 cm. As in the RW experiments, very narrow 
resonance lines were obtained and both line width and 
apparent g values were found to be frequency dependent 
but little dependent on composition. It is of interest to 
inquire whether some of these Permalloy results are 
explicable by exchange damping. 

The line widths quoted by Hoskins and Wiener were 
obtained by calculation from the derivative of the 
\/ur absorption curve assuming Lorentzian line shape. 
The widths are, therefore, somewhat approximate and 
refer to the \/up curve, not to the we curve. First, it is 
of interest to compare the line width obtained by Rado 
and Weertman at a 10-cm wavelength with that of 
Hoskins and Wiener. To do this, the RW data, given 
in terms of the derived permeability u4, must be con- 
verted back to give the corresponding \/ur curve. We 
may carry out such conversion by first fitting the 
permeability curves theoretically by means of the 
approximate AR exchange result. Such a procedure 
yields more accurate |u| and we values than can be 
obtained by reading directly off the wu; and ue curves 
presented by RW. Next, these values may be combined!® 
to calculate ur and \/up, and the widths then obtained 
by plotting the results. We find pe max=1330, Au. 
= 28.5 oersteds; ur max=2670, AHup=36.3 oersteds; 
and 4/rmax=51.7, AH vyur=61.2 oersteds. Since this 
conversion was based on the approximate theoretical 
formula, which does not fit the actual data very closely 
appreciably off resonance, the width of the measured 
\/ur curve may have been as large as 75 oersteds. On 
the other hand, Hoskins and Wiener found a width of 
90 oersteds on 44 and 48% alloys at a 3-cm wavelength. 
Since the width apparently decreases with increasing 


contributions. The relation between » and ur and v/{\uz| is 
(2in)t=Vurtiv |ur|. 

4 R. Hoskins and G. Wiener, Phys. Rev. 96, 1153 (1954). 
(Referred to as HW.) 

18 The usual relation ur= (|u| +2) is used. The corresponding 
relation for wr is wp =-+(|u| —pe2). 
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wavelength, a larger value is indeed to be expected at 
3 cm as compared to a 10-cm wavelength. 

Next, we may investigate, in a preliminary fashion, 
to what extent the wavelength dependence of Hoskins 
and Wiener’s line widths and apparent g values may 
arise from exchange effects. Because of the considerable 
complexity of the exact solutions, we shall make use of 
the AR approximate form even though the approxi- 
mations on which it is based are not strictly valid over 
the whole wavelength range investigated by HW. A 
more exact analysis would require the use of an exact 
solution but is not warranted at this time because 
Hoskins and Wiener do not present entire resonance 
curves. 

A simple calculation shows that the AAR solution 
predicts that the widths at half-maximum of the up, 
V/ur and pe resonance curves are proportional to 
(\/A)/M,6 where A is a constant measuring the 
strength of exchange coupling,'® M, is the saturation 
magnetization, and 6 is the skin depth for unity permea- 
bility. Since 6 is proportional to w~}, the width is there- 
fore inversely proportional to the square root of the 
free-space wavelength. The widths given for 44 and 
48% nickel Permalloys are 90, 125, and 250 oersteds at 
3.15, 1.2, and 0.6 cm wavelengths, respectively. When 
these widths are multiplied by the square root of their 
corresponding wavelengths, a constant value should be 
obtained if the dependence is actually of the above form. 
Instead, we obtain 156, 137, and 193. Although these 
values differ, the original variation is somewhat reduced. 
In view of the approximation made in applying the 
above result for the width dependence to the HW width 
values, it seems possible that exchange effects were 
playing an appreciable role in these experiments even 
though other effects also involving the skin depth cannot 
be ruled out on the present evidence. 

Finally, it is pertinent to investigate quantitatively 
how exchange effects may affect g values. First, we 
define the apparent, uncorrected g value, ga, in terms 
of the usual resonance expression,'*!? such as 
w=~7(B,Ho,)' for parallel field orientation, where 
y=gae/2mc, Ho, is the static resonance field, and it 
and B, are corrected for shape demagnetization effects.‘ 
Next, we can define a new exchange-corrected g value 
in terms of the new resonance condition which takes 
explicit account of exchange. This condition is con- 
ventionally defined in terms of the field which makes 
\/ur a maximum. This is not necessarily the field at 
which we is maximum or that for which yz and yp, are 
zero, although the differences between the three possible 
field values will usually be small when the damping is 
small. As an illustration, these” differences and the 
resulting values of wr, 2, and yw; for the different 
resonance conditions are summarized for the AAR solu- 


16 C. Kittel, Revs. Modern Phys. 21, 541 (1949). See pp. 550- 
55 


552. 
17C. Kittel, Phys. Rev. 73, 155 (1948). 
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tion at the end of the Appendix. Using these results, we 
may write the following relation for the exchange- 
corrected g value in terms of the apparent g value 


without exchange correction: 
g?— ga *=3.84X 10M w!(A/p)!, 


where p is the resistivity in ohm-centimeters. The 
constant @ is 0.817, 0.785, and 0.704 for resonance 
defined by \/ue a maximum, we a maximum, and 
ui=0, respectively. Note that these results hold well 
only when the approximations of the AAR solution are 
valid. 

When the above formula is applied to the results of 
Rado and Weertman, it is found that the apparent g 
value without exchange correction, 2.87, is reduced by 
such correction to 2.42, the value quoted by these 
authors. Here, even though exchange produces a very 
significant change in g, the magnitude of the final 
corrected value indicates that other factors as well are 
influential in determining g.t 

The above formula is not applicable to the HW 
results except possibly at the longest wavelength, where 
the approximate solution may be reasonably applicable. 
Its frequency dependence cannot explain the magnitude 
of the strong increase in g, with wavelength found by 
Hoskins and Wiener, although the above dependence 
is in the right direction to agree with experiment. If we 
use a value of A of 3X 10-5 ergs/cm, an order of magni- 
tude or more larger than the value likely or that derived 
from the RW data, it is found that exchange reduces the 
value of g, of 2.3 found by Hoskins and Wiener at a 
3-cm wavelength by less than 1%, within the limits of 
applicability of the foregoing formula. It therefore here 
again appears that although exchange may be able to 
explain some of the curve-shape features of these 
resonance experiments reasonably well, other processes 
may have to be invoked to explain the magnitude and 
dependence of their g values. Kittel and Mitchell!’ have 
suggested, as one such process, exchange coupling 
between 3d electrons and 4s conduction electrons. If an 
explicit theoretical account of this process proves 
possible, it may perhaps explain the HW results and, 
in addition, be applicable as well to the Rado-Weertman 
results. 

The question of how well exchange effects alone are 
capable of explaining the precise shapes of experimental 
absorption and dispersion curves in pure metals and 
alloys is one of considerable interest. We have already 
seen that even in those cases where exchange is ap- 
parently important, it is incapable of explaining the 
appreciable frequency-dependent deviation of g from 
the free-spin value. Judging from the RW results, the 


+ Note added in proof —Rado and Weertman (private communi- 
cation) in work to be published show that more accurate correction 
for static demagnetization together with exchange-shift correction 
yields an S-band g value in good accord with values obtained at 
X and K band. 

18 C, Kittel and A. H. Mitchell, Phys. Rev. 101, 1611 (1956). 
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AAR solution does a reasonably good job of predicting 
resonance curve shapes where it is applicable. At any 
rate, it yields closer agreement with the RW results 
than does a theory of simple phenomenological damping 
alone. 

Since the approximations leading to the AAR solution 
are inapplicable to most previous resonance experiments 
with metals and alloys, investigation of possible spin 
exchange effects for these experiments must be made 
using either the exact AR solution or that of the author. 
The choice, for either hand or machine calculation, can 
be made on the basis of relative ease of calculation. The 
author’s solution is given as a function of the complex 
roots of a cubic equation while the AR solution is a 
function of two quantities which satisfy quartic equa- 
tions. In either case, the cubic roots or the roots of the 
two quartics must be recalculated for each value of h 
considered. Although all these quantities are complex, 
the cubic roots can be calculated directly from the exact 
root expressions given in the Appendix. On the other 
hand, exact expressions for the quartic roots are likely 
to be more complicated than those for the cubic roots. 
In practice, Ament and Rado have calculated the 
quartic roots only by means of successive approxi- 
mations using a digital computer,® while a number of 
calculations have been made by hand using the author’s 
result. 

We have thus far considered only resonance experi- 
ments with alloys having exceedingly low magneto- 
crystalline anisotropy and little damping. For these 
materials, it is possible that many of the observed 


_curve features may be explained by exchange. On the 


other hand, materials such as supermalloy and es- 
pecially nickel’? show considerably greater damping 
and larger half-power line widths when measured in the 
wavelength range of 1 to 3 cm. Further, these curve 
shapes can be well fitted on the basis of ordinary 
phenomenological damping alone, whereas this is not 
the case in the RW experiment. 

A calculation has been made to see whether the earlier 
exact exchange formula can explain any of the resonance 
curv> shape features found for nickel at \=1.25 cm. It 
was found that reasonable agreement between theory 
and experiment could be obtained using exchange 
damping alone only if a value of the exchange constant 
A of about 6X 10-4 ergs/cm were used. This value is at 
least two orders of magnitude larger than expected for 
this material."* In addition, transmitted-power reso- 
nance curves obtained with thin sheets, of nickel showed 
no sign of exchange effects although a decrease of trans- 
mitted power by a factor of forty was observed at 
resonance.’ It is thus extremely unlikely that exchange 
effects play an appreciable role in nickel. Supermalloy 
is an intermediate case, however, and it is possible that 
measurements on this material at relatively low fre- 
quencies and low resonance field strengths in the manner 


9K, W. H. Stevens, Proc. Phys. Soc. (London) A65, 149 (1952). 
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of Rado and Weertman might show the influence of 
exchange. 

In conclusion, we should like to suggest that whenever 
exchange effects are suspected in resonance experi- 
ments, measurements over an appreciable range of 
temperatures might give an unequivocal test of their 
presence or absence. Variation of temperature will 
primarily affect the resistivity and so the skin depth 
and will thus strongly influence the region within the 
material in which exchange effects can be of importance. 
If exchange is indeed of importance, both the damping 
(as reflected in the maximum value of \/upg) and the g 
value will depend appreciably on temperature. 
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APPENDIX 
I. Mathematical Results of the Author’s Theory 


The mathematical results of the author’s exchange 
theory* are summarized in this section. We have 
designated the region in front of the plane metal surface 
by the superscript (1), that within the metal by (2), 
and that behind it as (3). A plane electromagnetic 
wave is assumed normally incident on the metal surface 
at the 1-2 interface. The effective surface impedance 
of the metal is then Z® (0). We also designate the ratio 
of power leaving the material at its rear surface, P(d), 
to that absorbed at the front surface of the metal, P(0), 
as Y. The impedance of the material adjoining the metal 
at the 2-3 interface is defined as Z3. 

Since the ferromagnetic metal is triply refracting 
when exchange is present, the boundary-value problem 
for a sheet of arbitrary thickness d is complicated and its 
explicit solution correspondingly complex. To present 
it in a concise form, we use a large number of inter- 
locking simplifying definitions. The solution is 


w , $123 
1=(-) — 
4roky 6193— (ar193 123) Pyo3 + F y03 


(— ) [(ur)?+i(| ur! )*], 


820 


w dios 
©7(2) (0) = a ’ 
(d— @) droky A123 


Re(Z;)|T|? 
Y= 


~ Re[Z(0)] 


T=(Z® (0)/Z3 ](4123/Qi23). 


The quantities used in the above equations are defined 
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as follows: 
bi2s=Gitsetgotistosta, $j)=1/(t;—tko), 
Ti3=Ti—7;, G=w/(4eM,7), h=Ho/(4eM,), 

= iG— Po t;—ikob;—h] tko+ (t;—iko) (t;—h) 
b= L1G Po(b—4)) JEj—iko] 
kyp=A/x8M,. 


haar ae 


bi, 
b=B,/4nM,=1+h, 


P, is a phenomenological damping constant. In the AR 
notation it is given by \/yM,. The three ¢;’s are the 
roots of the cubic equation given later. Hp is the static 
magnetic field. 

All the above quantities with three subscripts are 
formed with the 7,;,;’s in the same manner as $193. 
Hence, it is only necessary to give the basic term of each. 
These are 


6;=9$; V ti, $;=07;e°", nj=Y;d, 
¥;=M,(2zt;/A)}, 
F;=2i- (w123/Qi23)é;, 


Lime", F=Qje%, 


1Zo3=Y; [4roZ; c |. 


17;=6; cschnj, 2;=49;7;, 
g;=coshnj+?Zo;3 sinhn;, 


r;=1—'Z2;, 


The cubic equation having the three /; roots may be 
written 


P+C,P+Cit+C;=0, 


where 


2P.G 
Qi=- [m-ti( Ao )} 
1+P? 


C 2koP 0G PymG 
ca of 
1+-Pe 1+P¢ 1+P° 


2koPobG C 
C;=—— a | 
1+P,? 14+P.? 


and m=h+5. 
The following approximate roots were given in the 
i 


earlier work. 
C2 2 C3 } 
S441 
2Ci 2C; Ci 


L_=> (C2, Ci) is x. 


Cs 


From these approximate values, the AAR solution may 
be derived as shown by these authors when the usual 
approximations employed by AR are used to simplify 
the roots further. 

For completeness, and since they will be of especial 
use in digital computer calculations using the exact 
solution, the following exact expressions for the roots 
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may also be given. 
t;=Z;—-C1/3, 
Z1,3= —P{cos(¢/3)+v3 sin(¢/3)}, 
Z2=2P? cos(¢/3), 
P= (C,/3)?—C,/3, 
cos = — k®/ P}, 
B= (C,/3)®—CiC2/3+C3/2. 


II. Simplification of the Theory when the 
AR Approximations Apply 


In this section, we shall show how the result for the 
effective surface impedance Z®(0) of a ferromagnetic 
film of arbitrary thickness simplifies when the AR 
approximations apply and, from this simplified result, 
derive the AAR solution by going to the limit of infinite 
thickness. The Ament-Rado approximations require 
that the normalized quantities h, G*, \/ko, and Pp all be 
negligible compared to unity. For simplicity, we shall 
take the phenomenological damping constant P» zero 
so that only exchange damping is present. In addition, 
we shall take Z;=1, implying that the material at the 
rear of the ferromagnetic sheet is air or vacuum. This 
assumption is unnecessary, but it corresponds to most 
experimental situations and simplifies the results 
considerably. 

The AR approximations allow us to write the fol- 
lowing approximate equations for the coefficients of 
the cubic equation. 


Cart, 
CX (h—-G?) +-2iko, 
C:—iho. 


The approximate cubic roots given in the last section 
then become 


h-G@ ih-G@y? i 
ty 3=- ({- . ~ ity), 
2 2 

to=1. 


In addition, it is readily shown that 


blots ts=iRo, 


ty +ts= (h—G*) + 2iko. 


The magnitude of the 2ikp term will generally be small 
compared to (h—G*) except when A&G. It has been 
neglected in the expression for /;,; and, as we shall see, 
may also be neglected in (¢,+/;) as well as far as any 
contribution to the final results is concerned. 

The condition Z;=1 allows us to neglect ’Z2; com- 
pared to unity for physical cases of interest. Then, 
r;=1 and g;coshn;. On evaluating some of the 
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quantities appearing in Z® (0), we find 
ra (iG), 


731K T32, 721. 


—| 
jh; ’ 
T32-— (iG), 


When these results are used to calculate Z° (0), we 
find, after considerable cancellation and simplification 


w } 
Z (0) (- ~ ) 
4roky 


(ts-!—t,~*) (t3-4 cothn3—t,7! cothn:) 
t=*—2t-'ts*(cothm cothns+cschm cschns)+4* 


We may write the decay factor 7; as 


4rwot; 3 2t; 73 
ko? ho? 
where 6=c/(2mrwa)! is the skin depth for unity permea- 
bility. Then 9; and n; become 


d/2\'(h-@ h—G*\? by 4 
EAC) TT 
5\ Ro 2 2 


This result, together with the earlier expression for 4;, 3 
allows Z®(0) to be calculated for any experimental 
conditions for which the approximations used hold. 
Note than when Z®(0) is written as (w/8mo)![4/ur 
+ir/|ux|], the quantities \/ur and /|uz! are only 
effective values for any d< and are not the true 
values characteristic of the material itself. 

Next, a small amount of further calculation leads to 
the transmission factor 7, which is found to be 


w } 
r=(—_) 
droky 


(ts-'—t7) [ts cschn3— ty <, cschm, | 
x- —— —, 
ts-§—2t;-¥ts-} (cothn; cothn3+cschn; cschn3)+t,-* 


For any specific choice of thickness d, this result 
together with that for Y in the last section allows the 


ratio of transmitted to absorbed power to be calculated. 
Next, we shall carry out the limit d—+«. We then 


obtain 
73) i (tg 1_ fy ‘) 
0 7 (2) (Q) = = ) 
4roko 


(t=-4— 4-1) 


w ) 1 (tts) )/h+tVts | 


4roky tit (tyt3)!+4, 
~V =(. 


Although the above expression for *Z®(0) simplifies 
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to \/ko, this expression becomes 
(h—G*)+2 (ik)! 
~ [(h—-G) + (ike) P 
—0.55490 
6.19846 3.09923 


—0.49809 This is the AAR result for zero phenomenological 
—=— —————=—=__ damp ing expressed in terms of the present notation. 
The quantity ko equals 2é in the AR notation. 
Finally, using the above expression we may investi- 
gate the various resonance conditions. Ament and Rado 
have already given the condition which makes p,=0; 
in addition, the conditions for ur and pe to reach their 
maximum values are of interest, together with the actual 
values of ur, ue, and yp; in the three cases. All these 
quantities may be expressed in terms of 1/ko, and the 
desired results are summarized in Table I. In applying 
these results, it must be remembered that they are 
valid only when the AR approximations are well 
satisfied. Since one of these approximations requires 
that +/koK1, the results in Table I may only be used 
when ue max aNd pe max are of the order of 10° or greater. 


TABLE I. Summary of results. 





= = T — — — 

| 
Resonance | 
condition | 


| -0.57771 


(h —G2)/ ko (ko), 


3.13269 
3.13958 


(Vko)u, 


—0.54473 
—0.42136 
0 


(Vko)up 


6.31239 
6.30266 











MR max 
M2 max 
mi=0 





somewhat when the earlier expressions for the roots are 
substituted, better simplification occurs when 


u= (21)"[Vurtiv |ur| P 
= (44a /iw)[Z® (0) F 


is calculated instead. We find 


bytal ti t+2 (tits) +s ] 
[it (tts) +isP 


w= (ike) 


On substituting the roots and neglecting ky compared 
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Trapped Flux in Impure Superconductive Tin*+ 


J. I. Bupnicx,{ E. A. Lynton, anp B. SERIN 
Rutgers University, New Brunswick, New Jersey 
(Received April 2, 1956) 


We have measured the percentage of trapped flux in cylindrical tin samples containing antimony, bismuth, 
or indium, with particular regard to the effect of annealing. The flux was trapped by the application and 
removal of a large transverse magnetic field. Our results do not confirm Pippard’s conclusion that a marked 
change in flux trapping behavior occurs at a critical concentration of impurity. Instead we find that all 
samples, whether of high- or of low-impurity concentration, follow the same behavior, namely, that the 
percentage of trapped flux rises steeply near the transition temperature, and that this rise decreases mono- 
tonically with annealing time. In all cases in which this rise is discernible its temperature dependence is 
linear with the function (1—#)~+ up to ¢2.0.98, where :=7/T,.. We believe that the binary specimens used 
by us as well as those used by Pippard have a substructure of filaments of different concentration, which 
trap flux when the sample is insufficiently annealed. In support of this view we cite extensive metallurgical 
evidence for the existence of such a substructure, and a crude measurement on two of our annealed specimens 
which showed that the magnetic field needed to restore resistance was much higher than the threshold 
field of the bulk material, and that this transition was quite broad. 


I, INTRODUCTION however, during the course of transition multiply- 
connected parts within the specimen may develop which 
have the general form of closed superconducting regions 
surrounding cores of normal metal. Such cores will have 
magnetic flux running through them. The perfect 


conductivity of the enclosing superconducting regions 


HEN a superconductive substance passes from 
the normal to the superconducting state in the 
presence of an external magnetic field, it becomes 
ideally a perfect diamagnetic, excluding the applied 
field entirely except in a thin surface layer. In practice, 


* This work has been partly supported by the Office of Naval 
Research and by the Rutgers University Research Council. 

+ The measurements with annealing times up to about 30 days 
formed part of a dissertation submitted by one of us (J.I.B.) to 
the Graduate Faculty of Rutgers University in partial fulfillment 
of the requirements for the Ph.D. degree. 

t Present address: I.B.M. Research Laboratory, Poughkeepsie, 
New York. 


now makes it impossible for this flux to change. Thus 
the specimen retains a small magnetic moment propor- 
tional to the amount of flux trapped in this fashion 
even after the external field has been reduced to zero. 
Although the phenomenon of flux trapping has been 
known since the first discovery of the diamagnetic 
nature of superconductors, the few studies of this effect 
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have until recently been either fairly qualitative! or 
incidental to other magnetic studies.? The first to 
embark on a systematic and exclusive study of this 
phenomenon has been Pippard,’ who measured the 
amount of flux trapped in monocrystalline Sn-In 
cylinders, to which a large transverse magnetic field 
had been applied and then removed, so that the speci- 
mens passed through the intermediate state in making 
the phase transition. As Pippard’s aim was to determine 
the variation of trapped flux with indium concentration 
in as nearly homogeneous superconductors as possible, 
he studied the effect of annealing in several of his 
samples and found a general decrease of trapped flux 
with increasing annealing time. In one specimen there 
was an appreciable change even after 110 days of 
annealing, but on the whole Pippard believed that 
20-30 days of annealing would produce a sufficiently 
uniform sample. He annealed most of his specimens for 
that length of time. 

Pippard’s detailed study of this series of tin-rich 
alloys established a certain regularity in their behavior. 
The amount of flux trapped increased with greater 
indium concentration, due, in all probability, to the 
inevitable decrease in the crystallographic perfection of 
the samples. Superimposed on this Pippard’s results 
indicate a second effect, which he attributed to the 
nature of superconductivity. He found that for most 
specimens containing less than about 2.5% of indium 
by weight, the percentage of flux trapped (i.e., 100 
times the actual magnetic moment of the sample after 
removal of the magnetic field divided by the maximum 
diamagnetic moment the sample can have at a given 
temperature), tended to zero at the transition tempera- 
ture, 7, whereas for greater indium concentrations this 
percentage rose rapidly near 7, approaching a value 
of 30-50%. The critical concentration of indium at 
which this change of behavior seemed to occur corre- 
sponded to a ratio of the resistances 


Retains’ / Riaeat orc. 145, 


which in turn corresponds to a definite value of the 
electronic mean free path. 

Pippard explained this effect on the basis of his 
concept of a range of coherence of the superconducting 
electrons.‘ He assumed that flux can be trapped only if 
the neighboring superconducting regions in the inter- 
mediate state coalesce at a few points to form multiply 
connected regions. Such coalescing is always possible 
near crystallographic flaws, so that one would expect a 
general increase in trapped flux with increasing indium 
concentration and hence decreasing crystal perfection. 
Pippard proposed that in addition to this, coalescence 
throughout the specimen occurs freely when the mean 
free path of the electrons becomes smaller than the 


1K. Mendelssohn, Proc. Roy. Soc. (London) A152, 36 (1935). 
2 J. W. Stout and L. Guttman, Phys. Rev. 88, 703 (1952). 
3A. B. Pippard, Trans. Roy. Soc. (London) A248, 97 (1955). 
4A, B. Pippard, Physica 19, 765 (1953). 
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penetration depth. According to this view there should 
be a critical concentration beyond which even flawless 
single crystals could trap a large amount of flux, 
particularly near the transition temperature. 

The foregoing model of flux trapping differs in 
principle from the earlier explanations.!> These attrib- 
uted the trapping to the presence of small inhomo- 
geneous regions in alloys having different supercon- 
ductive properties than the bulk of the material. 

A preliminary account of Pippard’s work® led us to 
measure the amount of trapped flux in tin containing 
antimony and bismuth as well as indium, as part of a 
general investigation of the effect of impurities on the 
superconductive properties of tin. For if the apparent 
change in flux trapping behavior found by Pippard is 
indeed a mean free path effect, then a similar change in 
the percentage of trapped flux should occur in any 
tin-rich solid solution for which the resistance ratio 
exceeds the critical value of approximately 0.145. In 
addition we decided to investigate with somewhat 
greater care the effect of annealing on the amount of 
trapped flux. In particular, we extended the annealing 
time. 

Our investigation has shown that the rise in the 
percentage of trapped flux near the transition tempera- 
ture always appears initially, but then decreases with 
increasing annealing time in a// samples, irrespective of 
their resistance ratio. In one specimen with a resistance 
ratio considerably larger than 0.145, the rise practically 
disappears after about 100 days of annealing. Since, in 
addition, the rise in trapped flux has the same tempera- 
ture dependence for all samples, we conclude that 
within the range of concentrations studied there is no 
sudden change in flux trapping behavior, and hence no 
evidence for the appearance of free coalescence. 


II. EXPERIMENTAL DETAILS 
A. Preparation of Specimens 


All metals used were obtained from Johnson-Matthey, 
Ltd. The tin was very pure (99.998%), while the bis- 
muth, antimony, and indium were of somewhat lesser 
but adequate purity (99.99%). The metals were first 
melted in a vacuum, and kept molten for 24 hours 
before cooling. A portion of the alloy prepared in this 
way and the Pyrex specimen tubes were then placed in 
a large Pyrex tube which was evacuated. The metal 
was again melted, and the system was vibrated for 
half a day to remove any trapped gas bubbles. Helium 
gas was then used to force the melt into the specimen 
tubes, after which the samples were grown in an oven 
which produced a sharp temperature gradient over the 
length of the specimen. The temperature of the oven, 
initially slightly above the melting point of tin, was 

5D. Shoenberg, Superconductivity (Cambridge University Press, 
Cambridge, 1952), pp. 44 ff. 

6 A. B. Pippard, Third International Conference on Low Temper 
ature Physics and Chemistry (Rice Institute, Houston, 1953). 
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then lowered slowly until the sample solidified. All the 
specimens used for the trapped flux measurements were 
approximately 4 mm in diameter and 9 cm long. Upon 
cooling, the Pyrex tubes were gently cracked from the 
specimens, after which the sample ends were cut care- 
fully with a sharp blade and rounded off. The samples 
used had very bright surfaces, and consisted of a few 
large crystallites. 

Before and between runs all samples were annealed 
im vacuo in an oven at about 185-190°C. The mixes 
were made from a temper alloy of known high concen- 
tration to which were added accurately weighed 
amounts of tin. In this fashion all quantities involved 
were large and could be weighed accurately, so that the 
concentrations were known with good precision. From 
each melt we cast both the large cylinder used for the 
flux trapping measurements, and several small cylinders, 
about 2 mm in diameter and 4 cm long, whose resistance 
ratio was measured. This ratio in all cases increased 
linearly with the calculated concentration, and, in the 
case of indium, agreed with Pippard’s results. Moreover, 
we determined the resistance ratio of a few of the large 
cylindrical specimens, and found them to agree within 
experimental error with our measurements on the 
smaller specimens. 


B. Apparatus and Procedure 


The principal parts of the apparatus used to measure 
the trapped flux are shown in Fig. 1. The sample 4 is 
glued to a small brass holder C which in turn is secured 





Fic. 1. Schematic 
diagram of the appa- 
ratus used to meas- 
ure the trapped flux. 
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TABLE I. Characteristics of the specimens. 


Anneal. 
time 
(days) 

16.5 
1.18 
0.64 

23.6 
1.73 
0.45 

32.2 


Slope 
(arb. 
units) 


Rresid. * 


Concent. 
¢ Ria. 0°c 


Sample Impurity (at. %) 


1 Bi 





1.55 0.130 


In 2.14 0.120 


Sb 1.85 0.120 


Bi ; 0.185 


In 3. 0.185 


Sb 0.185 


Bi 0.068 
Sb 0.066 
Sb 0.245 


« These resistance ratios were in each case calculated from measurements 
taken after maximum annealing time. 


in the center shaft D by a set screw. This shaft is a 
stainless steel tube which passes through the cryostat 
cap by means of a double O-ring seal F-F. The 
handle L is used to rotate the sample manually, stops 
K limiting this to 180°. The rectangular pickup coils B, 
shorter than the specimens to avoid end effects, are 
placed with their planes perpendicular to the applied 
field direction, and are attached to the fixed outer tube. 
Leads from these coils are passed continuously through 
the cap to avoid extraneous thermal emf’s. Sealing 
wax in the narrow tube H provides the vacuum seal. 

The magnetic moment of the sample after a high 
magnetic field has been applied and again removed is a 
measure of the trapped flux. It was obtained by ob- 
serving with a ballistic galvanometer the emf generated 
in the coil B when the sample was rotated through 180°. 
The field was supplied by a pair of Helmholtz coils 
capable of producing a magnetic field up to about 275 
oersted. 

The Meissner effect in a superconducting lead 
cylinder was used to provide an absolute calibration of 
the apparatus. A cylinder of lead of very nearly the 
same diameter as the samples under investigation was 
withdrawn from the detecting coils in the presence of a 
known magnetic field considerably less than the thresh- 
old field of lead. This was repeated for various fields. 
From the known magnetic moment of the lead and the 
observed galvanometer deflection we calculated our 
sensitivity. In most of our early runs this was about 
1.2X10-? emu/cm* per mm of deflection; later we 
rewound B with more turns and achieved a sensitivity 
about ten times greater. The sensitivity of the galva- 
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nometer was checked from run to run by connecting it 
to the secondary of a fixed mutual inductance, passing 
known currents through the primary, and observing 
the resulting deflections. 

To obtain the fraction of flux trapped, one must 
divide the measured magnetic moment per unit volume 
by H.(T)/4m, the maximum moment the sample can 
have at any temperature 7. For temperatures between 
T, and 0.97., the critical field H.(7) can with a high 
degree of accuracy be considered to vary linearly with 
(T.—T). Data obtained in an independent investigation 
at this laboratory’ show that the slope of this variation 
is essentially the same for both pure and impure tin, 
and has a value of 147 oersteds/°K. For temperatures 
below 0.97., the value of H,(T) was calculated by 
using an analytical expression for h(¢)=H,(t)/H.(0),® 
where ‘= 7/T.; H.(0) was taken to be 306 oersteds for 
all samples. Again this was justified by the results of 
the independent investigation just mentioned. In both 
temperature ranges the accuracy of the critical field 
values of course depends primarily on the precision 
with which the transition temperature of the sample 
was determined. In all cases in which this was im- 
portant, 7, was determined by switching on a small 
current through a few turns of wire wound over the 
coils B, and observing the resulting galvanometer 
deflection. The mutual inductance between these turns 
and the coils B changes when the sample between the 
coils becomes superconducting, i.e., diamagnetic, so 
that the deflection changes. The value of T, obtained 
in this fashion agreed well with the temperature at 
which the extrapolated magnetic moment of the sample 
vanished. 


III. RESULTS 


We measured the trapped flux in a large number of 
samples of tin containing varying amounts of antimony, 
bismuth, or indium in solid solutions. Their character- 
istics are listed in Table I. Figure 2 shows the effect of 
annealing on the percentage of trapped flux in samples 
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Fic. 2. Plots of the percentage of trapped flux as a function of 
t=T/T, for three samples after different annealing times. In each 
case, the ordinates decrease with increasing annealing time. 

7 Lynton, Serin, and Zucker (to be published). 

8 Serin, Reynolds, and Lohman, Phys. Rev. 86, 162 (1952). 
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Fic. 3. Plots of the percentage of trapped flux as a function of 
t=T/T, for three samples after different annealing times. In 
each case the ordinates decrease with increasing annealing time. 
For the unannealed 2.18% Bi specimen, the percentage of trapped 
flux was taken to be 100 as the amount determined on the basis 
of the calculated threshold field was greater than this. This 
indicates a higher threshold field for the unannealed, highly 
inhomogeneous sample. After 26 days of annealing, the threshold 

field became essentially equal to that calculated. 


1, 2, and 3, all of which have a resistance ratio well 
below, and hence an electronic mean free path much 
larger than that predicted by Pippard as critical. 
Figure 3 shows the percentage of trapped flux after 
different annealing times for samples 4, 5, and 6, all of 
which have a larger resistance ratio and therefore 
smaller electronic mean free path than the predicted 
critical value. For all these samples the annealing 
appears to have two results. At temperatures well 
below the transition temperature the initially very high 
percentage of trapped flux is reduced markedly after 
about 30 days of annealing, by which time it has in 
most cases reached a fairly stable behavior, little 
affected by further annealing. In all cases, the percent- 
age of flux has a minimum value between ‘=0.8 and 
t=0.9, where ‘= 7/T,, and rises by a factor 1.2-1.4 as 
‘ decreases to 0.5. For samples 1, 2, and 3 this minimum 
value is about 1-3%; for samples of higher impurity 
concentration it is 6-14%. 

The second effect of annealing is to reduce the rise 
in the percentage of trapped flux near the transition 
temperature. While this is most marked in the 1.85% 
Sb sample, the same effect occurs with all specimens: 
the longer one anneals, the smaller and less pronounced 
becomes the rise. In the case of the 2.18% Bi, the rise 
has virtually disappeared after 108 days of annealing. 
Since with all other samples the decrease of the rise is 
monotonic with annealing time, it appears that one 
can assume that it will vanish in all cases if only one 
anneals long enough. 

Although this change near 7, shows up fairly clearly 
in the plots of the percentage of trapped flux versus 
reduced temperature, as shown in Figs. 2 and 3, we 
searched for a function against which the rise would 
appear linear, as this would simplify the evaluation of 
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Fic. 4. Plots of the percentage of trapped flux as a function of 
(1—#)~4 for the 2.89% Sb sample. The slopes of the lines decrease 
with increasing annealing time. 


the sharpness of the rise, and perhaps give a clue as to 
the origin of the flux trapping. We found that for all 
samples the percentage of trapped flux varies linearly 
with the function (1—/*)-* in the region between the 
start of the rise and ¢>0.98. This result is illustrated 
for the 2.89% Sb sample in Fig. 4, in which the trapped 
flux is plotted as a function of (1—/)~! for different 
annealing times. It is evident from this figure that the 
slopes of the linear portions decrease monotonically 
with annealing time. This conclusion is supported by 
the slopes listed in Table I for the measurements on all 
of our remaining specimens. We also measured the 
slopes for those two of Pippard’s specimens for which 
the trapped flux was displayed on a graph large enough 
to allow us to read off the values of percentage as a 
function of reduced temperature. For these samples 
also the trapped flux seemed to vary linearly with 
(1—#)-4. 


IV. DISCUSSION 


In our opinion the fact mentioned in the preceding 
two sentences and the results contained in Table I 
indicate clearly that the rise in the percentage of 
trapped flux near 7, is due to the same causes for all 
specimens, regardless of their concentration of impurity. 
Thus, it appears that this rise in samples of both high 
and low electronic mean free path could be made to 
vanish in all cases after sufficient annealing, although 
this might take a very long time. 

The flux trapping must, therefore, be mainly attrib- 
uted to some persistent inhomogeneity in the specimens. 
There is much metallurgical evidence for the existence 
of inhomogeneities of concentration in binary alloys. 
It is well known that when a solution of two liquid 
metals is cooled at a finite rate, the resulting binary 
solid is in general inhomogeneous.’ This comes about 


® See, e.g., G. E. Doan and E. M. Mahla, Principles of Physical 
Metallurgy (McGraw-Hill Book Company, Inc., New York, 
1941), pp. 162-165. 
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because for most systems there is a separation of the 
solidus and the liquidus, which means that at any given 
temperature the solid and the liquid phases do not 
have the same equilibrium concentration. A finite 
cooling rate then in general does not allow sufficient 
time for the solid and liquid phases to come into equi- 
librium as the temperature passes through the region 
of the phase diagram between the liquidus and the 
solidus. Most pertinent to our work are the recent 
studies of Rutter and Chalmers! and of Tiller and 
Rutter" on the detailed effects of growth conditions 
upon the solidification of dilute binary alloys of several 
metals, including tin. These authors found that when 
crystals of impure metals are grown under a wide 
variety of conditions, they tend to form a substructure. 
This structure develops essentially because of the lack 
of time for equilibrium to be established. It takes the 
form of fairly regular cells of bulk material (in some 
cases resembling a honeycomb) surrounded by thin 
layers of material having a different impurity concen- 
tration than the metal inside. The initial width of these 
layers is of the order of 10~* cm. The substructures were 
observed by examining the growing surface of the 
solid, and even a cursory glance at the photographs 
obtained by these investigators reveals that we have 
here just the sort of inhomogeneous structure which 
can trap appreciable amounts of flux as a result of the 
layers becoming superconductive in fields higher than 
the critical field of the bulk. 

Annealing in our specimens can only have the effect 
of making them more uniform, because the solubility 
of the solute metal is in all cases greater at the annealing 
temperature than at the solidification point. Further- 
more, in the Sn-Bi system the eutectic temperature is 
lower than the annealing temperature. This view is 
supported by the direct observations of Rutter and 
Chalmers” of the homogenization by annealing of a 
lead crystal containing radioactive antimony. (The 
phase diagram of the Pb-Sb system is similar to those 
of the Sn-Bi and the Sn-Sb systems.) 

In this connection we must also mention some rela- 
tively crude measurements we made to determine the 
magnetic fields necessary to restore the resistance of two 
of our specimens when they were superconducting. The 
specimens tested were No. 4 and No. 9, 2.18% Bi and 
3.80% Sb, respectively, both of which had been annealed 
for more than 100 days. The magnetic field was applied 
longitudinally to the specimen axis, and the resistance 
along the axis was determined with a measuring current 
of 10 ma. In both cases the first trace of resistance did 
not appear until the applied field was about 1.5 times 
the calculated threshold value, and the full resistance 
was restored only after the field reached about 1.8H,. 
Earlier magnetic measurements on the 3.80% Sb speci- 
men had indicated that the threshold field of the bulk 


1 J. W. Rutter and B. Chalmers, Can. J. Phys. 31, 15 (1953). 
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TRAPPED. FLUX: EN 
of the specimen was very close to the calculated value. 
Moreover, the ratio of the field necessary to restore 
completely the resistance of the 2.18% Bi sample to 
the bulk critical field showed a clear rise near the 
transition temperature, and the field values had roughly 
the same temperature dependence as the percentage of 
trapped flux. The 3.80% Sb sample showed indications 
of similar behavior. 

In the interpretation of these observations (which are 
in general agreement with the more extensive results 
of Doidge! published after completion of our work), 
two features must be kept separate. The general increase 
of the field restoring resistance over the threshold field 
for the magnetic transition shows that the samples 
contain threads which remain superconducting in fields 
much larger than the critical value of the bulk material. 
The spread between the field value at which the 
resistance begins to appear, and that at which the 
resistance is fully restored, indicates that different 
threads have different critical fields, and that thus the 
specimen is still inhomogeneous even after prolonged 
annealing. We note, however, that although this is 
true for both specimens tested, only one of them 
(3.80% Sb) still showed a pronounced rise in the 
trapped flux near 7,. Thus it appears that whereas 
prolonged annealing still permits the appearance of 
superconducting threads in high fields, it does decrease 
and ultimately destroy the mechanism whereby these 
regions can retain flux. This change in behavior with 
annealing may come about because the migration or 
leakage of flux*.* out of the specimen becomes increas- 
ingly effective. 

We must mention that even in our purest specimen 
we never observed the percentage of trapped flux to 
approach zero as T, was approached. At best, it tended 
to a constant value. We believe that this is the result 
of our specimens being less perfect (in the sense that 
they contained a few crystallites and may have been 
slightly strained in handling) than those of Pippard’s 
samples which contained very little impurity. 

To summarize, it seems to us that the rise of the 
percentage of flux trapped near 7, is due to the existence 
of a substructure of inhomogeneities in the metal. Our 
measurements indicate that when diffusion during 


“12 P. R. Doidge, Trans. Roy. Soc. (London) A248, 553 (1956). 
3 T. E. Faber, Proc. Roy. Soc. (London) A223, 174 (1954). 
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annealing broadens out this network and diminishes 
concentration gradients, the structure can still become 
superconductive at fields higher than the critical field 
of the bulk metal, but that near 7, it loses its ability 
to resist the leakage of any flux initially trapped. We 
offer no explanation of the mechanism involved when 
the flux is trapped, but we must note that the similarity 
of the temperature variation of the percentage of 
trapped flux to that of the surface energy parameter," 
A, suggests that the latter may determine the resistance 
to flux leakage. Regardless of the details of the mecha- 
nism, however, we conclude that in sufficiently annealed 
samples there will be no rise in the percentage of 
trapped flux near 7,. Hence there is no direct evidence 
for the spontaneous coalescence of neighboring super- 
conductive regions predicted by Pippard* for specimens 
of sufficiently low electronic mean free path. If such 
spontaneous coalescence does occur, its effect on flux 
trapping is rendered unobservable by the subsequent 
escape of the flux from the specimen when the external 
field is reduced. 

It is clear that our interpretation of these experiments 
corresponds in many of its qualitative aspects to 
Mendelssohn’s “sponge” model! of flux trapping in 
alloys. However, we are fairly convinced that the 
detailed mechanism whereby flux is trapped and its 
change with annealing can be understood only in terms 
of the ideas developed by Faber’ and Pippard* con- 
cerning the role which surface energy plays in the 
phase transition, and the effect of impurities on this 
energy. 
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Penetration of Electrons in Aluminum Oxide Films 
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The practical range of low-energy electrons in thin Al,O; films has been measured. Films ranging in 
thickness from 85 to 5000 A were investigated. Results are in close agreement with the predictions of Bethe 
and the results obtained by Hoffman for 1000-3000 A Al,O; films. The practical range-energy relation 
obtained was found to be R=0.0115E'*5, where R is expressed in mg/cm? and E in kev. 





INTRODUCTION 


KNOWLEDGE of the penetration depth of 

low-energy electrons is basic in understanding 
processes occurring due to the interaction of these 
electrons with solids. Little information is available on 
the transmission of low-energy electrons in solids.’ 
Measurement of the electron range is made difficult 
because of the necessity of preparing and handling 
extremely thin uniform layers of the solid. Recent 
reports*-* indicate that uniform aluminum-oxide films 
can be prepared by anodizing aluminum foil and then 
etching away the aluminum. It was found to be possible 
to prepare and mount on sample holders Al,O; films 
ranging in thickness from 85 to 5000 A. 


EXPERIMENTAL PROCEDURE 


It has been shown that the Al.Oz; film thickness is 
almost proportional to the anodizing voltage.*-’ The 
findings here are in general agreement with other 
observers and are shown in Fig. 1. These results were 
obtained by weighing large area samples on a micro- 
balance. 

The Al.O; films were mounted on washer-type sample 
holders having an inside diameter of 0.25 in. These 
samples were mounted in the experimental tube as 
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Fic. 1. Aluminum oxide thickness vs anodizing voltage. 
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shown in Fig. 2. The tube was continuously pumped on 
a Hg diffusion pump system and could be baked to 
450°C before making measurements. During measure- 
ments the pressure in the tube was about 10-* mm of 
Hg. The electron beam was deflected magnetically onto 
the sample or into the auxiliary Faraday cage for meas- 
urement of the primary beam current. The Faraday 
cage shield was kept 45 volts negative with respect to 
sample and cage in order to reduce effects due to 
secondary emission. A beam current of about 10~° 
ampere was used. 

Since Al,O; has a high resistivity, charging of the 
sample could occur.:* However, it was found that the 
secondary emission ratio was above unity up to approx- 
imately 12 kev, therefore the sample should remain at 
sample holder potential by secondary emission. Also, 
it was found that transmission results were the same if 
the beam current was increased or decreased by a 
factor of 100, thereby indicating the absence of charg- 
ing. 
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Fic. 3. Electron transmission curves for five different 
AlO; samples. 
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RESULTS AND DISCUSSION 


The fraction of electrons transmitted through five of 
the samples for different energy electrons is shown in 
Fig. 3. These results are similar to those obtained by 
other observers. The almost linear steep slope region of 
these curves was extrapolated into the abscissa and 
this intercept taken as the practical range of the 
electrons. 

The range-energy results obtained are given in Table 
I and plotted in Fig. 4, solid points. The open circle 


TABLE I. Energy-range results. 


Range mg/cm? 
Energy kev AleO3 


0.003 
0.005 
0.010 
0.018 
0.022 
0.044 
0.067 
0.094 
0.091 
0.113 
0.122 
0.129 
0.170 


0.30 
0.45 
0.90 
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points are the results obtained by Hoffman for Al,O3.° 
The curve in Fig. 4 was obtained from graphical inte- 
gration of Bethe’s expression’ in the manner described 
by Lane and Zaffarano.? The dE/dx values for alumi- 
num, J= 150 ev, and oxygen, /=92 ev, were calculated 


9H. A. Bethe, Handbuch der Physik (Verlag Julius Springer, 
Berlin, 1933), Vol. 24, p. 521. 
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Fic. 4. Range-energy results for Al,O3, curve calculated 
from Bethe’s expression. 


separately to obtain the total dE/dx rather than using 
the averaging procedure described by Lane and Zaf- 
farano.” The range-energy results are described quite 
accurately by R=0.0115E'**, where R is expressed in 
mg/cm? and £ in kev. It was not expected that inte- 
gration of Bethe’s expression would fit the experimental 
results so well at these low energies. However, it has 
been pointed out by others" that the Bethe expression 
should still be fairly accurate at lower energies. 


ACKNOWLEDGMENTS 


The writer wishes to express his appreciation to J. 
Cheatham for assistance in preparing the Al,O3; samples 
and to P. J. van Heerden and W. A. Thornton for many 
stimulating discussions. 

1M. S. Livingston and H. A. Bethe, Revs. Modern Phys. 9, 


263 (1937). 
1M. F. Mott, Proc. Cambridge Phil. Soc. 27, 553 (1931). 





PHYSICAL REVIEW VOLUME 103, NUMBER 2 JULY 15, 1956 


Atomic Mobility in a Cu-Al Alloy after Quenching and Neutron Irradiation*}{ 
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A study of atomic mobility in a Cu—Al (17 atomic percent Al) solid solution is carried out by anelastic 
relaxation methods. Measurements are made under equilibrium conditions, after quenching, and after 
neutron irradiation. The results differ significantly in two ways from the quenching experiments of Kauffman 
and Koehler on pure gold. First, the ratio J/Q (where J is the activation energy for migration of the ap- 
propriate lattice defect, and Q the activation energy for equilibrium atomic diffusion) is 0.6 in the present 
experiments and only 0.36 for the quenched gold. This difference in ratio corresponds to a difference of about 
two orders of magnitude in the vacancy concentration at the melting point. Second, in contrast to the be- 
havior of the pure metal, the irradiated Cu—Al alloy shows no evidence for the annealing of point defects in 
the range of temperature in which quenching effects anneal out. It is therefore difficult to reconcile the 
present results with those on pure gold if one assumes that the same lattice defect is responsible for both. A 
survey of other quenching experiments and of measurements on the annealing of cold worked metals pro- 
vides additional evidence for a defect for which J/Q=0.5—0.6 in various metals. A tentative interpretation 
of existing data may be given in terms of the assumption that the low-mobility (high J/Q) defect is the single 


vacancy while the high-mobility defect is the divacancy. 


I. INTRODUCTION 


nas measurements provide a valuable 
method in the study of atomic mobility in sub- 
stitutional solid solutions. The method is based on a 
relaxation phenomenon in these alloys first discovered 
by Zener! and known variously as ‘the pair-reorienta- 
tion effect,” “stress-induced ordering,” or simply ‘‘the 
Zener relaxation.””’ The phenomenon manifests itself 
as a nearly exponential relaxation of stress under con- 
stant strain, a recoverable creep at constant stress, and 
a sharp peak in internal friction as a function of tem- 
perature. Zener’ first suggested a mechanism for this 
relaxation phenomenon, whereby pairs of solute atoms 
undergo preferential reorientation under an applied 
stress. A more refined treatment by Le Claire and 
Lomer® regards the effect as a change in short-range 
order induced by an applied stress. This change in 
short-range order will in general be different for each of 
the nearest-neighbor directions when the stress is not 
hydrostatic. 

Regardless of the correctness of this mechanism, there 
is no doubt that anelastic relaxation in solid solutions is 
due to atomic rearrangement under an applied stress. 
Thus, the reciprocal of the relaxation time, 7, may be 
taken as a measure of atomic mobility. Since both 
species of atoms which comprise a binary solid solution 
do not have the same mobility, it has been proposed‘ 
that the slower moving constituent controls the re- 


* Work supported by the Office of Ordnance Research, U. S- 
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laxation rate. The exact relation of the relaxation time, 
7, to the separate mean atomic jump times of the two 
types of atoms has not yet been established, although a 
relation has been suggested‘ based on simplifying 
assumptions. 

For a mechanism of diffusion which involves lattice 
defects (in particular, for a vacancy mechanism) the 
relaxation rate should be given by® 


r= Ace-J#7, (1) 


where A is a frequency factor which includes the en- 
tropy of activation, c is the mole fraction of lattice 
defects, and J is the rate controlling activation energy 
for migration (jump) of a defect. Equation (1) is valid 
whether or not defects are present in equilibrium 
quantities. In the special case of thermal equilibrium, 
the concentration of defects is given by 


O= Be-HMT, (2) 


where H is the heat of formation of a defect and B is 
an entropy factor (B=expAS;/k, where AS; is the 
entropy of formation). Thus the equilibrium relaxation 
rate may be written 


F= A Bet, (3) 
with 
Q=J+4H. (4) 


Equation (1) may be applied more generally, for 
example under such nonequilibrium conditions as after 
quenching or after irradiation with high-energy nuclear 
particles. Both of the latter procedures introduce an 
excess of lattice defects. Thus c would be initially equal 
to the equilibrium concentration ¢ at some elevated 
temperature. In the case of quenching, for example, the 
concentration of trapped defects equals the equilibrium 


5A. S. Nowick and R. J. Sladek, Acta Metallurgica 1, 131 
(1953). 


294 





ATOMIC 


concentration at the quenching temperature, provided 
none were lost during the quench; more generally, the 
concentration of trapped defects is equal to the equilib- 
rium concentration at some lower temperature, 7, the 
“freezing-in temperature.” Thus 


c(0)=e(Tr), (5) 


where c(0) represents the initial concentration of de- 
fects after quenching. This initial value is not stable, so 
that at any temperature the defect concentration de- 
cays with time, i.e., c=c(t). Correspondingly 7~, which 
begins at an abnormally high value, will change with 
time in proportion to c(#), in accordance with Eq. (1). 
It is therefore possible to detect and observe the rate 
of disappearance of defects introduced by quenching or 
by irradiation simply by observing the anelastic re- 
laxation time in a solid solution as a function of time at 
constant temperature. 

Such experiments have already been carried out in 
quenched silver-zinc solid solutions.*:* This alloy was 
selected because of the large Zener relaxation obtainable 
in the composition range 30-33 atomic percent zinc. 
The principal results of these quenching experiments are 
that excess vacancies may be retained by quenching 
and that these defects decay out of the lattice in two 
stages. The evidence and interpretations concerning 
these stages will be discussed later in this paper. It was 
also possible to obtain separate measurements of J and 
of Q [Eq. (4)], from which it is found that the ratio 
J/Q is very nearly equal to 0.6, i.e., that 60% of the 
activation energy for atomic mobility was in the de- 
fect jump energy and 40% in the defect formation 
energy. 

The value of //Q obtained in the experiments on the 
quenching of Ag—Zn alloys is quite different from the 
value of 0.36 obtained by Kauffman and Koehler’ for 
J/Q in quenching experiments on pure gold.* In the 
latter work, which utilized resistivity measurements, H 
was determined from the variation of the extra resis- 
tivity with quenching temperature, and J from the 
rate of annealing out of the extra resistivity. It was 
found that J+H was very nearly equal to the value of 
Q determined independently in experiments on self- 
diffusion in gold, thus strongly suggesting that these 
quenching experiments were observing the effects 
of vacancies responsible for diffusion at elevated 
temperatures. 

In view of the fact that the energies J and H appear 
in exponentials, the difference between J/Q=0.6 ob- 
tained for Ag—Zn and J/Q=0.36 obtained for gold 
seems very significant. Three illustrations will be given 


6 A. E. Roswell and A. S. Nowick, J. Metals 5, 1259 (1953). 
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Koehler. 
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to show the importance of this difference in the 
ratio J/Q. 

(1) From Eq. (2), the equilibrium concentration of 
vacancies at the melting point depends on B and on the 
ratio of H to the melting temperature, 7,,. Inasmuch as 
the entropy factor B lies in the range®* from 1 to 10, 
and the ratio Q/kT,, is very nearly a constant (equal to 
18+2) for a large number of metals and alloys!" it 
follows that the equilibrium concentration of vacancies 
at the melting point, 2(7,,), is for the most part deter- 
mined by the ratio H/Q for vacancies. For a value 
H/Q=0.4 (consistent with the results on Ag—Zn) we 
find ¢(T,)=3X 10-*. On the other hand, for H/Q=0.65 
(consistent with the results on gold), ¢(Tm)=3X 10-5. 
The difference between a concentration of vacancies at 
the melting point of 0.3% and a concentration two 
orders of magnitude lower than this value is certainly 
significant with regard to the extent to which vacancies 
may contribute to the high-temperature properties of 
metals and alloys. 

(2) A low ratio of J/Q of about 0.35 means that 
vacancies have significant mobility in the vicinity 
of room temperature for such metals as Cu, Ag, and 
Au and their alloys. On the other hand, J/Q=0.6 
means that there is no appreciable rate of migration of 
vacancies is such metals until somewhat more elevated 
temperatures. Thus, for example, Kauffman and 
Koehler’ found appreciable decay rates for the excess 
resistivity introduced by quenching starting below 
room temperature, while for Ag—Zn, decay of quench- 
ing effects began at about 50°C. Yet Q of the Ag—Zn 
alloy is only 0.7 times that for gold. If the alloy had a 
value of Q equal to that for gold, the corresponding 
migration range (for defects for which J/Q=0.6) would 
be about 170°C. 

(3) Copper irradiated at liquid nitrogen temperature 
shows what appears to be a unique recovery process,'?' 
which obeys nearly second-order kinetics, in the vicinity 
of —20°C. The activation energy for this recovery is 
about 0.7 ev. Since this activation energy is about 
0.35 of Q for self-diffusion in copper, this 0.7-ev re- 
covery process could be ascribed to vacancies if one 
accepts the ratio //O=0.35 for vacancies. On the other 
hand, if J/Q&0.6 for vacancies in copper, this unique 
recovery process in irradiated copper would have to be 
ascribed to some other type of defect. 

It is hardly likely that the ratio J/Q for vacancies 
will differ greatly for different metals which are similar 
in nature, such as Cu, Ag, and Au; however, a large 
difference in this ratio between an alloy and a pure 
metal is not necessarily unreasonable. To justify such a 
difference, it may first be assumed that the formation 
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energy H, for a vacancy in an alloy is much smaller than 
the same quantity in the corresponding pure metal. An 
assumption of this sort may be justified in terms of the 
local distortions in a solid solution, which might make 
it easier to introduce a vacancy. In view of the fact that 
Q for an alloy is roughly the same as for a pure metal of 
the same melting point, it must also be assumed that J 
is larger for an alloy than for a pure metal, and in fact, 
enough larger to compensate for the decrease in H. This 
second assumption may be more difficult to justify, but 
nevertheless does not appear to be ruled out com- 
pletely on theoretical grounds. These assumptions, 
that J is unusually high and H unusually low for vacan- 
cies in alloys as compared to pure metals, seem to pro- 
vide the most direct interpretation of the observed 
differences in the ratio //Q. In terms of this interpreta- 
tion, it must be assumed that J/Q for a vacancy in 
copper is about 0.35; therefore, in accordance with item 
(3) above, the defect which is annealed out of irradiated 
copper with an activation energy of 0.7 ev is the simple 
vacancy. It is further anticipated that the same an- 
nealing effect which takes place in irradiated copper 
below room temperature should occur at higher tem- 
peratures in irradiated alloys, in fact, in the same 
temperature range as the annealing which takes place 
after quenching. 

The purpose of the present experiments was primarily 
to check this prediction by a comparison of relaxation 
rates following neutron irradiation with those following 
quenching. The use of Ag—Zn alloys, which show the 
largest Zener relaxation and for which the quenching 
experiments have already been carried out, was ruled 
out by practical considerations, i.e., the strong activity 
and long half life of the radioactive isotope Ag", pro- 
duced by neutron irradiation of Ag. Thus, another alloy 
had to be found which would show a Zener relaxation 
and yet which could be handled not too long after 
irradiation. For this purpose, the solid solution alpha 
Cu—Al (17 atomic percent Al) was chosen. It shows a 
smaller Zener relaxation (by an order of magnitude) 
than Ag—Zn, which somewhat limits the precision of 
the determination of 7 by static methods; however it is 
quite suitable for the proposed irradiation experiments. 
Since neither equilibrium measurements of relaxation 
time nor quenching experiments had been done on this 
alloy previously, it was necessary to start with such 
measurements.'*:!® 


Il. EXPERIMENTAL METHODS 


The Cu—Al alloy was a commercial aluminum bronze 
furnished in the form of 0.125-inch diameter rod by the 
American Brass Company. This rod was then drawn 
down to 0.029- and 0.016-inch diameter wires. Analysis 


44 Equilibrium measurements have been reported for a 15 
atomic percent Cu—Al alloy,’® but due to the difference in com- 
position and the limited range over which r was measured, these 
previous measurements are of no help for present purposes. 
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showed 7.90 weight percent (16.8 atomic percent) 
aluminum. Other impurities were: 0.015 Si, 0.001 Pb, 
0.020 Fe, 0.035 Zn, 0.01 Ni, 0.01 As, 0.01 P (all in weight 
percent). 

The drawn wires were sealed under vacuum in quartz 
tubes and annealed at 900°C for two days in order to 
obtain a large grain size and thereby to minimize the 
importance of grain-boundary relaxation'*® in these 
specimens. 

All measurements were made in a torsion pendulum 
similar to that of Ké.!® The length of the specimen wires 
between the upper and lower pin vises in the pendulum 
was usually 10 inches, except for some of the irradiated 
specimens which had a 4.5-inch gauge length. The 
temperature variation over the 10-inch specimen length 
was within 2°C at 300°C. Temperature was controlled 
to within 0.5°C by means of an electronic temperature 
controller. 

Internal friction was measured in the conventional 
way by attaching an inertia member to the vertical 
extension of the lower pin vise. All measurements of 
relaxation time after quenching and irradiation were 
by means of static (viz., elastic after-effect) techniques. 
These measurements were carried out in the same way 
as reported previously.*> The wires were twisted for the 
desired length of time and, upon release, strain was 
observed as a function of time. The time to reach the 
inflection point in a plot of strain vs log time is the most 
convenient measure of the relaxation time, 7. The finer 
wires (0.016-inch diameter) were used for elastic after- 
effect measurements to permit a relatively large twist 
without the onset of plastic flow. The use of large angles 
of twist, relative to the earlier work, was necessary in 
view of the small relaxation strength for the Zener 
relaxation in Cu— Al. The use of the finer wire for irradi- 
ation experiments also served to keep down the level of 
radioactivity. Experiments were carried out to show 
that there was no effect of wire diameter on the meas- 
ured value of r. 

A separate vertical furnace was used for quenching. 
Dry nitrogen was passed through the furnace to prevent 
oxidation. Specimens were suspended freely by means of 
a thin copper wire and quenching was effected by setting 
this suspension wire free and allowing the specimen to 
drop into a long tube containing water at 0°C. The 
quenching temperature was 570°C for all experiments 
reported herein. Following the quench, the specimen 
was mounted in the torsion pendulum and successively 
twisted and released at a desired temperature to deter- 
mine the variation of relaxation time with time of an- 
nealing at that temperature. 

Neutron irradiation was carried out by placing speci- 
mens in the reactor of the Brookhaven National 
Laboratory for a period of 3 to 4 weeks. The integrated 
neutron flux for this irradiation is about 10'* nvt. One 
group of specimens was subjected to irradiation at 
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50°C, a second at 35°C, and the final group was irradi- 
ated at liquid nitrogen temperature using the low 
temperature facility described by McReynolds ef al.'” 
Following irradiation, all specimens were stored at 
80°K for about one month, to allow for a decay of 
radioactivity to a safe level. They were then brought 
to room temperature, mounted in the torsion pendulum 
and measured in the same manner as the quenched 
specimens. 


III. RESULTS AND DISCUSSION 
A. Equilibrium Experiments 


Internal friction measured as a function of tempera- 
ture at a frequency f=0.655 cps showed the existence 
of a Zener peak in the present Cu—Al alloy. The height 
of this peak corresponds to a relaxation strength of 
0.015. This peak is an order of magnitude lower than the 
corresponding internal friction peak in Ag-30% Zn, but 
is still well resolved from the grain boundary peak in 
coarse grained specimens. From the condition‘ that 
wr=1 at the peak (where w= 27/f) we obtain 7(360°C) 
=(0.243 sec. By means of static (elastic after-effect) 
measurements, the range of measured values of 7 can 
be extended to lower temperatures. The temperature 
range actually covered by combining low-frequency 
internal friction and elastic after-effect measurements 
is from 367°C to 216.5°C. Values of log? obtained are 
plotted on a straight line vs T~', in accordance with 
Eq. (3), to give 


QO=1.81+0.08 ev, 
AB=9.1X 10" sect. 


For comparison with diffusion data it is convenient 
to define the relaxation diffusion coefficient, D,, by 


D,=a?/12f, (6) 


where a is the lattice parameter of the alloy. This 
definition is analogous to the relation obeyed by the 
individual diffusion coefficients of the two atomic 
species of the alloy, e.g., Da=a’/1274, where Dg is the 
diffusion coefficient of A atoms as measured by radio- 
active tracers in the chemically homogeneous solid 
solution, 74 is the mean atomic jump time of A atoms, 
and the factor of 1/12 is a geometrical factor which has 
this value for all face-centered cubic structures.'° 
Figure 1 shows a plot of logD, against 7 (solid circles) 
and a comparison of these data with chemical diffusion 
coefficients, D., obtained at high temperatures for the 
same alloy composition by Matano analysis.'* Although 
attempts have been made to relate theoretically D, to 
D,,'*"8 the results of such efforts are not too reliable 
since it is necessary to make some drastic simplifying 


17 McReynolds, Augustyniak, McKeown, and Rosenblatt, Phys. 
Rev. 98, 418 (1955). 

18 F. N. Rhines and R. F. Mehl, Trans. Am. Inst. Mining Met. 
Engrs. 128, 185 (1938). 

1 A. D. Le Claire, Phil. Mag. 42, 673 (1951). 
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assumptions. For example, in the application of the 
Darken equation” (which relates D, to D4 and Dz) it 
must be assumed that there is no porosity in the 
chemical diffusion experiment. Furthermore, a “‘thermo- 
dynamic factor’? must be known experimentally as a 
function of temperature. In the case of Cu—Al, data 
required to compute this factor have not been measured. 
It therefore seems as if the most useful information will 
come from a comparison of D, with the quantities D4 
and Dz, measured by means of radioactive tracer 
diffusion. Such measurements have recently been made”! 
for the alloy alpha brass. 

In spite of all the complexities in relating D, to D, 
there is good reason to expect that the value of Q for 
chemical diffusion and for relaxation will be nearly 
alike (i.e., within about 20%). Figure 1 shows that 
Rhines and Mehl’s data agree very well with the re- 
laxation data in this respect. 


B. Quenching Experiments 


As shown in the Introduction, quenching-in a non- 
equilibrium concentration of defects should result in 
abnormally low values of relaxation time (high re- 
laxation rates) at a given temperature of measurement. 
Furthermore, it is possible to study the manner in which 
the defect concentration varies with time by observing 
the variation of + with time at constant temperature. 
Experiments of this type, similar to those already 
carried out for the Ag— Zn alloys, were performed on the 
Cu—Al alloy. In view of the higher melting temperature 
and Q value for the present alloy as compared to 
Ag—Zn, a higher quenching temperature was used. It 
was decided to standardize the procedure by always 
quenching from 570°C into water at 0°C. Results of 
the elastic after effect measurements, by means of which 
r was determined as a function of time at various 
annealing temperatures following the quench, are given 

*” L. S. Darken, Trans. Am. Inst. Mining Met. Engrs. 175, 184 
(1948). 

*1 Hino, Tomizuka, and Wert (private communication). 
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Frc. 2. Variation of the time of relaxation with annealing time 
at five different annealing temperatures, after quenching the 
Cu—Al alloy from 570°C. Data from two independent runs are 
shown both at 134°C and at 144°C. 


in Fig. 2. As in the case of the Ag—Zn alloys, sharp 
breaks appear in the plots of logr vs time where the rate 
of approach to equilibrium slows down abruptly. This 
result indicates that the decay of lattice defects takes 
place in two stages. The early and later stages will be 
referred to respectively as stage I and stage II. At the 
lowest temperature of measurement reported in Fig. 2, 
t became too large to be measured conveniently (i.e., 
greater than 10‘ sec) before the onset of stage II. On 
the other hand, at the highest of the annealing tempera- 
tures used, stage I was over in such a short time that 
data were obtained corresponding only to stage II. At 
each temperature, the equilibrium relaxation time, 7, 
is several powers of ten higher than the initial r value 
after quenching (e.g., at 124°C the initial 7 is 1200 sec 
while 7 is 1.0110* sec). Although qualitatively the 
present results are in good agreement with the previous 
work on Ag—Zn, the precision of the measurement of 
r is not as good, due to the smaller relaxation strength 
in the present alloy. For two of the annealing tempera- 
tures, the data points shown in Fig. 2 include runs on 
two different quenched samples in order to determine 
the decay curve with greater precision. 

Since the quenching temperature and quenching 
procedure are always the same, the same concentration 
of defects, c(0), is always obtained initially. Then, from 
Eq. (1), the initial relaxation time 7(0) for various 
temperatures should be proportional to exp(//kT). 
Curve A in Fig. 3 shows a plot of logr(0) against 7". 
The straight line is drawn so as to place the least relia- 
bility on the point obtained from the 114°C run (since 
only two measurements were made at this temperature), 
and to take into account the fact that a value r(0)~60 
—70 sec at 162°C seems reasonable from Fig. 2. From 
the slope of this straight line the best value for J and 
its estimated reliability are as follows: 


J=1.08+0.08 ev. 


From Eq. (4), it then follows that H=Q—J=0.73 ev. 
The ratio //Q=0.60 is then very nearly equal to that 
previously obtained for the Ag—Zn alloys. From the 
intercept of the straight line of curve A in Fig. 3, we 
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obtain [Eq. (1) ] 
Ac(0)=3X 10" sec. 


Since the value of the product AB has already been 
obtained from the equilibrium measurements, it requires 
only a separate estimate of B in order that c(0), the 
quenched-in defect concentration, may be calculated. 
Using the value B=3, which should be valid to within 
half an order of magnitude,®* the following values are 
obtained for the frozen in vacancy concentration and 
for the equilibrium concentration at the melting point: 


c(0)=1X104, (Tm) =5X10-. 


The calculation of the freezing-in temperature, Tr [see 
Eq. (5)], is not dependent on the assumed value of B, 
since combining Eqs. (1) and (2) gives 


Ac(0)/AB=exp(—H/kT Pr), (7) 


in which all quantities other than 7 have been obtained 
from experimental measurements. The value obtained 
is T p=538°C, which is consistent with the requirement 
that Tr is less than the quenching temperature.” 

When the straight line of stage II in the decay curves 
of Fig. 2 are extrapolated to zero time, we obtain a 
quantity r11(0), which also varies exponentially with 
the reciprocal of the absolute temperature (see Fig. 3B). 
From the slope of this plot, an activation energy and 
and intercept 


Jir= 1.60+0.08 ev, [r11(0) Jo= 3X 10-"" sec 
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Fic. 3. Curve A: Variation of initial relaxation time immedi- 
ately after quenching with temperature. Curve B: Initial relaxa- 
tion time for stage II as a function of temperature. 


22 Another approach is to obtain an independent estimate for 
H from Eq. (7), by substituting the quenching temperature, TQ, 
for Tr and solving for H. Since Tg= Tr, the value of H obtained 
is an upper limit. In this way a value H $0.75 ev is obtained, which 
is quite consistent with the value Q—/J=0.73 ev. 





ATOMIC: MOBILITY IN Cu-Al ALLOY 


are obtained. These values can be helpful in distinguish- 
ing between possible mechanisms to explain the exist- 
ence of two stages in the decay curves. In a previous 
paper,® two possible mechanisms were suggested to 
explain the two-stage nature of the decay process. These 
two possibilities will now be reviewed in the light of the 
present data on the Cu—Al alloy. 


(1) One possible interpretation for the two-stage 
decay curves is the operation of two different types of 
defect, which have different mobilities, in producing 
atom movements. In accordance with this hypothesis, 
the quantity J obtained from curve A and Jy from 
curve B in Fig. 3 represent respectively the activation 
energies for migration of these two defects. The intercept 
of stage II then has the interpretation that [r11(0) Jo“ 
=Aycu(0), where Ay is the frequency factor, and 
c11(0) the initial concentration of the stage II defect. 
From the present results, the quantity Arci(0) must 
be 10® times larger than the corresponding product 
Ac(0) for stage I. Since the frequency factors cannot 
reasonably be expected to differ by more than one order 
of magnitude, this would mean that cy1(0)>>c(0). In 
view of the relatively large value of c(0) (about 10~‘) 
estimated above, it is impossible that ci(0) be much 
larger. Thus, the present results seem to eliminate the 
hypothesis that two different types of defects are re- 
sponsible for the two stages in the decay curves. 

(2) The second interpretation advanced to explain 
the two stages of the decay curves is the existence of 
trapping centers in which the mobility of quenched-in 
defects is considerably less than in the bulk of the 
lattice. It was suggested that such regions may be either 
positions where solute concentration fluctuates consider- 
ably from the average for the alloy, or regions near dis- 
locations. In terms of this hypothesis, stage I involves 
the migration of defects to trapping centers while stage 
II is controlled by the release of defects from traps. 
Thus the quantity J, obtained from the slope of Fig. 3A 
represents the normal activation energy for defect 
migration. Lomer and Cottrell* show that Ji is not 
simply a migration energy but that it also includes the 
binding energy of the defects in the traps. They also sug- 
gest that the trapping centers may be impurity atoms. 

A more thorough analysis of the mechanism of the 
two stages in the light of new experimental data will be 
presented in another paper.” 


C. Irradiation Experiments 


Wire specimens neutron irradiated at 50°C were 
first examined. On the basis of the quenching experi- 
ments, it is to be expected that if the same defects 
can be created by irradiation as were frozen in by 
quenching, abnormally low 7 values should be observed. 
Furthermore, these defects should not decay out at an 


23 W. M. Lomer and A. H. Cottrell, Phil. Mag. 46, 711 (1955). 
* A. E. Roswell and A. S. Nowick (to be published). 
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appreciable rate below 100°C. The following procedure 
was used in an attempt to detect the presence of non- 
equilibrium defects. The wire was first twisted at room 
temperature for abut 5000 sec; it was then released and 
observed for any after-effect. Following this measure- 
ment, the wire was again twisted for about the same 
length of time while the temperature of the torsion 
pendulum was raised 25°C. Again the wire was released 
and any change from the initial position resulting from 
the twist as well as any after-effect were recorded. This 
procedure was then repeated again and again as the 
temperature was raised in 25°C steps up to 200°C. It 
was found that in all these experiments there was no 
measurable relaxation effect in times of the order of 
3000 seconds. The absence of any nonequilibrium 
relaxation behavior was further verified by using four 
new irradiated specimens and making separate runs at 
70°, 100°, 150°, and 180°C (one specimen being used 
for each temperature). Within experimental error, the 
results showed no observable anelastic behavior at 
these four temperatures. Additional static measure- 
ments were made with an irradiated specimen within 
the temperature range 230°-250°C, where equilibrium 
values of t had been measured previously (see Fig. 1). 
The values of 7 for this irradiated specimen were 
identical to those obtained previously for unirradiated 
wires. 

It was then felt that in view of the phenomenon of 
irradiation annealing,?® enough recovery might have 
taken place during the irradiation at 50°C to eliminate 
a large fraction of the excess defects created by irradia- 
tion. Accordingly two new groups of specimens were 
irradiated, the first at 35°C and the final group at liquid 
nitrogen temperature. Each group was carried through 
a series of experiments similar to that already described 
for the set irradiated at 50°C. Again it was found that 
there was no detectable deviation from equilibrium be- 
havior in the irradiated specimens. 

A possible explanation for these negative results is 
that an insufficient number of lattice defects was 
created by the irradiation. This suggestion may be 
eliminated by noting that for pure copper, the resistivity 
change produced by a low temperature neutron irradia- 
tion very similar to the one given the present alloy, is 
about 0.037 micro-ohm cm.”* About half of this amount 
anneals below room temperature in the range attributed 
to defect migration. According to theoretical calcula- 
tions? one percent of vacancies should produce a 
resistivity change of about 1.3 micro-ohm cm in copper. 
Thus, neutron irradiation introduces a defect concentra- 
tion of at least 1.4 10~*. It seems hardly likely that the 
defect concentration produced by a similar neutron 
irradiation for Cu—Al should be much less than this 


26 J. S. Koehler and F. Seitz, Report of the Conference on Defects 

in Crystalline Solids (The Physical Society, London, 1955), p. 222. 
*6 Reference 17 and D. B. Rosenblatt (private communication) 
27 P. Jongenburger, Phys. Rev. 90, 710 (1953). 
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value.*** The concentration of defects produced by 
irradiation is then of the same order of magnitude as 
the number obtained by quenching (see Sec. III.B). 
Therefore, there is good reason to believe that a suffi- 
cient number of defects is introduced in a low-tempera- 
ture irradiation to be detectable in terms of abnormally 
high relaxation rates. The fact that no such enhance- 
ment of the relaxation rate has been observed above 
room temperature means that these defects have an- 
nealed out by the time the specimens have been warmed 
up to room temperature. 

It is most reasonable to explain the negative results of 
these irradiation experiments by assuming that intersti- 
tials, which are created by the irradiation in equal 
numbers with vacancies, are the more mobile defect 
(in accord with theory”); the interstitials therefore 
move below room temperature, predominantly to 
vacancies, thus producing annihilation in pairs. Al- 
though the number of vacancies originally created by 
the low-temperature irradiation may have been large 
enough to produce abnormally rapid relaxation rates, 
such annihilations reduce this number by orders of 
magnitude. Thus, by the time the range of temperatures 
of rapid vacancy mobility (above 100°C) is reached, 
there are not enough vacancies left to produce a de- 
tectable enhancement of relaxation rates. This inter- 
pretation is completely consistent with the results of 
recent irradiation and annealing experiments on alpha 
brass,” which show that practically all of the excess 
resistivity induced by neutron irradiation at liquid 
nitrogen temperature is annealed out in the vicinity 
of —30°C (similarly to pure copper). These results of 
Rosenblatt ef al. suggest the desirability of carrying out 
low-temperature relaxation experiments on specimens 
irradiated at liquid nitrogen temperature. No such 
measurements have been carried out to date, principally 
because of experimental difficulties. 

The negative results of the present irradiation experi- 
ments and the above interpretation of these results are 
not consistent, however, with the interpretation by 
Kauffman and Koehler of their experiments on 
quenched gold. As discussed in the Introduction, the 
quenching results on pure gold and on alloys could best 
be reconciled on the assumption that the ratio J/Q is 
abnormally large for the alloys (~0.60), as compared 
to pure metals (~0.35). On this basis the principal an- 
nealing effects after irradiation of an alloy should have 
appeared in the same temperature range as the an- 
nealing of the quenching effects, i.e., above 100°C for 
the Cu—Al alloy. If we wish to maintain the assumption 
that in both the gold and the alloys the defect annealing 
out is the simple vacancy, it is necessary to hypothesize 
for alloys, not only that J/Q is higher than for pure 

*8 Tn fact it may be higher, since the increase in residual resistiv- 
ity due to irradiation is considerably higher in alloys such as 
alpha brass than it is in copper.” 

* Rosenblatt, Smoluchowski, and Dienes, J. Appl. Phys. 26, 


1044 (1955). 
*® H. B. Huntington, Phys. Rev. 91, 1092 (1953). 
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metals, but also that at low temperatures interstitials 
annihilate vacancies much more effectively than in pure 
metals. This assumption seems hardly tenable, espe- 
cially in view of the similarity between annealing of 
resistivity in low-temperature irradiated copper and 
brass.” 

It may be concluded that an attempt to interpret 
both the resistivity experiments of Kauffman and 
Koehler and the present experiments on alloys as due 
to the quenching-in of the same lattice defect (i.e., 
single vacancies) leads to unreasonable assumptions. 
It therefore appears that two different kinds of defects 
are involved in the two sets of experiments. The 
desirability of determining what these defects may be, 
and in particular which set of experiments deals with 
single vacancies, is without question. In this connection, 
a survey of other evidences concerning the ratio J/Q for 
lattice defects in metals and alloys will be helpful, 
even if some of the evidences are fairly indirect. The 
next section deals with this survey. 


IV. FURTHER EVIDENCE CONCERNING J/Q 


The most unambiguous evidence concerning lattice 
vacancies may be expected to come from quenching 
experiments, since it may be assumed that in such 
experiments defects which have high formation energies, 
such as interstitials, do not appear. Data for pure 
metals and for alloys are presented, respectively, in 
Tables I and II. All values of Q, J, and H reported in 
these tables are those deduced from independent ex- 
periments; thus, when all three of these quantities 
have been determined (as in the case of Table I), the 
values of the quantities J/Q and H/Q need not be 
expected to add up precisely to unity. In the case of 
pure gold (Table I) there is the work of Kauffman and 
Koehler, already quoted, and also the experiments of 
Lazarev and Ovcharenko.*' In both cases the extra 
resistivity was measured after quenching. The principal 
differences seem to relate to the manner of quenching. 
Kauffman and Koehler quenched to room temperature 
by means of a jet of helium gas, while allowing the 
heating current to continue to flow. They held the 
specimen at room temperature for less than one second 


TABLE I. Results of quenching experiments on pure gold: 








Authors Q(ev) J(ev) Hlev) J/Q H/Q &(Tx) 





0.68 1,28 0.3 
0.52 0.79 0.2 
(0.96)4 (0.5 


6 0.67 6X10-§ 
7 0.42 4X10-5 
1)4 


Kauffman and Koehler* 
Lazarev and Ovcharenko> 


1.90° 
1,90¢ 








* See reference 7. 

> See reference 31. 

¢ This Q-value, from the self-diffusion experiments of H. W. Mead and 
C. E. Birchenall (to be published), seems to be the most reliable one thus 


ar. 
4 Estimated value. 


1B. G. Lazarev and O. N. Ovcharenko, Doklady Akad. Nauk 
U.S.S.R. 100, 875 (1955). This paper also includes data for 
platinum, which do not seem to be as reliable as those for gold. 
Also Q for Pt is not known. 
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before dropping it into liquid nitrogen. The Soviet 
workers, on the other hand, quenched by shutting off 
the heating current. Also, they appear to have allowed 
their specimens to stand at room temperature for 
longer periods of time following the quench. As a result, 
they miss the resistivity change that anneals out easily 
at room temperature; however, the effect they did 
study, which is annealed out near 150°C, was ignored 
by the American workers as caused by an “impurity 
effect.’”’ Since the decision that this latter effect is due 
to impurities was made on the basis of resistivity 
measurements, this conclusion does not seem to be 
justified at present. 

It is striking that the work of Lazarev and Ovcharenko 
shows values of H/Q and J/Q which add up only to 0.7. 
The value of H was determined from the extra re- 
sistivity quenched in from various temperatures, and 
should be reasonably reliable. The value of J was 
determined from the rates at which the extra resistivity 
annealed out at three different temperatures; these data 
are apparently not too precise, since they do not give 
a good straight line on a plot of log(annealing time) vs 
T-. In fact, the value of J reported (0.52 ev) for this 
annealing which occurs near 150°C is lower than that 
for the defect which anneals at room temperature in 
Kauffman’s work. The writer has estimated what ap- 
pears to be a better value for J, from the fact that 
the extra resistivity quenched in by Lazarev and 
Ovcharenko anneals out at 400°K in about 10* seconds 
and under the assumption that the defects make 10° 
jumps before they are annihilated. This value, and the 
corresponding ratio J/Q are given in parentheses in 
Table I. Although the value of J obtained in this way is 
more reasonable than the originally reported value, it is 
not clear that the correct number of jumps is as low as 
10°, unless the defects annealing out combine in pairs. 
If a larger number of jumps were taken, it would result 
in a decrease in the writer’s estimate of J. Nevertheless, 
this discussion shows that the equation H+J=Q 
(where Q is the self-diffusion activation energy) is 
roughly obeyed for both sets of data in Table I, although 
the two obviously relate to different lattice imperfec- 
tions. The last column of Table I is an estimate of the 
equilibrium mole fraction of vacancies at the melting 
point, ¢(7,), based on the experimental values of H 
and an entropy factor B= 3 [see Eq. (2) ]. As discussed 
in the Introduction, the predictions concerning é(7») 
for the different H/Q ratios are strikingly different. 


TABLE IT. Results of quenching experiments on alloys. 








Authors Alloy Method Q(ev) J(ev) H(ev) 





Cu-17% Al 
Ag-33% Zn 


AuCd 


Anelasticity 1.81 1.08 
Anelasticity 141° O81 


Present work 
Roswell and 
Nowick* 

Wechsler> 


Resistivity tee 0.6 0.38 








® See reference 6. 

> See reference 32. 

¢ This value supercedes that given in reference 6 (i.e., 1.33 ev), based on 
additional data. 
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TABLE ITI. Results of annealing experiments 


on cold-worked metals. 


Metal 





Authors Q(ev) 





2.054 
2.90¢ 
1.98! 


Brinkman et al.* Cu 
Boas ef al.» Ni 
Semmel and Machlin® Ag 








* See reference 34. 

> See references 38 and 39. 

¢ See reference 41. 
( a“ Letaw, Slifkin, Sonder, and Tomizuka, Phys. Rev. 96, 1224 
1 - 

eR. E. Hoffman (to be published). 

f Slifkin, Lazarus, and Tomizuka, J. Appl. Phys. 23, 1032 (1952). 

« Estimated value. 


Table II gives similar data for quenching of alloys. 
The results of the previous anelastic relaxation measure- 
ments on Ag—Zn and of the present work on Cu—Al 
are supported by recent work of Wechsler® on the alloy 
AuCd, using resistivity measurements. In these three 
cases, the //Q ratios are in remarkably good agreement. 
In the AuCd work, Q has not been determined independ- 
ently. However, the low value of /+H=0.98 ev is not 
inconsistent with the open (CsCl type) structure of this 
alloy. 

Finally some results of the annealing of cold worked 
metals are given in Table III. Such data involve the 
most indirect kind of evidence concerning lattice 
vacancies, due to the presence of dislocations in high 
concentrations, and to the possibility for a wide variety 
of point defects including interstitials and complex 
clusters of vacancies and interstitials. Nevertheless, 
several authors claim to have found evidence for the 
presence of vacancies® (or another simple type of point 
defect) in cold-worked metals. Brinkman eé¢ a/.** analyze 
annealing data on deformed copper** and conclude that 
the early part of this annealing is controlled by defect 
diffusion, with /= 1.19 ev. This value gives a ratio //Q 
of 0.58, in excellent agreement with the results of 
quenching experiments on alloys (Table II). The same 
group of workers** obtained an independent estimate 
of H from measurements of resistivity of copper near 
the melting point which, together with the value 
J=1.19 ev, obeyed the relation /+H=Q remarkably 
well; however, the interpretation of these resistivity 
measurements has been seriously questioned.*’ Clare- 


32M. S. Wechsler, Bull. Am. Phys. Soc. Ser. II, 1, 114 (1956). 

% Deformed metals (in contrast to irradiated samples) may 
have an excess of vacancies over interstitials, due to the difference 
in formation energy of these defects. Annealing effects due to 
vacancies might therefore be anticipated owing to the fact that 
interstitials will not completely annihilate the vacancies at low 
temperatures. Also the high density of dislocations may serve to 
remove a large number of interstitials which might otherwise 
annihilate vacancies. 

4 Brinkman, Dixon, and Meechan, Acta Metallurgica 2, 38 
(1954). 

8 Bowen, Eggleston, and Kropschot, J. Appl. Phys. 23, 630 
(1952). 

36 C. J. Meechan and R. R. Eggleston, Acta Metallurgica 2, 680 
(1954). 

37 J. F. Nicholas, Acta Metallurgica 3, 411 (1955). 
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brough** and Boas® report a group of annealing effects 
in cold-worked nickel which are very strongly suggestive 
of the annealing out of a simple point defect. The 
experiments show a peak in the release of stored energy, 
a drop in resistivity, and an increase in density, all very 
close to 250°C. They report a rough value of 1 ev for J. 
A better estimate seems to be obtainable as follows: A 
recent analysis“ of low-temperature recovery effects in 
cold-worked metals shows that J/kT; is very close to 32 
for a large number of metals at the temperature 7; at 
which the recovery time is about 10° sec. Using this 
ratio, an estimate of J/=1.45 ev is obtained for the de- 
fect that anneals out at 250°C in Ni. As shown in Table 
III, this corresponds to J/Q=0.50. Finally, Semmel 
and Machlin® report that the driving force for re- 
crystallization in bent single crystals of silver is the 
presence of a point defect for which J/Q=0.62. 

From the negative results of the irradiation experi- 
ments reported earlier in this paper, it had been con- 
cluded that the observations of Kauffman and Koehler 
and the present work on alloys could not be dealing 
with the same lattice defect. The material in Tables 
I to III now supports this contention by showing that 
both in pure metals and in alloys there is a variety of 
evidence for a defect which has a high J/Q ratio (of the 
order 0.5-0.6), which contrasts sharply with the value 
J/Q=0.36 of Kauffman. If none of the measurements 
are to be discounted, we must consider that two dif- 
ferent defects are being observed. For convenience, the 
two species of defects involved in these experiments will 
be referred to as the “low mobility” (high J/Q) and 
“high mobility” types. 

Presumably one of these defect types is the simple 
vacancy. It might be expected that theoretical calcula- 
tions might determine the correct J/Q ratio for single 
vacancies. A recent critical review of such calculations 
has been given by Brooks’ who concludes that the best 
values for vacancies in copper are J~1 ev and H~1 ev 
with uncertainties in such a direction as to favor a 
greater formation than migration energy. Thus the best 
theoretical values give J/Q=0.5 or slightly less, which 
falls just between the value of this ratio for the low- 
mobility and the high-mobility defect. In view of un- 
certainties in this type of calculation, it appears that the 
theoretical values are inconclusive in establishing which 
type of defect is the simple vacancy. 

In view of our inability to arrive at the //Q ratio for 
vacancies by purely theoretical means, it seems best to 
examine various reasonable assumptions to see which 
best fits the facts. Let it be first assumed that the high- 
mobility defect is the single vacancy. The strongest 
argument for this assumption lies in the fact that J and 


%8 Clarebrough, Hargreaves, and West, Phil. Mag. 44, 913 
(1953). 

*® W. Boas, Report of the Conference on Defects in Crystalline 
Solids (The Physical Society, London, 1955), p. 212. 

# A. S. Nowick, Acta Metallurgica 3, 312 (1955). 

41 J. W. Semmel and E. S. Machlin (to be published). 
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H have been determined independently, for the high- 
mobility defect in gold, and found to add up very 
nearly to Q for self-diffusion.’ Since it is generally 
believed that the single vacancy is predominantly 
responsible for high-temperature diffusion, this argu- 
ment favors the assignment of the lower J/Q ratio to 
the single vacancy. However, recent measurements by 
Roswell* have independently determined H for the 
Ag—Zn alloy and it is also found that Eq. (4) is obeyed 
within experimental error. (Also, see reference 22 for 
an independently estimated upper limit for H, based on 
the present experiments.) Since the low-mobility defect 
is observed in these alloys, the above argument appears 
to be neutralized. There are other difficulties in desig- 
nating the high-mobility defect as the single vacancy. 
For example, it would then be necessary to determine 
the nature of the low-mobility defect. The latter could 
not be the divacancy (bound pair of vacancies) since the 
divacancy has a higher mobility than the single va- 
cancy.” Another possibility in the case of alloys (Table 
II) is that the quenching effects are due to the freezing 
in of abnormally low degrees of short-range order. It 
would then be necessary to conclude that J represents 
the atomic mobility in the more highly disordered state 
and Q the atomic mobility for equilibrium order. There 
is no evidence that would permit one to believe that a 
decrease in short-range order in a solid solution can 
produce a 40% decrease in activation energy for atomic 
mobility. Furthermore, the numerical value of the 
intercept of the straight line of Fig. 3A could not be 
explained, [since there would no longer be a factor 
c(0), of the order 10~*]. One would also anticipate that 
low-temperature irradiation should have produced dis- 
order and thereby shortened 1, in contradiction to the 
present experiments. Finally, there would be no ex- 
planation for the evidence (Tables I and III) pointing 
to a low-mobility defect in pure metals. It therefore 
appears that the principal difficulty in designating the 
high-mobility defect as the single vacancy is in deter- 
mining what the low-mobility defect might be. 

The second alternative is to designate the low- 
mobility defect as the vacancy. It might then appear 
reasonable that the other defect is the divacancy.® 
This assignment would mean that the ratio of the 
activation energy for migration of a divacancy, Ja, 
to that for a vacancy, J,, is in the range J4/J,=0.6—0.7 
(depending on whether J,/Q is taken as 0.6 or 0.5). 
This result is quite consistent with Bartlett and Dienes’ 
estimate” that this ratio should lie between 0.35 and 
0.70. A further consequence of this assignment is that 
the formation energy Hz for a divacancy in gold is 
1.28 ev (Table I). It is readily apparent that Hq is 
given by 

Ha= 2H,— Hi, 


4 J. H. Bartlett and G. J. Dienes, Phys. Rev. 89, 848 (1953). 

48 The possibility that Kauffman and Koehler’s observations 
were related to divacancies was first suggested by Bartlett and 
Dienes, reference 42. 
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where H, is the single vacancy formation energy and 
H, the binding energy of two vacancies. If it is assumed 
that H,/Q=0.40, then the above value for Ha gives, 
for the case of gold, H,=0.24 ev. For H,/Q=0.50, the 
value H,=0.62 ev is obtained. Theoretically, a value 
of 0.59 ev is obtained.” The agreement is quite satis- 
factory in view of the fact that the methods used in the 
calculation of Bartlett and Dienes are very crude. There 
are some difficulties which remain, however, in the 
assignment which regards the high mobility defect as 
the divacancy. Firstly, if one takes the ratio of the 
quenched in resistivity increment to the estimated 
number of quenched in defects from the work of 
Lazarev and Ovcharenko (where presumably single 
vacancies are being observed) as well as from that of 
Kauffman and Koehler, one is led to conclude that the 
resistivity contribution per defect is about four times 
greater for the divacancy than for the single vacancy. 
This ratio appears to be unreasonably large. Secondly, 
the identity of the defect which anneals out of irradiated 
copper with a unique activation energy of 0.7 ev is left 
open. There is no reason why this defect should neces- 
sarily be the divacancy. On the contrary, Brinkman, 
Dixon, and Meechan,* as a result of a comparison of 
annealing data for irradiated copper with that for 
irradiated CusAu, have concluded that the 0.7-ev de- 
fect must be one that cannot produce ordering, such as 
the interstitial. 

In spite of these difficulties, the assumption that the 
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high-mobility defect is the divacancy and the low- 
mobility defect the single vacancy seems to be the most 
nearly consistent with present experimental evidence 
and with theoretical calculations. It is very desirable, 
however, that measurements similar to those of 
Kauffman and Koehler be repeated, since theirs is the 
only work which now serves as evidence for the existence 
of a “high mobility” defect in quenched metals. 

Note Added in Proof.—Recently, self-diffusion meas- 
urements in gold have been made with great care by 
B. Okkerse { Bull Am. Phys. Soc. Ser. IT, 1, 149 (1956) ], 
who obtained a value of Q=1.71 ev. If this result is 
taken as more nearly correct than the 1.90-ev value 
quoted in Table I, then /+H, as measured by Kauffman 
and Koehler, is now distinctly greater than Q. Such a 
discrepancy further supports the contention that the 
high-mobility defect is not the single vacancy. 
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Detailed calculations of the scattering of slow neutrons by crystals have so far been made on the basis of 
the Debye approximation for the vibration frequencies of the crystal. In the present work, a somewhat more 
realistic set of frequencies has been calculated for the case of aluminum. The results have been used to 
calculate the angular and energy distribution of neutrons coherently scattered in a one-phonon process. 
Comparison is made with the results given by the Debye approximation. 

The distribution function of the calculated frequencies has been used to obtain values for the Debye- 
Waller factor and for the total incoherent cross section for incident neutrons with long wavelengths. 





I. INTRODUCTION 


HE scattering of slow neutrons by crystals has 

been the subject of much theoretical and experi- 
mental study in recent years. In order to calculate the 
scattering theoretically, it is necessary to know the 
relation between the frequency v, wave vector q, and 
polarization / for the normal vibrations of the crystal. 
Quantitative estimates of the scattering have been 
made by several authors! on the basis of the Debye 
assumption, viz., that the velocity of the vibrations is a 
constant, independent of the wavelength, polarization, 
and direction of propagation. 

The question of the influence of the function »;(q) on 
neutron scattering has been discussed by Placzek and 
Van Hove.’ They point out that the Debye approxi- 
mation is not reliable for predicting the angular and 
energy distribution of the scattered neutrons, because 
the distribution depends sensitively on the details of 
the function v;(q). On the other hand, for such quanti- 
ties as the Debye-Waller factor in the Bragg reflection 
of neutrons and also for the total incoherent cross 
sections, calculations based on the Debye approxi- 
mation may be quite good. This is because both of these 
quantities involve the average properties of the function 
vi(q), i.e., they involve certain functions of the fre- 
quency averaged over all the -frequencies; and it is 
known from the theory of the specific heats of solids, 
which likewise involves the average properties of the 
function v;(q), that the Debye theory gives fairly good 
results in such cases. 

In the present paper, we use a somewhat more 
realistic set of frequencies than that of Debye in order 
to calculate the scattering of neutrons by a crystal of 
aluminum. The frequencies were obtained from a 
simple model of the interatomic forces in the crystal. 
The forces were chosen to give the best fit to the experi- 
mentally determined values of the elastic constants 
and also to the results of Walker* who, by means of 


* Now at the Cavendish Laboratory, Cambridge, England. 
1 For references, see G. Placzek and L. Van Hove, Phys. 93, 
1207 (1954). 
2G. Placzek and L. Van Hove, Nuovo cimento 1, 233 (1955). 
3 C. Walker (private communication). 


x-ray measurements on aluminum, has measured some 
of the frequencies. 

The calculations fall into two parts. In the first 
part, Secs. II and III, we calculate the angular and 
energy distribution of neutrons scattered coherently 
in the process in which they exchange energy with the 
crystal by exciting or de-exciting one phonon in the 
lattice. It is this process which depends most directly 
on the details of the function v;(q). The results obtained 
from the Debye approximation are given for comparison. 
In the second part, Sec. IV, we calculate the Debye- 
Waller factor, and the total incoherent cross section in 
the limiting case of very slow incident neutrons, where 
the cross section varies linearly with neutron 
wavelength. 


II. CALCULATION OF THE VIBRATION FREQUENCIES 
A. General Properties of the Normal Vibrations 


The properties of the normal vibrations have been 
discussed by several authors.‘ We here summarize 
those relevant to our calculations. 

Consider a crystal containing V atoms arranged in a 
Bravais lattice. Let + be a lattice vector in the reciprocal 
lattice. 

On the assumption that the interatomic forces are 
harmonic, the displacements of the lattice points in the 
crystal may be treated as the sum of the displacements 
of a set of plane sinusoidal waves, known as the normal 
vibrations. We define the wave vector q of a normal 
vibration so that its magnitude is equal to the reciprocal 
of the wavelength. Corresponding to each q there are 
three independent waves with polarizations specified 
by /=1, 2, 3 and frequencies »;(q). 

The normal waves are only defined by their displace- 
ments at the lattice points. Therefore, since the waves 
q and q++ give the same displacements at the lattice 
points, they represent the same physical waves, and 
v:(q) must satisfy the relation 


as vi(q)= v1(q4+*). 


4L. Brillouin, Wave Propagation in Periodic Structures (Dover 
Publications, Inc., New York, 1953), and M. Born and K. Huang, 
Dynamical Theory of Crystal Lattices (Oxford University Press, 
London, 1954). 
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It is thus sufficient to confine our attention to those 
q that lie in a single cell in the reciprocal lattice. The 
cell usually taken is the first Brillouin zone surrounding 
the origin. 

The values of q are further restricted by imposing 
the condition that the wavelengths of the normal waves 
along the directions of the unit cell vectors in the crystal 
must be exact submultiples of the dimensions of the 
crystal in those directions. The q points so restricted 
form a lattice with NV points in each zone of reciprocal 
space. Since each q point represents three vibrations, 
we have 3N normal vibrations, which is the correct 
number to describe the displacements of the NV particles 
in the crystal lattice. 

In practice, V is very large and the q points are 
therefore very close to each other. In the calculation 
of the function v;(q), no difficulty arises if q is assumed 
to be defined at all points in reciprocal space. 


B. Force Model 


The lattice of aluminum is face-centered cubic and 
its reciprocal lattice is therefore body-centered cubic 
(Fig. 1). Denote the length of the cube side in the 
reciprocal lattice by 2b=2/a, where a is the length of 
the cube side in the crystal lattice. Take orthogonal 
AXeS 91, J2, J3 in reciprocal space. (In Fig. 1 and through- 
out the paper, coordinates of points in reciprocal space 
are given in units of 0.) 

We assume that the crystal forces are harmonic and 
that they exist only between first and second nearest 
neighbors.® On these assumptions, it may be shown® that 
the most general set of forces is specified by five force 
constants: three for the first nearest, and two for the 
second nearest neighbor forces. 

The equation giving v as a function of q is 


|T(q)—u'l | =0. (1) 


The left-hand side is a 3X3 determinant whose ele- 


Fic. 1. Reciprocal lattice 
of aluminum. 











5 Owing to the presence of the conduction electrons in a metal, 
the extent to which the present simple model is valid for aluminum 
may be questioned. However, at the moment there does not 
appear to be a satisfactory theory of lattice vibrations that takes 
the effects of these electrons into account, and the present model 
is used for want of a better one. 

6M. Born and G. H. Begbie, Proc. Roy. Soc. (London) A188, 
179 (1947). 


TABLE I. Numerical values of constants used in 
the calculation of F(q). 








Force constants 
(108 dynes/cm) 


Elastic constants 
(10'2 dynes/cm?) 


¢11= 1.092 a ‘ 


C12= 0.640 
Cu= 0.284 
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ments are given by 


T 5=01+281—ayC ,Cr.—BiC (Cj + Cx) 
+a257+62(S7+S;7), 
T j= 1S iS; (iF J), 
w= Mr’, 
"= cos6;, 


S;=sind;, 0;=7q;/0. 


J is the unit matrix. M is the mass of an aluminum 
nucleus. a1, 61, yi are the force constants for the first 
nearest and ae, 82 the force constants for the second 
nearest neighbor interactions. 

For each value of q, Eq. (1) has three solutions, 
v,(4=1,2,3). In order to relate the solutions at different 
q points, we follow the suggestion of Rosenstock’ and 
define the three frequency branches so that the waves 
with the highest of the three frequencies at each q 
point constitute one branch; those with the middle 
frequency, another; and those with the lowest fre- 
quency, the third. 

The relations between the force constants a, 81, 1, 
a2, 82 and the elastic constants ¢11, C12, c44 are found by 
allowing |q| to tend to zero in Eq. (1) and comparing 
the limiting equation with the equation relating 
frequency and wave vector for acoustical waves.* The 
relations are 

Bitas=facn, 
ai+f1+ 282= $aca, 
yt? 4a(CastC12). 


The numerical values adopted for the elastic constants 
are given in Table I. They represent the average of 
the values obtained at room temperature (293°K) by 
Lazarus,’ Long and Smith,"® and Sutton." 

In order to obtain values for the five force constants, 
further data are needed. These were provided by the 
results of Walker,’ who has measured the intensities of 
x-rays scattered from a single crystal of aluminum. 
By means of these measurements, it is possible to 
calculate the frequencies of those vibrations with 
wave vectors lying along the edges, and the body and 
face diagonals of the reciprocal cube. The values of the 


7H. B. Rosenstock, Phys. Rev. 97, 290 (1955). 

8 J. de Launay, J. Chem. Phys. 21, 1975 (1953). 

® D. Lazarus, Phys. Rev. 76, 545 (1949). 

0 T. R. Long and C. S. Smith, Office of Naval Research Techni- 
cal Report No. 12, 1953 (unpublished). 

4 P. M. Sutton, Phys. Rev. 91, 816 (1953). 
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force constants given in Table I are those which, subject 
to the condition that they satisfy the values adopted 
for the elastic constants, give the best fit to the fre- 
quencies obtained from the x-ray measurements. 

In order to obtain these frequencies, the measured 
values of the x-ray intensities must be corrected for the 
effects of Compton and multiphonon scattering. The 
final values of the frequencies are subject to error from 
the uncertainty of these corrections. The rms difference 
between the values of the frequencies, calculated from 
Eq. (1) with the values of the force constants given in 
Table I, and the experimental values is about 4 percent. 
This is of the same order as the error in the latter. The 


Plane q,=Qp 


resulting uncertainty in the force constants is about } 
to 1 in units of 10° dynes/cm. 


C. Computation of the Frequencies 


The particular »;(q) function obtained when the 
numerical values of the force constants in Table I are 
inserted in Eq. (1) is denoted by F(q). This function 
was computed for all points whose coordinates g; were 
integral multiples of 6/10. The number of such points 
which are different, i.e., not converted into each other 
by the operations of symmetry, is 152. The calculations 
of the frequency were carried out on the electronic 
computer at the Institute for Advanced Study. 
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Some of the results are shown in Fig. 2, where curves 
of constant frequency in the planes g;=0 and g:=q2 
are shown for the three branches. 


III. COHERENT ONE-PHONON SCATTERING 
A. Scattering Surface 


Let a beam of monoenergetic neutrons be incident 
on a single crystal and consider a neutron coherently 
scattered by a process in which it exchanges one phonon 
with an oscillator of wave vector q and frequency 
v,(q). Let Ko and k be the initial and final wave vectors 
of the neutron. Put x=k—kp. 

The interference of the scattered waves gives the 
condition 


k—k)=q+ +. (3) 


Conservation of energy gives 


2m 
k’— ko? = teres 


(4) 


where m is the mass of the neutron. The sign on the 
right-hand side of Eq. (4) is positive if the neutron 
absorbs and negative if it emits a phonon. 

If ko is fixed relative to the crystal, only certain 
values of k, viz, those that can satisfy Eqs. (3) and (4) 
for some value of q, are possible. Let O be the origin in 
reciprocal space (Fig. 3), and let JO represent the 
vector kp. P is a point such that JP represents a 
possible k, i.e., one that satisfies Eqs. (3) and (4). The 
locus of all such points is a surface, termed a scattering 
surface S. 

The concept of the scattering surface has been 
discussed by Lowde” and Placzek and Van Hove.! For 
given ko, the surface depends only on the relation 
between v; and q. Since there are three such relations, 
one corresponding to each frequency branch, S consists 
in general of three surfaces. 

The present calculations of the coherent one-phonon 
scattering have been carried out in terms of the scatter- 
ing surface. The majority of the calculations have been 
carried out for the case ko=0, i.e., for incident neutrons 
of infinite wavelength. These calculations indicate the 
essential features of the surfaces. In addition, sections of 


Fic. 3. Scattering 
surface. 


122 R. D. Lowde, Proc. Roy. Soc. (London) A221, 206 (1954). 
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Fic. 4. Section 
through the scatter- 
ing surface Sr at the 
plane g3=0. (ko=0). 
The surfaces corre- 
sponding to the two 
lower frequencies are 
usually very close 
together. .To help 
distinguish them in 
Figs. 4, 6, 9, and 10, 
the section corre- 
sponding to the 
lowest frequency is 
shown as a broken 
curve. 





Fic. 5. Section 
through the Debye 
scattering surface at 
the plane g;=0 
(ko=0). 


the surfaces have been calculated for two other values 
of ho. 


B. Incident Neutrons of Infinite Wavelength 


In this case, the scattering suriaces have the same 
symmetry as the reciprocal lattice. The only process 
to be considered is one in which the neutron absorbs a 
phonon from the thermal vibrations of the crystal. 

Figures 4 and 5 show sections through the scattering 
surfaces at the plane g;=0. Figure 4 shows the section 
given by the function F(q). (The scattering surfaces 
obtained from F(q) are denoted by Sr.) Figure 5 shows 
the section of the surface obtained on the basis of the 
Debye approximation »=c|q|, with the constant c 
taken to have the value 3.40 10° cm/sec. This corre- 
sponds to a Debye temperature O=398°K, the value 
obtained from specific heat measurements.” 

There are two features to be noted in comparing the 
scattering curves: 


1. In the Debye case, it is possible to identify each 
part of the scattering surface with a particular reciprocal 
lattice vector +. The parts corresponding to different 
*’s do not join continuously. This is because, in the 
Debye approximation, y is not a continuous function 
of q, defined at all points in q space. 

On the other hand, in the correct theory, whatever 
the actual v;(q) function may be, it must be both 


1G. Borelius, Handbuch der Metallphysik (Akademische 
Verlagsgesellschaft, 1935), Vol. 1, Part 1, p. 252. 
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continuous and everywhere defined. Consequently, the 
scattering surface must also be continuous as shown 
in Fig. 4. Unless a scattering surface lies wholly within 
one Brillouin zone (an example of this occurs in Fig. 6), 
there is no physical meaning to the identification of 
any part of the surface with a particular reciprocal 
lattice point. When the surface passes from one zone to 
another, it does so smoothly. 

2. In the Debye case (Fig. 5), it is possible to draw a 
straight line from the origin in such a direction that 
it does not cut the scattering curve. The physical 
meaning of this is that no neutrons are scattered along 
that direction. The existence of such directions contra- 
dicts a general theorem of Placzek and Van Hove! that 
neutrons are scattered in every direction. The reason 
for the contradiction is again the fact that the Debye 
frequency function does not possess the properties of 
being continuous and everywhere defined in q space. 


In Fig. 4, the scattering curves for two of the fre- 
quency branches are seen to coincide along the q; and 
Gz axes. This is because two of the waves have equal 
frequencies along these directions, a result which is 
generally true for cubic lattices and does not depend on 
a particular force model. 

It must be remembered that the scattering surfaces 
indicate only the momenta of the neutrons scattered 
in different directions. The intensities of the scattered 
neutrons are given by the cross-section formulas. The 
cross section for the coherent one-phonon process 
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contains a factor [«-e:(q) ?, where e:(q) is the unit 
polarization vector. The two waves with equal fre- 
quencies along the gq, and g2 axes are pure transverse 
waves. Thus in their case the factor is zero, and no 
neutrons corresponding to the point A in Fig. 4 would 
be observed. 

Figures 6 and 7 show the sections of the scattering 
surfaces at the plane gi=q2. The sections in Fig. 6 
correspond to the function F(q), and those in Fig. 7 
correspond to the Debye frequency relation with 
@= 398°K. The features are similar to those exhibited 
in the plane g3=0. The appearance in Fig. 6 of closed 
curves, which are sections of surfaces entirely within the 
zones surrounding the 111 points, may be noted. They 
correspond to the branch with the highest frequency. 

In addition to the sections shown in Figs. 4 and 6, 
sections of the surface Sr have been calculated for the 
planes g;=mb/10, where n takes integral values from 
1 to 26. Because of the labor involved, the work was 
confined to the surface corresponding to the highest 
frequency branch. The range of m was chosen to cover 
the whole surface. Sections for the values n=0, 5, 10, 
15, 20, and 25 are shown in Fig. 8. 


C. Incident Neutrons of Finite Wavelength 


To illustrate the case when the wavelength Ap of the 
incident neutrons is finite, the sections of the scattering 
surface Sp in the plane g;=0 were calculated for 
Ao= 6.74 A (ko/b=0.60) and Ao=1.06A (ko/b=3.81), 
with kp lying along the gq; axis in both cases. 

The value A»=6.74 A was chosen as it lies in the 
wavelength region of neutrons obtained from filtered 
sources and slow choppers. The section through Sr is 
shown in Fig. 9. 

The section through Sr for \o=1.06 A is shown in 
Fig. 10. This value of Xo is typical of those employed in 
crystal spectrometers. The initial energy of the neutrons 
is sufficient for the neutron to give energy to the crystal 
lattice (phonon emission). There are thus six surfaces 
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Fic. 8. Section through the scattering surface Sp for the highest 
frequency branch at the planes g;=1b/10 (ko=0). @ reciprocal 
lattice point. 
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in all, three for phonon absorption and three for phonon 
emission. 

There are two points to be noted in connection with 
Fig. 10: 


1. The point +=0 is always a point on the scattering 
surface. (It corresponds to the undisturbed incident 
beam.) However, whether it is an isolated point or 
whether the scattering surface exists in the neighbor- 
hood of the origin depends on whether the velocity of 
the incident neutrons is less or greater than the maxi- 
mum sound velocity, i.e., the maximum value of 
v/|q| as q tends to zero from any direction. In the 
present case, the velocity of the incident neutrons lies 
between the maximum sound velocities of the highest 
and middle frequency branches. Thus, as Fig. 10 
indicates, the scattering surfaces of the lower two 
frequencies emerge from the origin. That of the highest 
frequency does not. 

2. If ymax is the maximum frequency that occurs, the 
maximum and minimum values that k can have are 


Rmax= [koe+ (2m, ‘h) Vmax}! 
and 
Rnin= [kor — (2m, h) Vmax |. 


The scattering surfaces for phonon absorption must 
lie between the spheres of radius ky and &max, while 
those for phonon emission must lie between the spheres 
of radius kmin and ho. 

As ko becomes large, kinax—ko and ko—kmin become 
small compared with ko. Thus the scattering surfaces 
tend to become spherical, a tendency that can be 
seen by comparing Figs. 9 and 10. The limiting case of 
spherical scattering surfaces is the one that applies to 
the scattering of x-rays, where it is always true that 


| Rinax, min Ro | <hko. 


D. Discussion 


Reports have been published of two experiments 
designed to measure the scattering surfaces of aluminum 


Fic. 9. Section through the scattering surface Sp at the plane 
gs=0 for neutrons with \o=6.74 A (Ko along q; axis). 





Kmin ko 


Fic. 10. Section through the scattering surface Sy at the plane 
gs=0 for neutrons with \o=1.06A. (Ko along q: axis). 


and hence to determine the crystal frequencies. Brock- 
house and Stewart’ have made some measurements 
using two crystal spectrometers, one to produce a 
monoenergetic incident beam and the other to analyze 
the scattered neutrons. Carter ef al.!® use neutrons 
filtered through beryllium for their incident beam and 
analyze the scattered neutrons with a slow chopper. 

Both experiments have so far been of a preliminary 
nature, and the resolution has not been sufficient to 
locate the scattering surfaces with precision. However, 
as the intensities of neutron sources improve, such 
experiments will give increasing information on the 
function v;(q) and hence shed some light on the inter- 
atomic forces in crystals. 

It has already been pointed out that underlying our 
calculation of the frequencies and the subsequent 
discussion of the scattering surfaces is the assumption 
of harmonic forces. On this assumption, the theory 
gives, for each q, three exact values of »; which are 
independent of the temperature of the crystal. The 
scattering surfaces that result are thus infinitely thin 
and independent of the temperature. 

However, there are several phenomena, e.g., thermal 
expansion, which show that the interatomic forces in a 
crystal are not harmonic. If the anharmonic forces are 
small compared with the harmonic forces, they may be 
treated as a perturbation of the latter, and, to a first 
approximation, their effect is to cause each v; to spread 
over a small range of values. Both the range and the 
mean value of v; are functions of the temperature. 

In calculating the function F(q), we used room 
temperature (293°K) values of the elastic constants and 
the results of Walker’s measurements which were also 
carried out at room temperature. We therefore calcu- 
lated the set of frequencies that are the best fit to 
certain room temperature observations. They would 
not be the best fit to similar observations made at 
other temperatures. 

Anharmonicity of the forces will therefore have two 


4B. N. Brockhouse and A. T. Stewart, Phys. Rev. 100, 756 
(1955). 

15 Carter, Meuther, Hughes, and Palevsky, Bull. Am. Phys. 
Soc. Ser. IT, 1, 55 (1956). 
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effects on the scattering surfaces. First, they will have 
a blurring effect on them, i.e., they will give them a 
finite thickness. Secondly, if we take the calculated 
surfaces as representing the mean positions of the 
scattering volumes, the surfaces will be subject to an 
increasing error as the temperature of the crystal 
departs from 293°K. 


IV. FREQUENCY DISTRIBUTION FUNCTION 
AND NEUTRON SCATTERING 


A. Introduction 


It is of interest to consider the predictions by the 
function F(q) for those aspects of neutron scattering 
which involve the average rather than the detailed 
properties of the function. For this purpose we have 
selected the Debye-Waller factor in the coherent 
elastic cross section and the total incoherent cross 
section for incident neutrons of long wavelength. 

The differential coherent elastic cross _ section 
do, e/dQ is given by’® 


doe, et 1 
——=@ exp(—49°’a,)—L4(x+2), (5) 


dQ Vp * 


where 2% is the volume per nucleus and @ is the scattering 
length averaged over all the nuclei in the crystal. 
In the sum over +, the term +=0 is excluded. 

The factor exp(—4°x*a,) is the Debye-Waller factor. 
The quantity a, is the average square of the displace- 
ment of a nucleus in the direction of x, the average 
being taken over the thermal equilibrium distribution. 
For a cubic crystal, a, is independent of the direction 
of x and is given by 


ey -F>F 
a(T)=——- — = A(»,T), (6) 
82°M 3N 4.1 


1 hy 
coth—— 
y 2kpT 


where 


A(v,T)= 


M is the mass of the scattering nucleus, T is the tem- 
perature of the crystal, and kg is Boltzmann’s constant. 

Placzek!’ showed that the total incoherent cross 
section o; can be expanded in powers of m/M, the 
ratio of the mass of the neutron to the mass of the 


nucleus. 
ce} my * 
ere; vin. ) (7) 
n=l M 


where s is the bound incoherent cross section. For 
aluminum, m/M=0.037, and the series converges 
rapidly. We shall consider only the term »=1 in the 

16 See Eq. (2.11) in reference 2. Note that the quantities q, *, x, 
and k in reference 2 are 2x times the corresponding quantities in 


the present paper. 
17G. Placzek, Phys. Rev. 93, 895 (1954). 
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sum. As the wave number &» of the incident neutrons 
becomes small, koo”’ tends to a finite limit 6(T), 
given by'® 


2m\? 1 
a7)=s(—) —?2 B(v,T), (8) 
h 3N al 


where 
y} 
B(v,T) =______—__. 
exp(hv/kpT)—1 

We therefore see that the evaluation of both the 
Debye-Waller factor for elastic scattering and the total 
incoherent cross section at long wavelengths depends 
on the value of some function C(v,T) (C=A or B) 
averaged over the 3N values of the frequency given by 
the N points in the first Brillouin zone. 

Since N is large and the points are very close to each 
other, the quantity 


1 
—> Cv,T) 
3N al 


may be replaced by 


J C(v,T)g(v)dy, 


0 


where g(v)dv is the fraction of the 3N frequencies that 
lie between v and »v+dy. The function g(v) is known 
as the frequency distribution function. The problem 
of calculating the Debye-Waller factor and the total 
incoherent cross section therefore reduces to the 
calculation of this function. 


B. Frequency Distribution Function 


The method used to calculate g(v) was to calculate 
v,(q) for a large number R of points equally spaced in 
the first Brillouin zone, and to count the number of 
times that a frequency between v and »+ Ap occurred. 
This gives a good approximation for g(v), provided 
R is large and Av is small. The computation was carried 
out by evaluating the function F(q) for points whose 
coordinates were integral multiples of 6/30. The 
number of points R was thus 60°/2=108 000. The 
symmetry properties of Eq. (1) reduce the number of 
points for which the equation must be solved to 2792. 
The particular g(v) function obtained from F(q) is 
denoted by G(v). 

The maximum value of F(q) is 


Vmax — 8.96X 10” i - 


For the calculation of G(v), the frequency range was 
divided into intervals Av=0.039X 10” sec—!. The curve 
obtained is shown in Fig. 11. 

The function g(v) is continuous, but its slope has a 
finite number of infinite discontinuities. Van Hove!® 


18 Equation (8) is readily obtained from Eq. (4.4) in reference 2. 
19 L. Van Hove, Phys. Rev. 89, 1189 (1953). 
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has pointed out that the existence of such discontinuities 
is a direct consequence of the fact that the »,(q) 
function is periodic in the reciprocal lattice. This is 
because the discontinuities correspond to points in q 
space where grad, v,=0, and the existence of such 
points is necessitated by the periodicity of the »,(q) 
function. The points are known as critical points and 
the corresponding frequencies, as critical frequencies. 

The quantities a(T) and 8(T) were calculated 
without taking account of the critical frequencies. 
However, as a matter of interest, the critical points of 
the function F(q) were investigated. Use was made of 
the fact, pointed out by Rosenstock,’ that the majority 
of the critical points lie in positions which are simply 
related to the symmetry planes and axes of the 
reciprocal lattice. All the critical points in the planes 
gs=0 and gi=q2 were located, and the corresponding 
frequencies calculated. A search was made for further 
critical points, but none were found. It is thought that 
there are none for this particular »;(q) function. 

The critical points of the function F(q) are indicated 
in Fig. 2 by open circles. The points indicated by 
© are examples of what Van Hove’? terms “generalized 
critical points.” They can only occur at points where 
two of the frequencies are equal. Those that occur in 
the present instance do not give rise to any discon- 
tinuity in the slope of g(v). 

The shape of the g(v) function near a critical fre- 
quency depends on the nature of the corresponding 
critical point, i.e., on whether it is a three-dimensional 
maximum (M), a three-dimensional minimum (m), 
a saddle point with a maximum in two dimensions and 
a minimum in the third (S,), or a saddle point with a 
minimum in two dimensions and a maximum in the 


third (S»).” 
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Fic. 11. Frequency distribution function G(v) obtained from 
the function F(q). The values and natures of the critical frequen- 
cies are shown. (The critical frequency v=5.36X10" sec™ is 
discussed in footnote 20.) The theoretical shape of the frequency 
distribution function near a critical frequency is indicated in the 
inset. 


” These are the only types of critical points considered by Van 
Hove and Rosenstock, but other critical points may occur, at 
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Fic. 12. Debye temperatures obtained from the frequency 
distribution function G(v). The values between 0°K and 29°K 
were not calculated. 


The values of the critical frequencies and the natures 
of the corresponding critical points are shown in Fig. 11. 
It can be seen that our approximation for the g(v) 
function is sufficiently good to give the correct shape 
at some of the critical frequencies, e.g., v= 4.10 10" 
sec}, but not at others. 


C. Results and Discussion 


The functions a(T) and 6(T) have been calculated 
at various temperatures. The results are given in 
terms of the Debye temperature © which, for a function 
C(v) and a frequency distribution function g(v), is 
defined by the relations 


kpQ= hyp, 


3 ¥D vmax 
—f Co)rdr= f C(v)g(v)dv. 
vp 0 0 


The Debye temperatures for the Debye-Waller factor 
and for the cross section o) for incident neutrons of 
long wavelength are denoted by ©, and 
respectively. 

The values of ©, and ©z are plotted against tem- 
perature in Fig. 12. The figure shows that ©, is constant 
at temperatures above about 100°K, and © is constant 
at temperatures above about 200°K. However, it must 
be remembered that these results are based on the 
assumption that the forces are harmonic and, hence, 
that the vibration frequencies are independent of 
temperature. The effects of the anharmonic forces are 
such that the frequencies tend to decrease with tem- 


and 


Os, 


least theoretically. An example of such a point occurs in the 
present case for the lowest frequency at the point 110 in reciprocal 
space, where the frequency has the value 5.3610" sec. This 
value is a maximum in the direction of the g; axis, but in the plane 
perpendicular to the gs axis, it is a minimum in the direction of 
the gi and g2 axes and a maximum in the directions at 45 degrees 
to these axes. 
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Fic. 13. Debye temperature for the total incoherent cross 
section for incident neutrons of long wavelength. The unbroken 
curve is the theoretical curve obtained from G(v). The points are 
experimental values obtained from the results of Zimmerman 
and Palevsky* on the assumption of the incoherent approxi- 
mation. The values labeled 1, 2, and 3 are obtained from absorp- 
tion cross sections of 0.135, 0.130, and 0.125 barns/A, respectively. 


perature. It is therefore to be expected that at tem- 
peratures above about 200°K, @,4 and @z will in fact 
decrease with temperature. 

Owen and Williams" have obtained values for the 
Debye-Waller factor in aluminum by measuring the 
intensity of x-ray reflections as a function of T. At 
room temperature, they obtain a value of 395°K for 
©, and find that, from T=300°K to T=600°K, 04 
decreases by 7°K per 100°K rise in 7. Their room 
temperature value is somewhat higher than the value 
of 368°K obtained from our calculations. However, the 
uncertainty in the force constants used in the calcu- 
lation of G(v) results in an uncertainty in the calculated 
Debye temperature of about 20°K. When the error 
in the experimental value is taken into account, the 
two values are not inconsistent. 

Experimental data for the quantity 


B(T) =limit koo™ 
ko—+0 


can only be obtained indirectly. Experimentally, the 
quantity measured is the sum of the total scattering 
and absorption cross sections. On the assumption of 
the incoherent approximation, viz, that the interference 
term’ in the total scattering cross section is zero, the 
value of 8(7) may be obtained from measurements of 
the total cross section, together with a knowledge of 


21 F. A. Owen and R. W. Williams, Proc. Roy. Soc. (London) 
A188, 509 (1947). 
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the absorption cross section. The results obtained from 
the measurements of Zimmerman and Palevsky” are 
given in Fig. 13. The values obtained for Og depend 
sensitively on the value adopted for the absorption 
cross section. The results have therefore been analyzed 
in terms of the accepted value of this cross section and 
also of the limiting values implied by its experimental 
uncertainty. 

As can be seen from Fig. 13, the agreement between 
theory and experiment is rather poor at low tempera- 
tures. This is not due to the fact that the frequency 
distribution function used for calculating the theoretical 
values of @, is based on room temperature force 
constants. The correction which must be made at low 
temperatures to take account of this causes Qs to 
increase, and the discrepancy is thereby increased. 

If the experimental results and the assumed absorp- 
tion cross section are correct, a possible explanation 
of the discrepancy is that the incoherent approximation 
does not apply to aluminum. To calculate the magnitude 
of the interference term, it is necessary to integrate an 
expression for the cross section over the scattering 
surfaces, a tedious task, which, in view of the present 
uncertainty of these surfaces, has not been undertaken. 
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A radio-frequency measurement of the fine structure of hydrogen atoms in the »=3 state is described. 
Transitions 3 #S,<3 *P,, 3 *Sy<3 *Py, and 3 2P4y<3 *Ds have been observed. In this experiment rf-induced 
transitions are detected by their effect on the intensity of Hq radiation emitted by the atoms. Preliminary 
results are in agreement with the predictions of quantum electrodynamics to within the accuracy of the 


present measurements, namely, +10 Mc/sec. 


HE success of experiments on fine structure of the 

n= 2 levels of hydrogen!’ and interest in accurate 
measurements on simple systems have led us to attempt 
an examination of higher excited states of hydrogen 
atoms. It might be hoped that such measurements will 
shed some light on the reason for the small discrepancy’ 
between theory and experiment in the n=2 case. The 
three-quantum excited state of hydrogen is predicted‘ 
to have the following fine structure: separation of 
3?P, and 3 ?P, levels 3250 Mc/sec; separation of 3 ?P; 
and 37S, levels 314.7 Mc/sec. Previous measurement 
of these separations by optical means® has indicated the 


3°p 





Fic. 1. The decay schemes of the n=3 levels of hydrogen atoms. 
The solid lines comprise the Ha complex, the dashed lines the Lg 
line. The figure is schematic and is not drawn to scale. 
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possibility of a discrepancy between experiment and 
calculated splittings. 

The experimental method employed in the measure- 
ments on the n=2 state is not directly applicable to 
the »=3 or other more highly excited states. The 2 2S, 
state is unique in that it has a lifetime sufficient to 
permit the formation and transmission of a beam of 
excited atoms. In contrast to the lifetime of the 2 *S, 
state® (1/7 second) the lifetime of the 37S; state is 
1.6X 1077 sec and that of the 3p states is 5.4X 10~° sec.” 
Thus the use of a low-velocity beam of atoms in the 
3-quantum state is out of the question and another 
method must be sought. The principle of the method 
used is the following: If in a steady state atoms are 
excited to the 3s state and the 3p state at comparable 
rates, the lower decay rate of the 3s state will lead to 
an excess of population in this state over that in the 3p 
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Fic. 2. Zeeman splitting of the fine structure of states n=3 of 
hydrogen. The 3 2S; state has been raised 315 Mc/sec relative to 
the 3 2P,; state. The dashed lines are the 3 2D levels. 
6G. Breit and E. Teller, Astrophys. J. 91, 215 (1940). 
7H. A. Bethe, Handbuch der Physik (Verlag Julius Springer, 
Berlin, 1933), Vol. 24, Part 1. 
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Fic. 3. Resonance frequencies, computed from the levels shown 
in Fig. 2, plotted as a function of magnetic field. Only transitions 
between s and p levels obeying the selection rule Am==+1 are 
shown. Some experimental points are indicated by circles. 
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state. All atoms decaying from the 3s state do so with 
the emission of a quantum of Balmer H,(A 6563A) 
light arising from a transition to the 2p level (Fig. 1). 
An atom in the 3p state may decay to the 2s level with 
the emission of an H, quantum, or may proceed directly 
to the 1s level emitting a Lyman Zs(A 1026A) photon. 
The branching ratio for these two decay schemes is 
1:7.5.7 If a radio-frequency electric field is applied at a 
frequency appropriate to the 3 2S;<3 ?P, or 3 *S4<93 ?P, 
energy difference, then the population of the 39 level 
will be made more nearly equal to that of the 3s level 


SANDERS 


and the intensity of H. light emitted will decrease, 
with a corresponding increase in the intensity of Lg 
radiation. 

The experimental arrangement was as follows. Hydro- 
gen gas at a pressure near 1 micron was admitted to an 
electron bombarder which included an electric field- 
free region approximately one centimeter in length 
through which drifted a monoenergetic electron beam 
of known energy in the range 10 to 50 ev. An optical 
system consisting of a Lucite light pipe or a lens, a 
transmission interference filter, and an RCA 6217 
photomultiplier detected H. light emitted from this 
drift space. A parallel plate transmission line placed 
around the outside of the glass envelope of the electron 
bombarder produced radio-frequency electric fields in 
the interaction region. A resonance could be swept 
through by variation of an axial magnetic field. The 
observed resonances correspond to transitions among 
the Zeeman levels indicated in Fig. 2. The notation is 
that of reference 2, with an obvious extension to the 
d states. Transitions aa, ac, af, Be, and Bb have been 
observed, as well as transitions involving the 37D 
state. 

Preliminary measurements indicate that the splittings 
are at least in rough agreement with those predicted 
by quantum electrodynamics, and are sufficient to 
indicate that no glaring (>10 Mc/sec) discrepancy 
exists. For various reasons the resonance that has been 
studied most carefully is aa. Figure 3 shows experi- 
mental resonance centers plotted versus oscillator fre- 
quency. Also shown are experimental points for several 
other resonances. These data are presented in rather 
“raw” form, and are subject to large errors. Among the 
sources of error in these measurements are inaccuracies 
in the magnetic field calibration, shifts of resonances 
due to Stark effect, and for some measurements, suffi- 
ciently poor signal-to-noise ratio to prevent accurate 
determination of the line centers. An improved version 
of the apparatus is currently in operation. A more 
detailed report on the experiment and relevant theory 
is in preparation. 
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The atomic beam resonance method has been used to investigate the hyperfine structure of the 5P excited 
states of Rb* and Rb*’. The apparatus and method of observation were similar to those in a previous experi- 
ment on the 3P state of sodium. For Rb*® in the 5Py state, the magnetic dipole and electric quadrupole 
interaction constants are, respectively, ay=25.34+0.2 Mc/sec and b=24.4+1.3 Mc/sec, and for the 5P; 
state, aj=120.7+1 Mc/sec. For Rb*’, the three constants are aj=85.8+0.7 Mc/sec, b=11.8+0.6 Mc/sec, 
and a;=409+4 Mc/sec. The quadrupole moments are Qs5= (0.27+0.02) X 10-* cm? and Qs;= (0.13+0.01) 
X10~* cm?, which agree with the moments calculated from the hyperfine structure of these isotopes in the 


6P state as measured by another technique. 





INTRODUCTION 


HIS paper deals with an application of the atomic 
beam resonance method! to the study of the 
hyperfine structure of Rb** and Rb*’ in the 5P state.” 
Since this experiment was necessarily performed with 
the use of higher radio-frequencies than those required 
in the previous experiment’ on Na”, certain important 
modifications were made in the method of rf generation 
and measurement. 

Although the ratio of the electric quadrupole mo- 
ments of Rb*® and Rb*’ has been determined*:> from 
the spectra of the RbCl and RbF molecules, a determi- 
nation of the magnitude of the quadrupole moments 
requires a knowledge of the wave functions of these 
molecules to an accuracy which is not available. The 
objective of this experiment was to obtain sufficient 
information about the hfs of these isotopes in the 
5P;, and 5P; states which, together with the more 
accurately known atomic wave functions, can yield a 
better value of the nuclear electrical quadrupole 
moment than can be obtained from molecular data. 
Added interest was given to the measurements by the 
results, published during the course of this experiment, 
on the hfs of the 6P state obtained by the double 
resonance optical method.’ A comparison could thus 
be made of the magrietic dipole and electric quadrupole 
interaction in two atomic states with different principal 
quantum numbers. 


APPARATUS 


Since our apparatus was similar to that previously 
described,’ only the modifications will be discussed. 
The beam was obtained by heating a mixture of 
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rubidium chloride and calcium shavings in the oven toa 
temperature of from 300°C to 350°C. 

As sources of resonance radiation, two types of 
spectral lamps were tested: one manufactured by the 
Phillips Company and the other by Osram. Both lamps 
have as their main component a glass tube containing 
both rubidium and an inert gas. This discharge tube is 
surrounded by a vacuum jacket which keeps a uniform 
temperature distribution around the tube and prevents 
the condensation of rubidium on the walls. For the 
purposes of this experiment the effectiveness of the 
source is determined by the number of atoms it can 
excite to the 5P state, and to this end the Osram lamp 
was found to be superior. An improvement in the 
effectiveness of this source was obtained by operating 
it at 18.5 volts and 0.7 amp rather than at the manu- 
facturer’s rating of 10 volts and 1.5 amp. This was 
accomplished by increasing both the driving voltage 
and the ballast resistance so that the point of operation 
on the negative resistance characteristic of the arc 
moved to the desired position. Further improvement 
was obtained by surrounding the vacuum jacket of the 
discharge lamp with a water-cooling jacket. Without 
cooling, the number of atoms excited to the 5P state 
increased at first, reached a maximum, and then began 
to decrease. With cooling there was no subsequent 
decrease in the light effect. These phenomena are 
consistent with the assumption that the increased 
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Fic. 1. Schematic drawing of the apparatus. 
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vapor pressure in the discharge tube resulting from 
higher temperatures leads to a greater degree of self- 
reversal. 

The gain of the amplifier was measured by feeding a 
chopped dc signal of known amplitude from the 
calibrator (see Fig. 1) to the amplifier input. The proper 
relative phase of the detector and modulator was 
achieved in the following manner: a transition between 
adjacent mr levels corresponding to the:same F level 
in the ground state was obtained with a modulated 
oscillator and the resultant signal was observed on an 
oscilloscope. The phase of the detector was then 
adjusted with respect to that of the modulator. The 
frequency of the ground state transition was much 
lower than the frequencies measured in the excited 
state; consequently a special oscillator (“phasing 
oscillator” in Fig. 1), covering a range from 0.5 to 
3 Mc/sec, was designed for this purpose. 

At frequencies up to 180 Mc/sec the rf generation 
and measurements remained the same as previously 
described.’ At higher frequencies, the rf power was 
generated by a Radar Jammer APT-4 with a frequency 
range from 180 to 700 Mc/sec and an rf power output 
of 150 to 200 watts. This oscillator, shown schematically 
in Fig. 2, is designed to use either of two split-anode 
magnetrons. For the frequency range of 180 to 400 
Mc/sec a 5J30 magnetron, which feeds into an external 
quarter-wavelength line, is used. For the higher range 
of 400 to 700 Mc/sec a 5J29 magnetron (not shown in 
Fig. 2), which has‘ an additional short-circuiting back 
loop within the tube envelope, is used. The anodes of 
this tube are located in the region of a voltage antinode 
of a half-wavelength line. The filaments of both tubes 
require about 35 amperes when the magnetrons are 
operated at low frequency and the potential difference 
between the anodes and filament is 1000 volts. At high 
frequencies the filament current of the 5J29 could be 
almost turned off and the filament heated by electron 
back bombardment. The lock-in signal is applied to the 
control grid of the 813 pentode which functions as a 
stabilizing load on the magnetron and as a modulator. 

The oscillator output is connected through an 
attenuator to a double-stub tuner which controls the 


RABI 


current to the hairpin. The rf power is transmitted 
through a type N UG-30C/U connector into the vacuum 
system where a length of rigid coaxial line terminates 
in the hairpin. The method of measuring rf current in 
the hairpin at frequencies below 180 Mc/sec was 
previously described.* At higher frequencies, the 
accuracy of this measurement becomes dependent on 
theoretical corrections based on electrical line lengths 
which are not known accurately. Consequently, a cal- 
ibration procedure, which yielded the voltage in the 
hairpin transmission line outside the vacuum as a func- 
tion of frequency for constant current in the hairpin 
proper, was adopted and is described below. The essential 
purpose of the calibration was to enable a resonance 
curve of considerable width to be observed at a constant 
rf amplitude and thus to avoid distortions arising from 
a variation of matrix elements over the range of 
observation. 

The rf generation and transmission components were 
removed from the vacuum system and arranged as 
shown in Fig. 3. A small pickup loop was placed close 
to the hairpin and a General Radio vacuum tube 
voltmeter type 1800A which, according to the manu- 
facturer’s specifications, can be used to measure 
voltages at frequencies up to 500 Mc/sec read the 
induced loop voltage. Although a measurement of the 
absolute current in the hairpin could not be obtained 
because of the difficulties of calculating the mutual 
inductance of the hairpin and the pickup loop, the 
relative rf current as a function of frequency could be 
obtained under the assumption that the induced loop 
voltage is proportional to the product of frequency 
and hairpin current. The latter assumption is valid 
when, as in our case, the dimensions of the circuit are 
small compared to a quarter wavelength. Another 
voltmeter read the transmission line voltage near the 
double-stub tuner. To obtain a reliable calibration 
several precautions had to be observed. It was found 
necessary to shield the hairpin and pickup loop 
thoroughly and to measure the induced voltage as 
close to the pickup loop as possible. Furthermore, the 
oscillator had to be well isolated by an attenuator 
which consisted of 100 ft of RG-9/U cable and resulted 
in a power attenuation of 4 db at 300 Mc/sec and 
increased attenuation at higher frequencies. Its purpose 
was twofold. It kept the oscillator frequency nearly 
independent of the tuning position and it preferentially 
suppressed higher harmonics which were quite trouble- 
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some. In the region of 150 to 250 Mc/sec this filtering 
action was not sufficient; consequently a low pass 
filter (Microlab FLH 200) was placed between the 
oscillator and the attenuator. The calibration curve is 
shown in Fig. 4. To obtain a qualitative check on the 
above calibration procedure, the rigid coaxial line in the 
vacuum system and the hairpin itself can be considered 
to a first approximation as two series transmission 
lines with parameters which can be roughly calculated. 
The calibration curve can then be theoretically ob- 
tained and compared with the experimental curve. It 
was found that the general shapes of the two curves are 
in agreement. 


DISCUSSION OF ERRORS 


The transitions of interest in this experiment are 
those in which F changes by one in a C field which is 
zero. In practice, the latter condition could not be 
attained because of the Majorana effect. This effect, 
which is well known in molecular and atomic beam 
resonance work, occurs when the separation between 
adjacent my levels becomes small enough so that 
transitions between these levels can occur due to the 
spatially changing magnetic fields encountered by the 
atom in traversing the region between the two deflecting 
fields. The Majorana effect is undesirable in our 
experiment because it increases the background and 
decreases the signal-to-noise ratio, but it can easily 
be eliminated by the application of a small C field. 
The excited state pattern will be affected by the C 
field in that the resonance for the AF=+1 transition 
will be broadened and its maximum shifted. An exact 


300 
FREQUENCY IN MC /SEC 


calculation of these effects is extremely complicated 
and requires an exact knowledge of both the C field 
and rf field intensity throughout the transition region. 
An order of magnitude estimate was made under the 
assumption that the excited state my levels do not 
overlap in energy (which in this case is not a good 
assumption) so that the intensity of each one of the 
lines in the Zeeman multiplet where F changes by one 
can be calculated. Under this assumption, the rf 
changes the probability W(c,a) of an atom starting in 
ground state (a), going through excited states (b) or 
(b’) and then returning to the final ground state (c) 
by the amount? 


AW =[D(c,b’) — D(c,b) JLE(b,a) — E(b’,a) ] 
Vor? 
2L VowrtkR+ (wero v)*] 





(1) 


where the D’s represent the coefficients of spontaneous 
decay from excited state (b) or (b’) to ground state 
(c), the E’s are coefficients of absorption, the Vy, are 
the matrix elements of the rf perturbation between 
states (b) and (b’) (in frequency units), k=1/2mr 
where 7 is the lifetime of the excited state, and v and 
wep are the impressed and resonant frequencies respec- 
tively. The intensity of the signal arising from a 
particular transition in the multiplet from state (5) to 
(b’) is obtained by summing (1) over all initial and 
final states which differ in their moments in the deflect- 


7 See, reference 3. Also R. Serber, Special Technical Report of 
Columbia Radiation Laboratory (to be published). 
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ing fields. This procedure is repeated for all transitions 
in the multiplet and the shift of its center of gravity 
from the zero field position estimated. This shift for 
our experiment was estimated to be 0.1 Mc/sec upwards 
in frequency at the typical operating field of one gauss. 
This error is negligible compared to other errors. It is 
unlikely that a complete theory which allows for the 
interference of the probability amplitudes would 
predict a shift of greater magnitude although it might 
give some structure in the close neighborhood to the 
center of the resonance. 

The perturbation of the energy levels by the rf field 
can be calculated without the assumptions made 
above.’ This is done at zero C field and with the axis 
of quantization along the direction of the rf field. The 
change in energy Aw, (in frequency units) of excited 
state level (0) is given by 

Vow oe 
Ws a 


we oty 


1 
Aw,=—- » # f 


4 Lwoo—v 
where wy» is the Bohr frequency between levels (6) 
and (0’) and the summation is to be carried out over 
all levels with the same mr omitting the terms where 
the denominator approaches zero. For our case, the 
shift in transition frequencies due to this effect is less 
than 0.1 Mc/sec so that this effect is also negligible 
compared to the other errors. 

The two important factors which were considered 
in assigning the uncertainty to the final results of the 


TABLE I. Data on the 65.0-Mc/sec resonance. 


Half-width rf current 


(Mc/sec) 


9.0 
9.5 
9.5 


Resonant freq. 
(Mc/sec) 


70 


(Mc/sec) 


measurements were the statistical uncertainty and the 
uncertainty arising from the current calibration 
technique. 


EXPERIMENTAL RESULTS 


The line of lowest frequency which was observed 
and which will be later shown to be assignable to the 
Rb** spectrum was at 65.0+0.75 Mc/sec. Five runs 
were taken on this resonance and the results are given 
in Table I. A typical resonance is plotted in Fig. 5 
where the signal is given in millivolts measured at the 
recorder. To determine the resonant frequency it was 
assumed that the resonance could be represented by a 
curve of the form 


S=AV2/[Vi+R+ (w—v)*], (3) 


where S is the signal, V is a constant proportional to the 
amplitude of the rf field, A is a constant proportional 
to the gain of the detection system, and w is the resonant 
frequency. It can be seen from Fig. 5 that the data can 
be fairly well fitted with a curve which has the frequency 
dependence shown in Eq. (3). The dependence on rf 
amplitude of the above function was checked by setting 
the frequency at 65 Mc/sec and plotting the signal vs 
the rf current. If Eq. (3) is valid, it should be possible 
to fit the data with the function 


S=A/(1+(K/I*], (4) 


where A and K are two constants to be determined 
from the best fit and J is the rf current. K is a constant 
which is proportional to the natural line width and A 
has been previously defined. The resultant data are 
shown in Fig. 6. The range of the rf currents is limited 
at the low end by the poor signal-to-noise ratio and at 
the high end by the available output of the oscillator. 
Although there is an indication that the rf dependence 
is of the form given by Eq. (4), not enough data are 
available for a thorough investigation of this question. 

A resonance was found at 120.8+1.5 Mc/sec and 
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will later be shown to be assignable to the Rb*® spec- 
trum. The data are shown in Fig. 7. It was found that 
the center of the line could be determined from the 
individual points to the accuracy desired so that a curve 
is not drawn through the data in this case. The intensity 
of this line was approximately twice that of the 65.0- 
Mc/sec resonance. Three runs were taken on this 
resonance and the results are given in Table II. 

A resonance was found at 265+3 Mc/sec and assigned 
to the Rb*’ spectrum (based on the use of an enriched 
sample of this isotope). The data shown in Fig. 8 were 
taken with a sample where the two isotopes were in 
the natural abundance ratio of Rb*® to Rb*’ of 4 to 1. 
As can be seen, the signal-to-noise factor is less than 
for the Rb® lines, which is as expected, since the signal- 
to-noise factors estimated on the basis of abundance 
alone should be 16 to 1. This results from the fact that 
the same abundance ratio exists in the light source as 
in the beam and the background remains the same for 
both isotopes. 

A resonance with a very weak intensity was found 
at 362+3 Mc/sec and assigned to the 5P, state of 
Rb**. The frequency of this line is in agreement with 
that predicted from optical measurements of the 
hyperfine structure of the Rb*’5P,; state* and the 
known ratio of ag5/das7. The poor signal-to-noise ratio 
encountered in our experiment made the measurement 
of this frequency the most difficult of any undertaken. 
Five runs with the results of a typical one shown in 
Fig. 9, are listed in Table III. To establish the reality 
of this resonance, it was also observed with the C field 
set at 33 gauss. Although the pattern seemed to be 
shifted, conclusive data on the Zeeman effect were not 
obtained. A further check was to take two runs with an 


8 H. Kopferman and H. Kriiger, Z. Physik 103, 485 (1936). 
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enriched sample containing over 95% of Rb*’ with a 
typical result shown in Fig. 10. The absence of a 
resonance here is consistent with the assignment of the 
line to the Rb®* spectrum. 


CALCULATION OF INTERACTION CONSTANTS 


If the electronic orbital angular momentum is 
designated by L, the total electronic angular momentum 
by J, and the nuclear spin by /, the contribution of the 
nuclear magnetic dipole and electric quadrupole 














(MILLIVOLTS) 





SIGNAL 
































130 
(Mc /sec) 


120 


FREQUENCY 


7. The F=4 to F=3 transition of Rb* in the 5P, state. 
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Fic. 8. The F=3 to F=2 transition of Rb*’ in the 5Py state. 


interaction to the atomic energy level E(hfs) may be 
written as® 


C  p8C(C+1)—4(1+1) (J +1) 
E(hfs) = ha— hel thes Bi actat ———| (5) 
IJ (21—1)(2J—1) 


where C= 


F(F+1)—I(/+1) 


The primary quantities which are determined in our 
experiment are the interaction constants a and b. They 
may also be calculated theoretically as 

mad ak: jenmmeianie’ 


I en 5: ©) 
a — =) © (7) 


where y; is the nuclear magnetic moment in emu, yo is 
the Bohr magneton, and & and R are relativistic 
corrections. An approximate value of (1/r*), can be 
obtained from the fine structure splitting according to a 
method of Barnes and Smith,!° from which a may be 
calculated by use of Eq. (6). 

The a and 6 values can be determined experimentally 
from the hyperfine spectrum where the transition 
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Fic. 9. The F=3 to F=2 transition of Rb** in the 5P, state. 


® -H. B. G. Casimir, On the Interaction between Atomic Nuclei and 
Electrons (Teylers Tweede Genootschap, Haarlem, 1936). 
” R. G. Barnes and W. V. Smith, Phys. Rev. 93, 95 (1954). 
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frequencies are found from Eq. (5) to be 
Rb® (J =3/2) Rb® (J=5/2) 
Transition Frequency 


4a+(4/5)b 
3a—(9/20)b 
2a—(4/5)b 


Transition 
F=4 to F=3 
F=3 to F=2 
F=2 to F=1 


Frequency 
3a+b 
2a—b 
a—b 
In the Rb® spectrum, the 120.8 Mc/sec resonance is 

assigned to the F=4 to F=3 transition and the 65.0 

Mc/sec resonance is assigned to the F=3 to F=2 

transition to yield values of a= 25.340.2 Mc/sec and 

b=24.44+1.3 Mc/sec. The theoretical value of a 

calculated according to the method mentioned above 

is found to be 24.3 Mc/sec. Furthermore from the 
known ratio of nuclear moments (see below) the 
frequency of the F=3 to F=2 transition in the Rb*®’ 
spectrum can be computed and is found to agree, to 
within the limits of error, with the experimental value 
of 26543 Mc/sec. This agreement serves both to 
identify the observed line as the F= 3 to F=2 transition 


TABLE II. Data on the 120.8- ouifate resonance. 








Resonant freq. 
(Mc/sec) 


119.6 
121.4 
121.3 











TABLE III. Data on the 362-Mc/sec resonance. 








Resonant freq. 
Mc/sec) 


364 
362 
363 
361 
360 








of Rb* and to give added confirmation to the assign- 
ment of the lines to the Rb*® spectrum. Other assign- 
ments of the two Rb® resonances yield a values which 
are above 30 Mc/sec and are inconsistent with any 
assignment of the Rb*’ resonance. From the ratio of 
the a’s (obtained from the known nuclear moments 
and spins!) of dgs/as7=0.295 and the ratio* bg5/bs7 
= 2.07, the values of the interaction constants of Rb* 
in the 5P, state are 


a=85.8+0.7 Mc/sec and b=11.8+0.6 Mc/sec. 


The ratio of the interaction constants in the 5P; states 
measured in this experiment to the interaction constants 
of the 6P, states® is 


dsp/dgp= 3.140.035 and bsp/bep= 2.9+0.2. 


The ratio of (1/r*),, as computed” for the two states is 
found to be 3.08, in agreement with the above. In 
comparing this ratio of (1/r*),, with the experimental 


1 Pp, A. Kusch and S. Millman, Phys. Rev. 56, 527 (1939). 
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ratios, the effect of the inner core of electrons” was 
not considered. This effect was computed for the two 
states in question for the b ratio by Sternheimer™ and 
the results indicate that the theoretical ratio is not 
significantly changed from that given in the foregoing. 

In the P; state of Rb**, the interval between F=3 
and F=2 is 3a. From the resonance at 362+3 Mc/sec 
the a; is found to be 120.741 Mc/sec. If it is assumed 
that the nuclear magnetic dipole moment interacts 
only with the valence electron, the ratio a;/ay=5.59 
whereas the experimental ratio is 4.8+0.05. One 
possible explanation" for this discrepancy is the effect of 
excited 4-shell configurations. The resultant perturba- 
tion of the magnetic fields at the nucleus is somewhat 
different for the P; and Py, states, and could account 
for the difference between the observed value of 
a;/a, and that expected theoretically for a single 5p 
electron outside a closed shell. 

The quadrupole moment computed from the a; 
without Sternheimer shielding corrections is found 
to be!® 


uno (L+1)(2L+3) & b 
are 3 pace 


@  IJ(J+1) 


Ra 
= (0.27+0.02) X 10-* cm’, 
Qs7= (0.1340.01) X10-™ cm’, 


12R, M. Sternheimer, Phys. Rev. 95, 737 (1954). 

18 R, M. Sternheimer (private communication). 

4M. Phillips, following paper [Phys. Rev. 103, 322 (1956) ]. 
16 Davis, Feld, Zabel, and Zacharias, Phys. Rev. 76, 1076 (1949). 


IN SP STATE 


SIGNAL (MILLIVOLTS) 


350 
FREQUENCY 


360 

(Mc/sec) 

Fic. 10. The frequency region of the Rb** 5P; state resonance 
with an enriched sample of Rb*’ in the oven. 


in agreement with the results of the double-resonance 
optical method. Application of Sternheimer’s 
correction of 0.88 to the above values yields 


Qss= (0.24+0.02) X 10-™ cm’, 
Qs7= (0.12+0.01) X 10-** cm’. 
These values can be compared to the theoretical values 


obtained from the Rainwater model of the distorted 
nuclear core!® of 


Oss=0.33X 10- cm, 
QOs7= 0. 16X 10-*4 cm’. 
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Perturbations of the ratio of hyperfine coupling constants for the 5P levels of rubidium are investigated. 
The excitation of one 4s electron to higher s orbits is most effective in altering the ratio a;/a;, although the 
effect of 4p shell excitation may be perceptible. The fraction of excited 4s configuration in the 5P state is 
written in terms of matrix elements of the electrostatic interaction, from which it appears that the sign of the 
perturbation is in agreement with the discrepancy observed by Senitzky and Rabi. 





NALYSIS of the effect of core excitation on the 

ratio a;/a; for the 5P levels of rubidium was 
undertaken in an attempt to account for the observa- 
tion! that this ratio is about 14% smaller than would 
be expected on the basis of the usual theory. Such 
perturbations of the hyperfine structure in a configura- 
tion consisting of a single valence electron in a p orbit 
have long been known.” For quantitative results it is 
customary** to employ variational methods with Har- 
tree single particle functions to find the amount of 
excited core wave function to be added to the zero 
order function. An equally consistent procedure is to 
solve the problem formally in terms of the radial 
integrals that arise in the expansion of the electrostatic 
interaction responsible for the mixing of configurations. 
For numerical results it is necessary to evaluate these 
integrals with the Hartree functions, but the initial 
formal computation is useful for classifying the con- 
tributions from various excited states, and the total 
numerical work is much reduced. Only the formal 
computation is reported here. 

The zero-order rubidium configuration investigated is 
(in addition to closed K, L, M shells) (4s)?(4p)*5p. The 
excited core configurations considered were (4s)*(4p)° 
X (5p), (4s)*(4p)*Spnp, 45(4p)*ns5p, and 4s(5p)*nd5p. 
The first of these is most strongly mixed with the zero 
order configuration, but in the ratio a;/a,; the effect of 
the first term in the expansion of 1/712 cancels, and 
only terms involving the nondiagonal radial integral 
F,(4p5p; 5p5p) survive. (The notation is that of 
Condon and Shortley.*) From an estimate of all the 
quantities involved, it seems unlikely that the resulting 
correction could be larger than perhaps 2%. The effect 
of configurations in which one of the 4p electrons is 
more highly excited also seems too small to account for 
the observed discrepancy. 

The effect of (4p)*4s5s5p is analogous to that con- 
sidered by Fermi and Segré for thallium, and in greater 
quantitative detail by Koster’ to account for the 


1B. Senitzky and I. I. Rabi, preceding paper [Phys. Rev. 103, 
315 (1956) ]. 

2E. Fermi and E. Segré, Rend. della R. Academia d'Italia 4, 
18 (1933); also Z. Physik 82, 729 (1933). 

3G. F. Koster, Phys. Rev. 86, 148 (1952). 

4R. Sternheimer, Phys. Rev. 86, 316 (1952). 

5E. U. Condon and G. H. Shortley, The Theory of Atomic 
Spectra (Cambridge University Press, Cambridge, 1935), Sec. 8. 


hyperfine structure of gallium. To facilitate comparison 
between the present treatment and that of Koster we 
use his notation for the coefficients of the excited con- 
figuration wave functions. Let ¥(*S) and y(4S) be the 
wave functions for the *P states of the excited con- 
figuration for which the parent terms in the 4s5s 
combination are *§ and ‘5S, respectively. Then 


Y=Wotaw(S)+aw(45). 


In terms of the matrix elements of the electrostatic 
interaction, 


a= V2[— Fo(ss’)— Fo(sp)+-4Gx(sp) VE, 
ar= ($)'Gi(sp)/E, 


where E is the excitation energy and 


Fu(ss)= ff (1/rs)Rae(1)Ro5e(1)R4.?(2)dr dro, 
0 0 


Fuis)=e ff (1/r5)Rus(1)Ree(1)Rsp?(2)dridrs, 


e 


Guis=— ff (rei Ru(tDReot) 
X Rse(2)Rsp(2)dridro. 


(The phases of the combinations of product functions 
are chosen to agree with those of Koster; in general it 
is only necessary to use the same phases for the matrix 
elements of the electrostatic interaction and those of 
the magnetic field at the nucleus.) The expressions for 
the hyperfine coupling constants are just those given 
by Koster’s Eqs. (16). As would be expected, the effect 
on the hyperfine structure comes primarily from ¥(°S). 
The largest term in the correction arises from the non- 
diagonal matrix element of the magnetic field at the 
nucleus, (4s|H.|5s), which has the factor Gi(sp)/E in 
its coefficient. The sign of Gi(sp) would therefore 
determine whether the perturbation serves to increase 
or to decrease the ratio of the hyperfine structure con- 
stants. For rubidium a rough calculation with screened 
functions does give a negative value for G,(sp), but 
numerical integration with Hartree wave functions 
would be required to answer this question definitely. 
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CORE EXCITATION 


Reasonable estimates for the other parameters indicate 
that the effect of the admixture of excited s electron 
configurations could account for a major fraction of 
the discrepancy observed by Senitzky and Rabi. 
Formally, configurations in which a 4s electron is 
excited to any higher s orbit contribute in the same 
way. Although it might be expected that the series 
would converge rapidly for high excitation, a systematic 
investigation of excited states would be desirable. 
Somewhat analogous terms arise from the admixture 
of configurations 4sud5p, and for 4s4d5p the excitation 
energy is not much larger than that for 4s5s5p. The 
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effect of these terms is small, however, for two reasons: 
the matrix elements of the electrostatic interaction are 
reduced because of angular interference, and the non- 
diagonal term in H, is small. 

The relative importance of perturbations due to s—s’ 
excitation, even when the excitation energy is large, 
suggests that the quasi-empirical quantitative calcula- 
tions of Schwartz® for gallium may be extended to 
the p states of the alkalies. It is possible, however, 
that p-shell excitation plays a perceptible role in the 
hyperfine structure of alkali spectra. 


®C. Schwartz, Phys. Rev. 99, 1035 (1955). 
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Mass Spectrometrically Determined Independent Yields of I’**, I'*°, Br*°, and Br*? 
for U?**, U***, and Pu’*® Fission 
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(Received April 9, 1956) 


The primary yields of the shielded nuclei [8 and I have been accurately determined for the thermal 
neutron fission of U?%, U?%5, and Pu®*. This has been done by the measurement of their stable daughters 
Xe8 and Xe! using sensitive mass spectrometric techniques. The values of these primary yields show 
marked deviations from those predicted by the present theories of charge distribution. This discrepancy 
can be explained if the effect of the 50 proton shell is taken into account in the evaluation of the most 
probable initial nuclear charge Z, for mass numbers 128 and 130. This can be done by postulating a most 
probable charge which will yield the greatest energy release in the fission process. 

Also the primary yields of Br® and Br® were determined by means of their daughters Kr® and Kr® for 
the thermal fission of U? and U** and for the fast fission of Pu. The yields of these nuclei for fast neutron 
fission were ~100 times those for thermal fission, indicating a shift in the charge distribution curve with 


neutron energy. 


INTRODUCTION 


OR a complete understanding of the fission process 
it is necessary to know both the charge and mass 
distribution of the fission fragments. Fission yield 
studies to date have been concerned mainly with mass 
distribution, the total or cumulative yield for a given 
mass being determined by radiochemical or mass spec- 
trometric techniques. In this work the mass spec- 
trometer measurements are less prone to contamination 
errors and are therefore the most reliable. The question 
of the distribution of charge for a given mass involves 
primary or independent yields of the fission fragments. 
In view of the short half-lives of most of these fragments, 
primary yield measurements are very difficult. Further, 
since all the primary yield data obtained to date’ have 
-* Holder of a National Research Council scholarship 1955-1956. 
1 Glendenin, Coryell, and Edwards, Radiochemical Studies: The 
Fission Products, edited by C. D. Coryell and N. Sugarman, 
(McGraw-Hill Book Company, Inc., New York, 1951), Paper 52, 
National Nuclear Energy Series, Plutonium Project Record, 
Vol. 9, Div. IV. 
2L. E. Glendenin, Technical Report No. 35, Laboratory for 
Nuclear Science and Engineering, Massachusetts Institute of 
Technology, 1949 (unpublished). 
3A. C. Pappas, Technical Report No. 63, Laboratory for 
Nuclear Science, Massachusetts Institute of Technology, 1953 
(unpublished). 


been obtained radiochemically, the contamination 
errors are in most cases quite large. A number of 
accurate primary yield values have now been obtained 
using very sensitive mass spectrometric techniques. The 
results of these measurements are reported in this paper. 

The fission process can be represented by the equation 


M(A ,Z)+M (1,0) > M*(A+1, Z) anil M(A,,Z1) 
+M (A2,Z2)+rM (1,0) +7+Q, 


where M(A,Z) is the mass of the fissioning nucleus, 
M(A,Z,) and M(A2Z2) are the masses of the primary 
fission fragments, and » the total number of prompt 
neutrons released. y is the electromagnetic energy 
released at the instant of fission and Q is the kinetic 
energy of the fragments and the neutrons released. 
Since the neutron to proton ratio of the fissioning 
nucleus is considerably higher than that corresponding 
to stability in the fission product region, the primary 
fission products are unstable and achieve nuclear 
stability through a series of 6~ disintegrations. There- 
fore two types of fission yields can be defined: 

(a) The total or cumulative yield Y of a given mass 
chain, defined as the percentage of fission acts giving 
the mass number in question. 
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(b) The independent or primary yield Y; of a fission 
fragment, defined as the percentage of fission acts giving 
the nuclide in question by direct formation in the 
ground state or by formation in very short-lived excited 
states. Therefore the independent yields for a particular 
mass actually give the charge distribution for that 
chain. 

The measurement of independent yields along a 
given mass chain is practically impossible with present 
techniques because of the very short half-lives and the 
correction necessary for decay and production rates. 
For the most part primary yield data are confined to 
a few so-called shielded isotopes, which are isotopes 
with stable or long-lived precursors. For example, in 
the mass chain 


B- 
['® —, stable Xe!™, 


B- B- 
Sn! — Sb’ — stable Te™™, 


the primary yields of tin, antimony, and tellurium 
accumulate at stable Te!. Any yield of the shielded 
I is therefore the independent or primary yield of 
this isotope. The yields of some of the shielded nuclides 
having stable or long-lived precursors have been deter- 
mined radiochemically. However, the detection of a 
shielded nuclide in the presence of isotopic activities of 
much greater yield is only possible when its half-life or 
radiation characteristics, or both, are sufficiently dif- 
ferent from those of the higher yield isotopes to permit 
identification by decay and absorption measurements. 
A method which avoids these difficulties is to measure 
the Xe! yield by means of a high-sensitivity mass 
spectrometer. This paper is concerned with such a 
method and the evaluation of several independent 
yields. 

The results obtained by Glendenin, Coryell, and 
Edwards,! Glendenin,’ and later by Pappas* have been 
sufficient to determine a semiempirical charge distribu- 
tion which is assumed independent of the mass chain, 


the fissioning nucleus and the neutron energy. The 
theory of equal charge displacement postulated by 
Glendenin'* assumes that the most probable charges 
for both fragments are equally displaced from the 
stability line. The probability curve is of the Gaussian 
type, centered around Z,, the most probable charge 
for the mass chain considered, and is shown in Fig. 1. 
The value of Z, is given by 


Zp=La—UZatZ aang) -Z’}, (1) 


where Z, is the most stable charge for mass number A 
which is found from the Bohr-Wheeler stability line.‘ 
A’ and Z’ are the mass number and charge of the fis- 
sioning nucleus and » is the average number of neutrons 
emitted per fission. Therefore the most stable charge 
for each fragment satisfies the equation 


(Zp—Za) rignt = (Zp—Za) heavy. (2) 


Pappas found marked deviations from Glendenin’s dis- 
tribution curve. However, the discrepancy was prac- 
tically eliminated when he calculated the Z,4 values 
from the lines of maximum stability given by Coryell, 
Brightsten, and Pappas.® These lines have discon- 
tinuities at nuclear shell boundaries. He defined Z, by 


Zp=La—F¥{ (Za—Zar-agy—Z’}, (3) 


so that Z, corresponds to a mass chain (A —1) because 
the prompt-neutron emission is considered to occur 
from the fragments themselves. In most cases Z, is 
nonintegral. 


EXPERIMENTAL 


Samples of U**, U5, and Pu”® in the form of metals, 
aluminum alloys, and oxides were irradiated for various 
lengths of time at differing fluxes in the N.R.X. reactor 
until about 10" fissions had occurred. The rare gases 
produced in fission were extracted by dissolving the 
oxide in nitric acid, dissolving the metal in cupric 
potassium chloride and by melting the aluminum alloys. 
The wet chemical extraction required the use of a drying 
train and all methods of extraction included the use of 
a calcium furnace for the final purification. 

The rare gases were analyzed with a 10-in. 90° direc- 
tion-focusing mass spectrometer using an electron 
multiplier for the detector. The gain of the multiplier 
was 3X 10* so that the over-all sensitivity of the instru- 
ment was several orders of magnitude greater than if 
ordinary single ion collection had been employed. The 
sensitivity of the instrument is sufficient to permit a 
complete analysis of xenon isotopes present to a volume 
of 1.5X10-* cu mm at N.T.P. The relative abundances 
of the isotopes of xenon and krypton in normal samples 
were measured and found to agree within 3% of the 
accepted values given by Nier.® The isotope ratios 


4N. Bohr and J. A. Wheeler, Phys. Rev. 56, 426 (1939). 
5 Coryell, Brighsten, and Pappas, Phys. Rev. 85, 732 (1952). 
6 A. O. Nier, Phys. Rev. 79, 450 (1950). 
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obtained from fission product xenon and krypton were 
therefore assumed to be absolute within this percentage. 
The output from the electron multiplier was integrated 
and amplified by a vibrating reed electrometer and a 
permanent record was obtained. 

The sensitivity of the instrument is limited only by 
the residual hydrocarbon background which was 
reduced but not eliminated by baking the instrument 
at 350°C. However, the large gain of the multiplier 
made it possible to increase the resolving power’ of the 
instrument until the isotopes of xenon and krypton 
were resolved from the hydrocarbons at the corre- 
sponding masses. A resolution of 650 was found to be 
sufficient to separate hydrocarbons from pure elements 
of the same mass number in the mass region 1 to 200. 
This separation is clearly shown in Fig. 2. 


RESULTS 


Figure 2 gives a typical mass spectrogram obtained 
for a sample of fission product xenon extracted from 
irradiated plutonium. These spectrograms showed for 
the first time the presence of Xe”* and Xe!* as fission 
products. The Xe!*!, Xe”, Xe, and Xe'® peaks 
represent the cumulative yields of their respective mass 
chains. The Xe”* and Xe'* represent the primary 
yields of I'** and ['*°, respectively, as well as a small 
contribution from the primary yields of the two xenon 
isotopes themselves (~10~* of the peak height). The 
presence of Xe'”® (25.6% abundant in nature) is prin- 
cipally normal contamination since the 129 mass chain 
is blocked at 1.310" year I'** and since the primary 
yield of Xe'”® itself (about 5X10~° of the 129 chain) is 
very small. The isotope pattern will be very sensitive 
to normal xenon contamination, particularly at mass 
129. Any appreciable 129 is assumed to be normal con- 
tamination and a small correction must be made to the 
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Fic. 2, Mass spectrogram of the xenon pattern for the thermal- 
neutron fission of Pu?”. The xenon isotopes fall at the position 


where the mass is marked while the hydrocarbon having the cor- 
responding mass is displaced towards higher masses. 


























7 The resolving power is defined as the distance between the 
centers of two adjacent peaks times the average mass number 
divided by the width of the peak at the base, 
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TABLE I. Primary yields of 8 and I'™. 








Fission yield % 
[128 [130 


Fissioning 


nuclide [128/128 0 [190/'y 190 





1.3 X10~& 
3.6 X10~5¢ 
2.0 X10~4 


3.9 X10-% 
5.0 X10~# 
5.2 X10784 


(1,140.1) X107% (3. 
(9.8+1.0) X10~5 (2, 
(2.440.2) X1074 (2. 








® [128/Y128 is the yield of I'28 relative to the total yield of the mass 128 
chain (Y'28), 

> Measured relative to Xe!*! =3,74%, 

© Measured relative to Xe!31 =2.93%, 

4 Measured relative to Xe"! =3.6%,. 


128 and 130 yields since both Xe!”* and Xe appear in 
nature. 

Consideration of the neutron capture contribution 
must also be made since the reactions I'?’(n,y)I'8 and 
[9(n,y) are both possible. The determined Xe!®8/ 
Xe"! and Xe!/Xe"*! ratios are used to evaluate the 
fraction of the 128 and 130 chains appearing as iodine 
primary fission fragments. From these considerations 
the following relation can be derived: 


(measured yield of Xe") = (primary yield of I'*) 
+ (fractional capture of 129 chain), 


or mathematically 


Xela! 


(1 —e" vt) Xels0yi31 
: lv 19 = (4) 


avne|1—-—" . 

agl 
where a is the fraction of the 130 chain formed as [!*, 
gy the flux, ¢ the irradiation time and o the neutron 
capture cross section of I'**. Y4 represents the total 
chain yield for mass number A, and was obtained from 
the smooth radiochemical mass-yield curve.’ An 
analogous calculation gives the primary yield of I'**. The 
iodine yields so obtained are listed in Table I. 

An investigation in the krypton region revealed the 
presence of Kr*® and Kr® indicating for the first time 
that Br®, Br®, Kr®, and Kr® are all fission products. 
The analyses of these shielded nuclides are difficult 
since krypton yields are generally smaller than zenon 
and normal contamination errors are greater since 
krypton is 17 times more abundant in nature. The 
sample has to be essentially void of adsorbed gases 
since 1 cu mm of air at N.T.P. contains as much Kr® 
as is produced in 10" fissions. Because of these diffi- 
culties only preliminary results have been obtained 
which are given in Table II. 

A sample of Pu” was irradiated with fission spectrum 
neutrons and preliminary measurements were made of 
the shielded nuclides. The value for the I' yield was 
of the same order of magnitude as for the thermal 
neutron fission of Pu*, However, the Br® and Br® 
yields increased several orders of magnitude giving 
pammany, yields of about 10~ of the total chain. 


. \ Rediisbimical Studies: The Fission Products, edited by C. D. 
Coryell and N. Sugarman (McGraw-Hill Book Company, Inc., 
New York, 1951), Appendix B, National Nuclear Energy Series, 
Plutonium Project Record, Vol. 9, Div. IV. 
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TABLE II. Primary yields of Br® and Br*. 








Br#/Y8 a 


<1x103 
~1X10- 


Br82/Yys 


(2.540.8)X10% 
~6X10~4 


Fissioning nuclide 





[233 
U%s 








* Br®/Y® is the yield of Br® relative to the total yield of the mass-80 
chain Y™. 


DISCUSSION OF RESULTS 


The accurate primary yields obtained for I'°* and 
I for U**, U***, and Pu” fission provide a severe test 
for the theories of charge distribution. Both are formed 
as the same element and therefore the value of Z is 
constant. Since the most probable charge, Z,, is in the 
region of the 50 proton shell, a discrepancy between 
theory and experiment might be expected here. Table 
III gives the most probable charge for mass chains 128 
and 130 for various fissioning nuclides using both 
Glendenin’s and Pappas’ calculations. The value 
(Z—Z,)=AZ for both the 128 and 130 chains is 
(53—Z,). Figure 3 shows the determined yields relative 
to the smooth curves predicted by Glendenin and 
Pappas. It is immediately apparent that the yields do 
not agree with the predicted curves and also that a 
smooth curve cannot be drawn through all the points. 
In all cases the calculated value AZ is too large and 
there is a displacement according to mass. Pappas’ 
curve agrees more closely with the determined yields 
than does that of Glendenin, particularly for the 130 
case. However, in both curves the 128 yields are dis- 
placed considerably. In order to account for this dis- 
crepancy, it is necessary to consider the theory of equal 
chain lengths in more detail. 

The assumptions made by Glendenin were: 


(a) the curve shown in Fig. 1 is independent of the 
mass and charge of the fissioning nuclide; 

(b) the curve is independent of the mass of the fission 
fragment ; 

(c) the value of Z, is only dependent on Z, and is a 
linear function of Z,. 


Since the I’ yields all lie on the curve, assumption 
(a) appears valid within the accuracy of the experiment. 
Radiochemical determinations indicate that (b) is also 
a good assumption. From this it can be inferred that the 
displacement of the 128 yields is due principally to the 
method used to calculate Z,. It has been noted that Z4 
has been corrected for shell effects when the mass chain 


TABLE III. Calculated most probable charge 
for masses 128 and 130.* 











Glendenin Pappas 
Nuclide 128 130 128 
50.0 50.7 50.0 


49.5 50.1 49.6 
49.8 50.5 49.9 





U283 
235 
Pu? 
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A is 87, 95, 120, or 146. However, no such correction is 
made in the evaluation of Z, when it is in the vicinity 
of a closed shell. It might be expected for example that 
Z, would remain close to 50 over several mass numbers 
in the neighborhood of the 50-proton shell. Such an 
effect could account for the displacement of the I'** 
yields in Fig. 3. We propose therefore that shell effects 
be taken into account in the determination of Z, for a 
given A. This can be done by postulating a Z, which 
will yield the greatest energy release in the fission act. 
For example, in the fission of U™* the value of Z, is then 
defined in such a way that 


E=M (236, 92)—3M (1, 0)—M (A, Z,) 
—M(233—A,92—Z,) (5) 
is maximum. 


For Eq. (5) to be maximized, knowledge of masses 
far removed from the stability line are required. Since 
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Fic. 3. Comparison is made between the results obtained by 
the authors and the empirical results of (A) Glendenin? and (B) 
Pappas.’ 


the energetics in that region have not been experimen- 
tally investigated, it is necessary to make extrapolations 
by means of a mass formula which will include shell 
effects. The mass formula most applicable to date is 
that of Kumar and Preston? in which shell effects and 
spin terms have been included. Their formula is most 
useful for isobaric sequences and hence it is readily 
applicable to the evaluation of Eq. (5). To obtain the 
maximum energy release, Eq. (5) is solved for various 
values of Z and a curve is plotted of Z against energy 
release. The value of A remains constant so that a 
parabolic relation between Z and the released energy 
is obtained which shows distortion when Z is in the 
region of a closed shell. The value of Z, is determined 
graphically. Preliminary calculations of Z, have been 





* The error is +0.1 charge unit in all cases, 


*K. Kumar and M. A. Preston, Can. J. Phys. 33, 298 (1955). 
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made over the mass range A= 126 to A=136 for U**, 
U**, and Pu*® for the case where the number of prompt 
neutrons is 3 and the results so calculated are plotted 
in Fig. 4. 

From Fig. 4 the effect of the 50-proton shell and the 
82-neutron shell are clearly indicated. It is seen that the 
value of Z, remains very nearly 50 from A=128 to 
A = 132 which is quite different from the behavior of Z, 
determined from the theory of equal chain lengths 
shown as Z,’ in Fig. 4. For the U™** case, for example, 
the value of Z, calculated from energetic considerations 
is 0.4 charge unit higher at mass 128 than that calcu- 
lated from the theory of equal chain lengths. This 
indicates that the whole charge distribution curve at 
mass 128 is displaced by 0.4 unit due to the influence of 
the 50 proton shell. Actually, it is seen in Fig. 3 that 
the measured primary yields for the 128 chain are dis- 
placed by ~0.5 charge unit in the same direction. 
Therefore, the primary yield results do support the 
postulate of maximum energy release in the theory of 
nuclear charge distribution. Also, the values of Z, 
calculated by the method of maximum energy release 
suggests that the yields of the 131 and 132 chains will 
be low or lie to the left of the predicted curve. This has 
been confirmed by the results of Wahl!° who found that 
the primary yields of Te! and I were low. In nonshell 
regions both methods of determining Z, give essentially 
the same value. 

Also, it might be pointed out that the mass yield 
curves for U*, U*®, and Pu*® show no appreciable fine 
structure in the mass range 128 to 132 so that cross 
chain branching due to favored prompt neutron emis- 
sion seems unlikely in this region. The preliminary 
calculations of Z, by the method of maximum energy 
release indicate that in certain cases the charge dis- 
tribution depends on A. Calculations of Z, for the 
complete fission range are being made and the values 
obtained will be correlated with all the primary yield 
data available. Although this method of evaluating Z, 
may give a good description of charge distribution, a 
more complete understanding of the fission process we 
believe, may be obtained from a careful study of 
Fong’s"! !? statistical model of fission. 


10 A. G. Wahl, Phys. Rev. 99, 730 (1955). 
1 P, Fong, Phys. Rev. 89, 332 (1953). 
12 P, Fong, Phys. Rev. 102, 434 (1955). 
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Fic. 4. Curves showing the relation between Z, and A for 
various fissioning nuclides when Z, is calculated as the charge 
corresponding to the maximum energy release. The dashed 
curve shown for U** is the relation between Z, and A when Z, 


is calculated by the theory of equal chain lengths. In all cases 
three prompt neutrons are assumed to be released. 


The extremely high primary yields of Br*° and Br® 
obtained for the fast fission of Pu*® as compared to 
fission by thermal neutrons indicates a marked shifting 
of the charge distribution curve with neutron energy. 
This shifting of the charge distribution curve was also 
observed by Wahl” in his studies of the fission of U** 
with 14-Mev neutrons and can be attributed to the 
emission of extra neutrons at the higher energies. This 
means that in the high-energy fission of plutonium the 
yields obtained correspond to the fission of the nuclide 
(Pu*-7)*, where x is the number of extra neutrons 
emitted at the higher energies. 

Irradiations are being carried out to obtain primary 
yield data for Br® and Br® for both thermal and fission 
spectrum neutrons and I['** and I’ yields for fission 
spectrum neutrons. 
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B!°(n,t2a) and B'*(n,dn’2a) Reactions for 6-20 Mev Neutrons* 
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University of California, Los Alamos Scientific Laboratory, Los Alamos, New Mexico 
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In a set of B-loaded C-2 emulsions exposed to eight neutron energies in the range 6-20 Mev, 1541 three- 
prong stars were found which were caused by either the B"(n,t2a) or the B"(n,dn’2a) reaction. The triton 
cross section at 14 Mev is 102+17 mb and decreases with increasing bombarding energy, while the deuteron 
cross section is 128+19 mb and increases slightly with energy. The triton reaction proceeds partially through 
the 4.61-Mev state in Li’ and partially as a three-body breakup. In the deuteron reaction the following 
intermediate nuclei are formed: Be®, 2.43-Mev state; Be®, ground state and possibly the 2.9-Mev level; 
Li’, 10.8- and 12.4-Mev levels; and Li®, 2.19-Mev level. Four examples were found of the N"(n,(3a) reaction. 
The feasibility of using the B'°(m,2a) reaction as a neutron monitor is discussed. 





I. INTRODUCTION 


INCE the nuclei of mass A =5 through 9 are stable 
to charged particle breakup by at most 2.46 Mev, 
nuclear reactions which lead to these nuclei may often 
ultimately result in the emission of three or more 
charged particles at bombarding energies considerably 
lower than required in other parts of the periodic table. 
Nuclear emulsions or cloud chambers are particularly 
adapated to the study of reactions of this type, as they 
can record the ranges and angles of all the charged 
particles involved and thus give a more complete de- 
scription of the process. 

The reaction B(n,t2a), Q=0.33 Mev, has been 
observed previously in boron-loaded nuclear emul- 
sions.'~* In the most extensive investigation Perkin*® 
found evidence that Be™, excited to the 2.65-, 4.0-, 
7.25-, 9.8-, and 13.5-Mev levels, was formed as an 
intermediate nucleus. Ribe and Seagrave‘ detected a 
group of deuterons from the 2.43-Mev state of Be® in 
the reaction B'(n,d)Be*. Since this level in Be® is 
known to break up into a neutron and two alpha par- 
ticles, it might be expected that three-prong stars would 
be found where one prong is a deuteron instead of a 
triton. 

In the present experiment a series of B'°-loaded plates 
were exposed to neutrons of energy 5.6, 7.7, 12.2, 14.1, 
16.1, 18.2, 19.3, and 20.0 Mev and searched for three- 
prong events. An analysis based on energy and mo- 
mentum conservation is used to distinguish between 
events arising from B'(n,t2«) and B'(n,dn'2a), O= 
—5.93 Mev. The cross section for each reaction is 
obtained as a function of bombarding energy, and the 
data are further analyzed to see what intermediate 
nuclei, if any, are formed. 


II. EXPERIMENTAL PROCEDURE 


Ilford C-2 B"-loaded emulsions were exposed to 
neutrons of 12.2, 14.1, 16.1, 18.3, 19.3, and 20.0 Mev 


* Work performed under the auspices of the U. S. Atomic’Energy 
Commission. 

1H. J. Taylor, Proc. Phys. Soc. (London) 47, 873 (1935). 

2 C. M. G. Lattes and G. P. S. Occhialini, Nature 159,331 (1947). 

3 J. L. Perkin, Phys. Rev. 81, 892 (1951). 

‘F. L. Ribe and J. D. Seagrave, Phys. Rev. 94, 934 (1954). 


simultaneously with a series of nonloaded plates in an 
experimental arrangement described previously.> In 
addition, a check was made on the 14.1-Mev point by 
an exposure at the Cockcroft-Walton accelerator.’ Two 
further plates were exposed to neutrons of 5.6 and 7.7 
Mev produced at the Los Alamos large electrostatic 
accelerator by the D(d,n)He’ reaction. After processing, 
the plates were soaked in a 10% glycerine solution to 
reduce shrinkage. 


III, PLATE ANALYSIS 


The plates were scanned for all three-prong events. 
It was necessary to establish a criterion to discriminate 
between boron and carbon stars, as the latter (which 
arise from C?(n,n’3a), 0= —7.28 Mev) are much more 
numerous due mainly to the greater carbon content of 
the emulsion (270 mg/cc vs 21 mg/cc). Triton stars are 
always larger than carbon stars for the same bombarding 
energy, Eo, because the Q is greater by 7.61 Mev and 
the triton track may be quite long. Deuteron stars may 
also have a long deuteron prong, but the Q is only 1.35 
Mev greater than for carbon stars, and if the scattered 
neutron carries away an appreciable fraction of the 
energy, the resulting deuteron star may be only slightly 
larger than a carbon star. The procedure adopted was 
for the scanner to make a quick calculation of a border- 
line case as a carbon star by adding together the energy 
represented in each of the three prongs taken as an 
alpha particle. This sum should be less than or equal 
to Eo+Q for a carbon star, since the energy of the 
scattered neutron has been neglected. If the sum was 
greater than Eo+Q, it could not have been a carbon 
star and the event was completely measured as de- 
scribed earlier.’ Use of this criterion meant that some 
low-energy deuteron events were probably not re- 
corded. However, these could not have been separated 
unambiguously from the carbon events even with a 
complete analysis. For this reason the deuteron cross 
sections represent a lower limit. 


IV. STAR CALCULATIONS 


No attempt was made to discriminate between the 
triton or deuteron and the alpha particle on the basis 
5 Frye, Rosen, and Stewart, Phys. Rev. 99, 1375 (1955). 
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of grain density. Instead balance of momentum and 
energy was used to distinguish the type of event and 
to identify the deuteron or triton prong. This required, 
in all, seven calculations on each event; one as a carbon 
star, three as a triton star taking each prong cyclically 
as the triton, and similarly three times as a deuteron 
star. From the energy and direction of the three 
prongs the bombarding energy, £., was calculated for 
the carbon and deuteron cases. For the triton calcu- 
lations the energy of the three prongs minus Q is E,, 
since there is no scattered neutron. The entire problem 
of calculating the seven E,’s from the raw data was 
coded for the IBM 701 Computer which picked the 
minimum AE,= | E,— Eo| as the correct choice. For the 
three triton cases the machine also calculated the 
momentum conservation between the incoming neutron, 
and the triton and two alpha particles. If the AE, 
criterion gave a triton as the correct choice, the machine 
then picked out the case which gave the best momentum 
balance and compared this selection with the one given 
by AE,. In a few percent of the cases the choices did 
not agree. These were found to be actually deuteron 
events where the difference in Q for the B'(,/2a) and 
the B'°(n,dn’2a) reactions and the difference in the 
range-energy relation for the various particles would 
fortuitously combine to give better fits as triton events. 
Of course momentum would not balance for these 
“trition” stars. The machine was instructed to remove 
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Fic. 1. The difference between the known and calculated 
bombarding energies, AE., at 14 Mev for (a) triton events and 
(d) deuteron events. The sum of the squares of the components 
of momentum unbalance, (Ap)? (in units where a 1-Mev proton 
has one unit of momentum), for triton events at 14 Mev where 
(b) all prongs end within the emulsion and (c) one prong leaves 
the emulsion surface. In each case the arrow indicates the largest 
acceptable value. 
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Fic. 2. Cross section vs bombarding energy for (a) B(m,t2a) and 
(b) B(n,dn'2a). The indicated errors are absolute. 


from consideration the triton choice given by energy 
balance if it did not agree with the one given by 
momentum balance, and pick the next best AE,. It was 
found that this procedure gave the correct designation 
every time in several hundred hand calculations. After 
the IBM 701 Computer had made the correct selection 
from the seven possibilities, it calculated the center-of- 
mass energies and angles of the three (or four) emitted 
particles and the various excitation energies discussed 
below. 

Events were recorded even though one or more 
prongs went out the top or bottom of the emulsion 
surface before stopping. The computer was programmed 
to treat as triton cases the stars where only one prong 
went out, by using the energy equation to determine 
the energy of the out-of-surface track and then calcu- 
lating the momentum balance. For the few cases where 
two or three prongs left the emulsion, conservation of 
momentum was used to determine the length of the 
out-of-surface tracks and the energy balance was cal- 
culated. 


V. B'°(n,t2a@) RESULTS 


Figure 1 shows plots of AE. and the sum of the 
squares of the three components of momentum unbal- 
ance (Ap)’, in units where a 1-Mev proton has unit 
momentum, for triton events at 14 Mev which remained 
entirely within the emulsion. Also shown is the mo- 
mentum unbalance for the events which had one out-of- 
surface prong. The tails on each of the histograms are 
caused mostly by steeply dipping tracks. To calculate 
the cross section, stars with AE.<1.5 Mev and (Ap)? 
<1.5 were used. The neutron flux was determined 
previously for E,=12.2 to 20.0 Mev.® The D(d,n)He* 
flux at 5.6 and 7.7 Mev was calculated from the cross 
section® and checked by measuring proton recoils in 
plates. A plate was exposed to a known thermal neutron 
flux and the B” content so found agreed with Ilford’s 
value (21 mg/cc) to within 10 percent. The average 
value of 21.9 mg/cc was used to determine the cross 
section. The boron distribution varied by less than 5% 


6 J. E. Perry (private communication). 
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TABLE I. Cross section for B(,t2a) as a function 
of neutron energy. 





No. of triton 
events 


Eo 
(bombarding energy 
in Mev) 


Cross section 
in mb 





60+12 
81+16 
84+ 16 
102+17 
96421 
131+23 
239+40 





vertically and over different areas of the emulsion. 
The cross section as a function of bombarding energy 
is given in Fig. 2(a) and Table I; the points at 19.3 
and 20.0 Mev have been combined to give one point 
at 19.5 Mev with better statistics. Contributions to the 
the absolute errors arise from uncertainties in the 
neutron flux, boron content of the plates, and emulsion 
thickness; a 10% allowance for possible observer inef- 
ficiency; and the statistical uncertainty. The com- 
paratively large value of the cross section at Ey=5.6 
Mev may be due to a resonance in B" near this excita- 
tion energy (~16.6 Mev). A possible resonance in this 
region has been observed in the Be*(d,p) Be" reaction.’ 
If it is postulated that the B'°(n,/2a) disintegration 
proceeds as a series of two-body reactions, either Li’* 
or Be** may be formed as an intermediate nucleus 
depending on which decay chain is followed: 


(1) B(n,a,)Li*(at) or (2) B(n,t)Be* (aa). 


To see which mode of disintegration is correct, the 
usual procedure is to assume first (1) and calculate the 
excitation of the Li™ nucleus, and then (2) and calculate 
the excitation of Be**. Appearance of the known levels 
of Li’ or Be® would be an indication of the formation 
of these nuclei. Experimentally the triton reaction is 
particularly nice in that, since there is no scattered 
neutron, each excitation energy may be determined in 
two ways. For instance, in (1) the excitation energy of 
Li’, E.x(Li’), may be found from Ep and the energy and 
direction of a;, and from the energies and directions of 
a2 and ¢. Of course one does not know a priori which is 
a; and which is a2, so two computations must be done 
on each star. Ep and ¢, and a; and az are used to obtain 
E.x(Be*), and here there is no ambiguity. 

The two determinations of E.,(Li’) were averaged 
and the results shown as a function of Ep in Fig. 3(a). 
Only events where the difference between the two deter- 
minations of E.,(Li’) is less than 1 Mev are included; 
those where 0.5< AE.,(Li’)<1.0 Mev are indicated 
separately. At each neutron energy a peak is visible at 
4.7+0.5 Mev which may be identified with the known 
level at 4.61 Mev.* No other peak appears consistently 
at different bombarding energies. The corresponding 


7 Frederick L. Canavan, Phys. Rev. 87, 136 (1952). 
8 F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955). 
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calculation for £.x(Be®), Fig. 3(b), shows no consistent 
levels. The absence of the broad 2.0-Mev level in Be*® 
is particularly surprising as it seem to appear in reac- 
tions which can lead to Be® whenever energetically 
possible.* In particular the photodisintegration of B", 
which is also the compound nucleus in the subject 
reaction, has been interpreted as involving the 2.9-Mev 
state as well as other levels in Be* and the 4.6-Mev 
level in Li’. It is felt that events leading to the ground 
state of Be* would have been seen if present, since they 
are found in the C”(n,n’3a) and B'(n,dn’2a) reactions 
where the observational difficulties are more formidable. 
[Although a peak is seen at E..(Be*)=3 Mev for 
Ey=5.6 Mev, further analysis reveals that most of 
these events also have E.x(Li’) near 4.6 Mev. Since the 
3-Mev level in Be® is not evident at other bombarding 
energies, this cannot be taken as an indication of 
formation of this level at 5.6 Mev. ] 

Even though a value for E..(Li’) or E.x(Be®) is found 
which agrees with a known level in one of the inter- 
mediate nuclei, this is no assurance that the inter- 
mediate state has actually been formed. However, an 
analysis of this type can establish the maximum number 
of times a certain level has been excited. The maximum 
fractional excitation of the 4.6-Mev level in Li’ and the 
ground state and 3-Mev level in Be’ is listed in Table IT. 

If the events which do go through the 4.6-Mev level 
in Li’ are removed from Fig. 3(a), the remnant is fitted 
quite well by a three-particle phase space type of dis- 
tribution’ [ Fig. 4(a) ]. Also the angular distribution of 
the tritons from these stars is isotropic within the 
statistical accuracy [Fig. 4(b) ]. Thus the mechanism 
of the triton reaction appears to be that in part of the 
events an alpha particle is emitted first which leaves 
Li’ excited to the 4.6-Mev state, and the rest of the 
time the process is one of three-body breakup where 
the energy of the emitted particles follows a phase space 
distribution. 

The angular distribution of all the tritons or alpha 
particles in the B" center-of-mass system appears 
isotropic at each bombarding energy. The statistics 
were too meager to obtain an angular distribution of 
the first or second alpha particle in the events which 


TABLE II. Maximum fractional excitation of the 4.61-Mev 
level in Li’? and the ground state and 2.9-Mev level in Be’, for 
B(n,t2a). 





Maximum 
fractional 


Maximum 
fractional 


Maximum 

fractional 

excitation of excitation of excitation of 

4.61-Mev level ground state 2.9-Mev level 
in Li? of Be® in Be® 


0.02+0.02 0.04+0.03 

0 0.08+0.04 
0.07+0.03 
0.08+0.02 
0.14+0.04 
0.36+0.09 
0.64+0.11 


Eo 
(bombarding 
energy 
in Mev) 





0.350.10 
0.46+0.12 
0.44+0.09 
0.45+0.07 
0.55+0.09 
0.74+0.15 
0.93+0.14 


0 
0.01+0.01 
0 
0.02+-0.02 
0 
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followed the decay chain B(n,a;)Li™* (a2), Eex(Li’) 
=4,.6 Mev. 


VI. B'°(n,dn’2a@) RESULTS 


The cross section for this reaction is summarized in 
Fig. 2(b) and Table III. A plot of AE, at 14 Mev is 
given in Fig. 1(d). Since Z, can no longer be calculated 
for deuteron events when one prong goes out the 
surface, two less-direct corrections were made. (a) All 
the out-of-surface events which did not give a (Ap)? 
<1.5 when calculated as triton events, were recalculated 
to determine whether they were possible deuteron events, 
i.e., whether a prong of the same direction and longer 


than the length in emulsion of the out-of-surface track 
would give E,= Ep. This obviously leads to an upper limit 
for the number of deuteron stars. (b) A correction was 
made to each deuteron event in which no prong left the 
emulsion surface to determine the fraction of the cases 
for which it would have been an out-of-surface event. 
Thus for each star a number A = 1+ (d,+d_)/E.T. was 
used in calculating the cross section, where d, and d_ are 
the largest (+) and (—) dips present in the star and 
E.T. is the emulsion thickness. This correction is 
exact as long as the boron distribution is uniform ver- 
tically in the emulsion and there are no events where 
one prong goes out the top and another out the bottom 
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Fic. 4. (a) E.x(Be*),, at 14 Mev for triton events where 
Eex(Li’) <4 or >5.5 Mev. The phase space curve is normalized 
to the total number of events. (b) Angular distribution of the 
triton in the B" center-of-mass system for the same events. For 
each histogram a few typical statistical uncertainties are shown. 





surface, as is the case at 16.1 Mev and below. At 18.2 
and 19.5 Mev (a) yields a larger cross section then (b), 
as expected, and the value for o was taken as the average 
of (a) and (b) with an additional uncertainty of half 
the difference between the two. 

To make sure that no carbon stars were included in 
the deuteron cases, E, was calculated separately for 
each deuteron event taken as a carbon star. Then for 
each Eo a plot was made of AE,(carbon) vs AE.(deu- 
teron). It was found that the points separated into 
two regions according as AE,(carbon) is greater than 
or less than AE,(deuteron)+2 Mev. Only the events 
which satisfied the former inequality sign were accepted. 
Of course some deuteron stars may have been eliminated 
by this procedure, so the deuteron cross sections quoted 
are in this sense a lower limit. The deuteron cross 
sections are also low in that some events in the category 
B(n,d) Be*, E.x(Be®)= 2.4 Mev were not observed, as 
is discussed below. On the other hand, some events 
from the reaction B'°(n,p2n2a), Q= —8.16 Mev, may 


TABLE III. Cross section for B°(n,dn’2a) as a function 
of neutron energy. 








No. of deuteron 


Eo 
(bombarding energy 
in Mev) events 


Cross section 
in mb 


19.5 191 140+23 
18.2 135 126+20 
110 100+ 17 
248 128+19 
100 69+15 
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have been included as deuteron events because effects 
of the lower Q and the taking of the proton range as a 
deuteron range would tend to cancel in the AE, cal- 
culation. 

A greater number of disintegration modes are avail- 
able in the deuteron reaction than in the triton reaction, 
since four particles are emitted instead of three. If one 
assumes that each step is a two-body decay, there are 
six possibilities : 

(1) B*(n,n’)B'™* (d) Be*(ayaz), 
(2) B?(n,n’)B™* (a,)Li™ (das), 
(3) B'(n,d)Be*(n’) Be* (aia), 
(4) B(n,d)Be*(a,)He™ (n'a), 
(5) B?(n,a1)Li™(n’)Li™ (das), 
(6) B(n,a;)Li™(d)He™*(n’as). 


From the measurements of the three prongs, the 
excitation energies of all the intermediate nuclei except 
He™* may be calculated. For instance, d taken with Eo 
gives E.x(Be*); d and az give E.x(Li*); d, a; and az 
taken together yield E..(B"), etc. In principle £.x(He*) 
could be found from the measurements on a2 and the 
deduced energy and momentum of the scattered 
neutron, »’. However, an error in measurement on any 
one of the three prongs is reflected in the determination 
of n’, and consequently E.x(He®) cannot be calculated 
to a suitable accuracy. Figure 5 shows the results for 
the excitation energies of B', Be®, Be’, Li’, and Li®, 
respectively. The following levels occur at each Ep: 
Be*—2.43 Mev, Be*—ground state and possibly 2.9 
Mev, and Li*—2.19 Mev, indicating that these inter- 
mediate nuclei are formed. 

The most detail can be given about decay chain (3). 
Stars which involve the 2.43-Mev level in Be® can 
undergo transitions to the ground state of Be® only 
(disintegration into an a plus He?® is energetically 
forbidden by 0.09 Mev). And this is verified experi- 
mentally, as every event where the deuteron leaves Be® 
in the 2.43-Mev state passes through the ground state 
of Be®. At 14 Mev Ribe and Seagrave‘ found a cross 
section of 16+2 mb in the forward hemisphere for 
B(n,d)Be*, when E.x(Be®) = 2.4 Mev. We find a cross 
section of 18 mb for this mode of disintegration. 
However, only 6 mb of this is in the forward hemi- 
sphere. The explanation of this discrepancy is that we 
do not observe any events at small deuteron angles 
because the alpha particles have too small an energy in 
the lab system (~0.1 Mev), and, since they arise from 
the disintegration of the ground state of Be*(Z..=0.1 
Mev), have a small angular separation. Thus the prob- 
ability is very low of observing such an event when the 
deuteron comes off at a center-of-mass angle less than 
50° (the Butler peak in the angular distribution is at 
30°). Ribe and Seagrave‘ found an isotropic component 
of 1.5 mb/sterad in the forward hemisphere, so that the 
12 mb we find in the backward hemisphere is consistent. 
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Fic. 5. Excitation energy of (a) Li®, (b) Li’, (c) Be’, (d) Be®, and (e) B® for deuteron events, where AE,<2.5 Mev. (f) Excitation 
energy of Li’ for those deuteron events where 1.5<E,x(Li®) <3.0 Mev. 


Taking their value for the forward hemisphere and 
ours for the backward one, the total cross section at 
14 Mev for B!°(n,d) Be*, E.x(Be*) = 2.43 Mev, is 28+4 
mb. 

There are other events which involve the ground 
state of Be* but not the 2.43-Mev level of Be’. However, 
a plot of Z..(B") or Z.x(Be®) for these stars shows no 


consistent peaks so there is no evidence of (1) or for a 
level other than 2.43 Mev in (3). Also, a plot of 
E.x(B") or E.x(Be*®) of the events that may involve 
the 3-Mev level in Be® does not yield a consistent peak. 

Either (2) or (5) must also be a disintegration mode, 
since Li® is formed in the 2.2-Mev state at each Ep. 
When the spurious values corresponding to 1.5 Mev 
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TABLE IV. Maximum fractional excitation of the 2.19-Mev state 
in Li‘ for B“(n,dn’2,). 








Maximum fractional excitation 
of 2.19-Mev level in Li* 


0.44+0.06 
0.44+0.08 
0.50+0.09 
0.63+0.07 
0.78+0.12 


Eo 
(bombarding energy 
in Mev) 
19.5 
18.2 
16.1 
14.1 
12.2 











< E..(Li*)<3.0 Mev are removed, there is still no 
evidence for other levels in Li®. Moreover, these events 
show no consistent peaks for E.x(B™). In a histogram 
of E.x(Li’), however, peaks are present at 10.7+0.5 and 
12.2+0.5 Mev which may be identified with the levels 
at 10.8 and 12.4 Mev that are known to decay by 
neutron emission® [Fig. 5(f) ]. 

Decay chains (3) and (5) are thus definitely estab- 
lished. The others, of course, are not eliminated because 
the level spacing may be less than the resolution in E.x 
[especially in E..(B"°) which would be formed at very 
high excitation energies], and the statistical precision 
is poor. Confirmation of (4) and (6) was not possible, 
since E.x(He®) could not be calculated. The assumption 
that each step in the decay chain is always a two-body 
one is probably not valid. Simultaneous three- or four- 
body disintegration may well take place in a manner 
similar to the three-body disintegration of the triton 
stars. 

The maximum fractional excitation of the 2.19-Mev 
state in Li® is tabulated in Table IV. Similar computa- 
tions were not made for £.,(Be®)=2.43 Mev and 
E.x(Be*)=0 Mev, since it is known that not all these 
events are observed, nor for £.x(Li’)= 10.8 or 12.4 Mev 
because these two levels were not sufficiently resolved. 

The angular distributions of all the neutrons, deu- 
terons, or alpha particles at each bombarding energy 
show no significant deviations from isotropy in the B™ 
center-of-mass system within the rather poor statistical 
accuracy. 


§ J. Goldemberg and L. Katz, Phys. Rev. 95, 471 (1954). 
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VII. N'4(n,t3 a) 


Although no consistent search was made for four- 
prong stars, two four-prong events were found at 
Eo=18.2 Mev and two at 19.3 Mev which are due to 
the reaction N“(n,t3a), Q= — 11.29 Mev. This reaction 
is an analog of B'°(n,t2a), as N“ contains one more 
alpha particle than B” and an additional alpha particle 
is emitted as a reaction product. No examples were 
found of the known reaction"® O'*(n,n’4a), Q= — 14.43 
Mev. 


VIII. B'°(n,t2@) REACTION AS A NEUTRON MONITOR 


The B"°(n,t2a) reaction in nuclear emulsions has been 
previously suggested as a neutron monitor which has 
several unique advantages.” Since there is no scattered 
neutron, the direction as well as the energy of the 
incoming neutron may be determined. Also the three- 
prong star is a distinctive type of event and can thus 
be readily distinguished from a variety of other reac- 
tions in the emulsion. In practice the deuteron reaction 
complicates the situation above 10 Mev. Below 10 Mev 
the triton reaction cannot compete with proton recoils 
as a neutron detector for a point source, because the 
atomic concentration of hydrogen (3X 10” atoms/cc) 
is much greater than the atomic concentration of boron 
(1.310 atoms/cc for normal loading). However, it 
does offer a possible method for measuring the neutron 
flux from an extended source as a function of energy 
and direction in the energy range 4-10 Mev. 
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Reaction B" (n, «)Li*(g-)Be**(2«) for 12- to 20-Mev Neutrons* 
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Ilford 200-4 C-2 plates loaded with B™ were exposed to monoenergetic neutrons produced at nine angles 
to a 3.5-Mev deuteron beam incident upon a tritium gas target. Mesurements of range and space angles 
were made upon 450 “hammer stars” which were found to result from the B"(n,a) Li*(8-) Be®* (2a) reaction. 
The cross sections in mb as a function of energy in Mev are as follows: 12.6 Mev, 27.046.5 mb; 13.0, 38.4 
+7.4; 14.7, 30.946.3; 15.4, 36.947.0; 16.9, 21.943.6; 17.6, 23.744.8; 18.9, 19.743.7; 19.8, 16.343.1; 
20.0, 15.8+3.1. The angular distribution of the alpha particles from the (,a) reaction is obtained at each 
energy. In nearly all cases the Li® is left in the ground state or in the first excited state of 1 Mev. The Be*® 
disintegration goes through the broad 3-Mev level and possibly a lower level near 2 Mev. A range-energy 
relation is found for Li® in Ilford C-2 emulsion. Comparison with previous experimental results shows 


closest agreement with Barkas. 





I. INTRODUCTION 


HE individual reactions comprising the steps in 
the fast-neutron disintegration of B" by way of 
the reaction B" (n,a)Li’(6-)Be* (2a) have been studied 
by various observers. The half-life of the 8 decay of Li’ 
has been well established,' and the final states of the 
transitions to Be® investigated.? The disintegration of 
Be® into two alpha particles has been used for determi- 
nation of the energy levels of Be*. The evidence for and 
against the existence of the low-lying levels furnished 
by other reactions as well as by this one has been 
summarized by Titterton® up to February 1954, and 
augmented by a number of more recent investiga- 
tions.” In addition, the cross section for the (n,a) 
reaction has been measured at 14 Mev.'® 
Nuclear emulsions loaded with B" and bombarded 
by high-energy neutrons make it possible to observe 
the reaction chain in its entirety except for the decay 
of the Li*. In the present experiment measurements 
have been made of the (n,a) cross sections and of the 
angular distribution of the alphas from the (n,a) re- 


*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 
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action as a function of neutron energy. The low-lying 
energy levels of Li® and of Be* and the range-energy 
relation for Li* in boron-loaded emulsion in the energy 
region between 1.5 and 7.5 Mev have been investigated. 


II. EXPERIMENTAL PROCEDURE 


Ilford C-2 nuclear emulsion plates, 200 u thick, loaded 
with 23 mg/cm’ of B", were exposed to neutrons from 
the T(d,n)He* reaction, produced by 3.50-Mev deu- 
terons from the large Los Alamos electrostatic acceler- 
ator incident upon a tritium-gas target. The plates 
were placed at nine different angles with respect to the 
incident deuteron beam, corresponding to neutrons of 
energy 12.6, 13.0, 14.7, 15.4, 16.9, 17.6, 18.9, 19.8, and 
20.0 Mev. The experimental arrangement has been 
described in detail elsewhere.’ 


III. PLATE ANALYSIS AND CALCULATIONS 


Of the neutron-induced reactions which can occur 
in B", the most distinctive is B" (n,a)Li(8-)Be™ (2a), 
as the Li® does not decay until after it has come to 
rest in the emulsion and the breakup of Be® into two 
alphas gives rise to the characteristic “hammer star.” 
Two such stars are shown in Fig. 1. Since C-2 emulsion 


Incident neutron direction 
nee 


(a) 


Fic. 1. Two typical “hammer stars.” In (a), E,=16.9 Mev, 
E.x(Be*) =3.31 Mev, and Qi:= —7.52 Mev; in (b), Z,=12.6 Mev, 
E.x(Be®)=7.75 Mev, and Q:= —6.91 Mev. 


19 Frye, Rosen, and Stewart, Phys. Rev. 99, 1375 (1955). 
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is insensitive to electrons, the track of the electron from 
the beta decay of the Li® is not observed. No advantage 
would have been gained by the use of electron-sensitive 
G-5 emulsion, for loading with boron appears to destroy 
the sensitivity to electrons. 

A minimum of seven different scanners analyzed 
separate regions on each plate. Detailed measurements'® 
of projected length, horizontal angle and dip were made 
on the tracks of each of the other four particles, i.e., the 
alpha and the Li’ from the (,a) reaction and the two 
alphas from the Be® disintegration. From these three 
measurements on each track its true range and hence 
energy were determined. The range-energy relation 
used for the three alpha particles was obtained from 
data given by Wilkins*® for boron-loaded Ilford C-2 
emulsions. For the Li® particle a range-energy curve 
was obtained from data given by Barkas™ at four 
energies between 4.3 and 10.7 Mev and the two low- 
energy points obtained by Faraggi® for Li’ and trans- 
formed to Li*. 

The Q of the (n,a) reaction was calculated in two 
different ways: (1), from the energy and direction of 
the incident neutron and the energy and direction of 
the first alpha particle; and (2), from the energies of the 
incident neutron, the first alpha particle, and the Li® 
particle. Conservation of energy and momentum leads, 
in the first case, to the relation 


(A) 


0:=1.5Eq—0.5(EnEa)! cospa—0.875En, 


where all quantities are in the laboratory system. Q, by 
the second calculation based on conservation of energy, 
is 


Qo= Eat Exi— Ey. (B) 


Since the percentage error in the conversion of range 
to energy is greater for Li® than for an alpha particle 
and, furthermore, the range-energy relation for Li* was 
not well established, particularly at low energies, the 
calculated value of Q2 was not considered as reliable as 
that of Q, and was accordingly given less weight in 
setting up criteria for the identification of a star as one 
resulting from a neutron of proper energy and direction. 
In most cases, a satisfactory momentum balance and 
reasonable values of both Q, and Qs» left no doubt 
concerning the identification of such a star. In the 
less obvious cases, a maximum acceptable value of 
AQ= |Qi—Q2| =1.40 Mev was determined from exami- 
nation of the AQ distribution of all events. In addition, 
an arbitrary upper limit of —5.0 Mev was imposed on 
both Q; and Q». A higher Q was invariably found to 
indicate a poor momentum balance. No lower limit was 
set on the value of Q, since the Li® might be left in an 
excited state. All stars, however, for which the calcu- 
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lated Q was less than —9.0 Mev, were also calculated 
as carbon stars. The emulsion has an appreciable carbon 
content, and many neutron-induced C” disintegrations 
into three alpha particles proceed via Be*.'* A carbon 
star in which two alphas are colinear and the third 
scatters could thus have the appearance of a hammer 
star. A number of such cases, in which the calculated 
Q agreed closely with the value of —7.28 Mev for C® 
disintegration, were discarded. 

Since the electron emitted from the Li® leaves no 
track in the type of emulsion used, allowance for its 
momentum as well as for that of the neutrino had to 
be made in the criteria of colinearity and equality of 
range which would otherwise be imposed on the two 
alphas by conservation of momentum. Thus, a maxi- 
mum divergence of about 20% from equality of range 
of the two alphas would occur if both the electron and 
the neutrino were emitted in the same direction as one 
of the alphas.” Similarly, a maximum divergence of 6° 
from colinearity would occur if the electron and 
neutrino were emitted in the same direction but at 
right angles to that of the alphas. The tolerances per- 
mitted were somewhat larger than these values, to 
allow for errors in measurement or for scattering of one 
or both of the alphas immediately after emission. 
About fifty “good” stars were obtained at each energy. 


V. RESULTS 
A. Energy Levels of Li® 


Figure 2 shows that in nearly all events the Li* was 
left in the ground state or in the first excited state of 
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Fic. 2. Q; for the B"(n,a)Li§(6-)Be®*(2a) reaction calculated 
from the energy and direction of the incident neutron and the 
alpha particle. 
*3 Christy, Cohen, Fowler, Lauritsen, and Lauritsen, Phys. 
Rev. 72, 698 (1947). 
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1.0 Mev, which is here only partially resolved from 
the ground state. There is no indication of the 2.28-Mev 
level; and none should be expected, since this level is 
unstable against decay by neutron emission. 


B. Cross Section for the B" (n,«)Li’($-)Be** (2a) 
Reaction 


The neutron energy and the energy spread at each 
of the different angles of exposure were the same as 
those calculated for the experiment on C” disintegration 
which was performed simultaneously with this experi- 
ment.” The attenuation of the neutron flux in boron- 
loaded emulsion was measured and included in the 
calculation of the absolute flux at each region of the 
plates analyzed. In the evaluation of the cross section 
stars were included in which the alpha particle had 
gone out the top or bottom of the emulsion, provided 
—5.0>Q:>—9.0 Mev and the calculated energy of 
the alpha gave AQ<1.4 Mev. 

Table I and Fig. 3 show the variation of cross section 
with incident neutron energy for the (,a) reaction. 


TABLE I. The cross sections for the 
B"(n,a) Li®(8~) Be** (2a) reaction. 





Cross section and 
total error in mb 


27.0+6.5 
38.4+7.4 
30.9+6.3 
36.9+7.0 
21.9+3.6 
23.744.8 
19.7+3.7 
16.343.1 
15.8+3.1 


Incident neutron 
energy in Mev 


12.6 
13.0 
14.7 
15.4 
16.9 
17.6 
18.9 
19.8 
20.0 











These values are a lower limit, since they do not 
include those reactions in which the Li® is left excited 
above 2.04 Mev where it decays by neutron emission 
rather than by beta emission. Nor do they include the 
beta decay of Li’ to the ground state of Be’, since the 
disintegration energy of 0.10 Mev for Be® is too small 
for the resulting alpha particles to leave tracks of 
perceptible length. The multiple reaction would thus 
appear simply as the two-pronged (,a@) reaction which 
could not be resolved from the multitude of other two- 
prong events occurring in the emulsion. The transition 
to the ground state of Be* has been found experi- 
mentally to be less than 2 percent of the entire 8 decay 
of Li’. 

Absolute errors in the determination of cross section 
are estimated as follows: determination of neutron flux, 
5%, except at 12.6 Mev where it was 15%; B" content 
of the emulsion, 10%; emulsion thickness and area 
scanned, 5%; star recognition, 5%; statistical uncer- 
tainty, 13% to 17%, as indicated in Fig. 3. Total 
errors range from 19% to 23%. 

Since stars may have been missed, any of the cross- 
section values are more likely to be low than high; and 


)Be®* (2a) 
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Fic. 3. The cross section for the B"(,«) Li®(8~) Be®*(2a) reac- 
tion for incident neutron energies from 12.6 to 20.0 Mev. The 
errors shown are statistical. 


stars at low energy can be missed more easily than those 
at high energy. The larger uncertainty in the neutron 
flux at 12.6 Mev" is further reason for the apparent 
slighting of this point. The decrease in cross section 
at higher energies may be due in part to competing 
reactions which may occur at these energies. At 14 Mev 
there is agreement, within statistical limits, with the 
results of Heiberg,'* who reports a cross section of the 
order of 30 mb for the (,a) reaction at this energy. 


C. Angular Distributions of the Alpha Particle 
in the (n,«) Reaction 


The angular distributions, in the center-of-mass 
system, of the alpha particle from the (m,a) reaction 
at each energy are shown in Fig. 4. Although there 
appears to be slight peaking in the forward direction 
at several of the higher energies, the divergence from 
symmetry about 90° lies within the statistical error 
except at 20 Mev. 


D. Energy Levels of Be® 


The excitation energy of Be® is obtained by sub- 
tracting the binding energy of the ground state of Be* 
from the sum of the energies of the two breakup alphas, 
i.e., Eex(Be*) = Ea;+Ea.—0.10 Mev. No stars in which 
either alpha left the emulsion were included in the 
determination of the excitation energy of Be’, although 
they were used for the (m,a) cross section and the 
energy levels of Li’. 

The excitation energies of Be* are shown in Fig. 5. 
The broad 3-Mev level is clearly indicated. On the low- 
energy side of the peak there is a shoulder which could 
correspond to the 2.2-Mev level reported by several 
observers.*:? There is only slight indication of the 
4,0-Mev level found in these as well as in other investi- 
gations,*-*""."2 and even less corroboration of levels 
reported at 5.3 Mev?.®4 and at 7.5 Mev.*-®!!-4 In fact, 
within the limits of the statistics a smooth curve can 
be drawn representing the events of Fig. 5 and showing 
only the broad 3-Mev level. Although a 10% branching 
to the 10-Mev level has been observed,’ there is no 
indication of this level in the present study. The obser- 
vations of Gilbert and of Frost and Hanna’ confirm 


4 F, C. Gilbert, Phys. Rev. 93, 499 (1954). 
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alpha particles from 
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as a function of en- 
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neutron energy. 
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the absence of any level above 8 Mev, at least up to an 
energy of 12 Mev. 


E. Range-Energy Relation for Li® 


Previous investigations*.**-*" of the range-energy 
relation for Li have shown discrepancies in the low- 
energy region. The present experiment provides data 
for an empirical Li*® range-energy relation throughout 


the low-energy region, since the Li® particles originating 
from the (m,a) reaction are emitted with all energies 
up to a maximum of 9 Mev for a bombarding energy 
of 20 Mev. The energy of each measured Li® can be 
obtained from the energy of the incident neutron, the 
energy of the alpha particle, and Q;. The range-energy 
plot of the data from all the stars showed a large spread 
of the calculated energies corresponding to any given 
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Fic. 5. Excitation 
energy of Be® calcu- 
lated from the sum 
of the two hammer- 
alpha energies. 
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Fic. 6. The range- 
energy relation for 
Li® in Ilford C-2 
emulsion. R; is a 
least squares quad- 
ratic fit to the solid 
circles, where the Li® 
range was measured 
from the a-Li® vertex 
to the farther edge 
of the hammer track. 
R: is a similar fit 
to the points (not 








shown) where the Li® 
range was measured 
only to the center 
line of the hammer 
track. The two con- 
ventions give ap- 
proximately a 0.5 u 
difference. The other 
two curves of Wil- 
kins and Lonchamp 
are semitheoretical. 
The Li® points of 
Neuendorffer e ai., 
and the Li’ points of 
Faraggi and Ciier 
and Lonchamp have 
all been transformed 
to Lit. 
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range. This spread was due to the width in E,, the 
inclusion of some steeply-dipping tracks, and the fact 
that no special precautions were taken to insure that 
uniform criteria were used by the various scanners in 
measuring the Li® projected range. To obtain the best 
data it was decided to use only the events where 
neither the first alpha nor the Li® dipped more than 45° 
in the unprocessed emulsion and where |Qi—Qm| <0.3 
Mev. It was assumed that these reactions had actually 
proceeded via the ground state of Li*, and hence 
Qm=—6.63 Mev (determined from the masses) was 
used to calculate the energy of the Li*. 

To conform as closely as possible to the convention 
of Wilkins,” whose range-energy data for boron-loaded 
emulsions were used, the length of the alpha-particle 
track should have been measured between the outer 
edges of the first and last grains of the track. Some 
question as to the identification of the first grain, how- 
ever, arises from the fact that the grain of the a-Li® 
vertex may belong in some cases to the alpha and in 
others to the Li® particle. The same ambiguity applies 
to the Li® particle. To be consistent, therefore, the 
a-Li® vertex was defined as the intersection of the center 
lines of the alpha and Li’ tracks, and this point was 
taken as the beginning of each track. The alpha-particle 
range was then measured from this point to the outer- 
most edge of the last grain of the track. 


Since the Li® ends in a hammer track, Wilkins’ con- 
vention cannot be applied here. Furthermore, to deter- 
mine if the discrepancies in published data might be 
due to different criteria for measurement, it was 
decided to measure the Li* range in two ways. In 
method (1) the range was measured from the a-Li® 
vertex to the outer edge of the hammer track; in 
method (2) the range was measured from the a-Li® 
vertex to the axis of the hammer track. The range 
found by this second method should be very close to 
the actual distance traveled by the Li’, since the inter- 
section of the first alpha and Li’ axes establishes the 
point of origin of the Li’, and the two alphas of the 
hammer track serve to locate the position of the Li’ 
at rest. 

The results are shown in Fig. 6. The individual points 
are those obtained by method (1). The solid curve is a 
least squares quadratic fit to the points from 2 to 164 
whose equation is 


R, (Li) = 2.578+-0.955E+0.111E, 


where £ is in Mev and R in microns. The least squares 
fit to the points of method (2), which gives values 
about one-half micron shorter than (1), are shown in 
Fig. 6 by the dashed curve whose equation is 


R,(Li8) = 2.120+-0.928E+0.114E. 
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The standard deviation of the experimental points 
from either curve is 0.6 micron, which corresponds 
approximately to an energy of 0.3 Mev. This energy is 
the maximum deviation from the value of 0,,= — 6.63 
Mev allowed for the selection of stars for remeasure- 
ment in this check of the range-energy relation. 

R, (Li) agrees, within our experimental error, with 
the points of Barkas,” whose criterion for the end of 
the Li’ track was that of method (1). Although Gilbert® 
states that his results agree with those obtained by 
Barkas, his criterion for the end of the Li® track was 
that of method (2). In the experiments of Barkas and 
Gilbert the Li® tracks were surface ones and the range 
was measured from the point at which the Li® ion 
entered the emulsion ; whereas in the present experiment 
all the tracks originated and ended in the emulsion. 

R;(Li’), although still somewhat above them, is 
closer than R,(Li*) to the low-energy experimental 
points of Faraggi,” Ciier and Lonchamp,” and Neuen- 
dorffer, Inglis, and Hanna.” The semitheoretical curve 
of Wilkins, which was fitted to the two low-energy 
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points of Faraggi, agrees quite well with the results of 
method (2), whereas that of Lonchamp® is some- 
what low. 

Equations (1) and (2) apply at 30% relative humidity. 
Although these results are for boron-loaded emulsion, 
the correction to normal emulsion is less than 1% at 
30% relative humidity.” Therefore no correction was 
made. 
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Alpha and Spontaneous Fission Half-Lives of Plutonium-242*} 


J. F. Mecu, H. Diamonp, M. H. Sruprer, P. R. Fretps, A. Hirscu, C. M. STEVENs, 
R. F. Barnes, D. J. HENDERSON, AND J. R. HuizENGA 
Argonne National Laboratory, Lemont, Illinois 
(Received April 5, 1956) 


Measurements on Pu*? samples, highly enriched by neutron irradiation, resulted in the alpha half-life 
value of (3.88+-0.10) X 10° years and in the spontaneous fission half-life value of (7.06+-0.19) X10” years. 


I. ALPHA AND MASS MEASUREMENTS 


HE alpha half-life of Pu has been reported 

previously as 5X10° and 9X10° years.'? We 
have recently redetermined this value by a combination 
of alpha energy and mass spectrographic analyses of 
plutonium samples enhanced in Pu. 

This plutonium was principally Pu’ by mass and 
was made available through long neutron irradiation 
of Pu®® in the Materials Testing Reactor (MTR) at 
Arco, Idaho. More precise measurements of the spon- 
taneous fission decay rate and more accurate evaluation 
of the alpha half-life were possible, since interfering 
plutonium activities are largely removed in the irradi- 
ation process. 

Two plutonium samples were irradiated in the MTR 
with approximately 1.0X 10” and 1.210” neutrons/ 


* The a half-life was reported previously as Argonne National 
Laboratory Report ANL-5348. 

¢ Based on work performed under the auspices of the U. S. 
Atomic Energy Commission. 

1 Thompson, Street, Ghiorso, and Reynolds, Phys. Rev. 80, 
1108 (1950). phd Bs 

2F, Asaro, University of California Radiation Laboratory 
Report UCRL-2180 (unpublished). 


cm?, samples 1 and 2, respectively. After irradiation 
the plutonium was purified by chemical methods de- 
scribed elsewhere.** The isotopic compositions of these 
plutonium samples were determined mass spectrometri- 
cally and are compiled in Table I. Alpha pulse analyses 
of these samples are presented in Table IT. 


TABLE I. Mass spectrometric analyses of, plutonium 
in mole percent. 





Pu isotope Sample 1 Sample 2 





0.16 +0.02 
0.068+0.004 
0.6330.006 
0.3080.006 
98.77 +0.03 
0.052+0.004 


0.216+0.004 
0.087=+0.002 
2.02 +0.02 
1.31 +0.01 
96.33 +0.02 
0.037+0.002 


238 
239 
240 
241 
242 
244 





3P. R. Fields and C. H. Youngquist, /mternational Conference 
on the Peacetime Uses of Atomic Energy, Geneva, Switzerland, 
August, 1955 (United Nations, New York, 1956), Vol. 2, Paper 
No. 951. 

4E. K. Hyde, The Actinide Elements (McGraw-Hill Book 
Company, Inc., New York, 1954), National Nuclear Energy 
Series, Plutonium Project Record, Vol. 14A, Div. IV, pp. 573-580. 
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TABLE II. Alpha pulse analyses in percent. 





Sample 2 


82.50+0.24 
4.89+0.17 
12.60+0.09 


Pu isotope 


238 81.7140.3 
239-+-240 10.00-+.0.24 
2414242 8.20-40.22 


Sample 1 











The alpha half-life of Pu was calculated by com- 
parison to the known half-life of Pu (6580 years)® by 
use of the following mathematical relation: 


mole percent Pu” 





T; (Pu) = 7, (Pu) x 
mole percent Pu” 


percent @ activity Pu” 





percent @ activity Pu 


The alpha particles of Pu*® and Pu have similar 
energies as do those of Pu™! and Pu and therefore 
were not resolved. This required only a small correction 
since these interfering activities are present in low 
abundance. In sample 1, the intensity of the Pu”® alpha 
is 1.2% of the Pu” plus Pu alpha activity. The Pu™! 
alpha (a half-life 3.5105 years)*® contributes 1.2% 
of the Pu™ plus Pu’ alpha activity. The data from 
Tables I and II, when substituted into the above 
formula with appropriate corrections for the extraneous 
alpha activity and the decay of Pu’, yield the alpha 
half-life value of (3.87+0.15)X10° years for Pu’. A 
similar calculation yields 86+3 years for the half-life 
of Pu’, For sample 2, 2.85% of the Pu** plus Pu” 
activity was due to Pu while the correction for Pu! 
is almost negligible. Pu’ and Pu** alpha half-lives of 
(3.88+0.15)10° and 86+11 years were calculated 
from the data. The average value for Pu is then 
(3.88+0.10) 105 years. The calculated value of 86+3 
years for Pu™* is consistent with earlier measurements.’ 


Il. SPONTANEOUS FISSION MEASUREMENTS 


Some of the plutonium of sample 2 was electro- 
deposited onto a 1.5-inch stainless steel disk from a 
nitric acid ammonium oxalate solution under the con- 
ditions described by Ko.* The alpha activity on the 


5 Inghram, Hess, Fields, and Pyle, Phys. Rev. 83, 1250 (1951). 

6 Thompson, Street, Ghiorso, and Reynolds, Phys. Rev. 80, 
1108 (1950). 

7 Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 
608 (1953). 

8 R. Ko, Hanford Engineering Works Report HW-32673, 1954 
(unpublished). 
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disk was measured at (1.644+0.008) X10" disintegra- 
tions per minute in a low-geometry counter. The 
counting geometry was calculated from the dimensions 
of the counter and the sample, by using the equations 
described by Jaffey® for a spread source. The distance 
between the sample and the sensitive volume of the 
counter was large compared to the aperture radius, 
insuring that any error due to asymmetry in the 
distribution of the sample on the disk would be small. 

Alpha pulse analysis (Table IT) indicates that 12.60 
+0.09% of the alpha activity in the sample is 
contributed by Pu! and Pu’. The Pu™! contribution 
was calculated to be 0.043% of the total alpha activity. 

The spontaneous fission activity on the disk was 
measured in a parallel-plate argon-methane counter 
similar to that described by Segré.'° The spontaneous 
fission disintegration rate of the Pu*” was 11.36+0.07 
fissions per minute after subtraction of minor activities 
(less than 1%) due to Pu™§, Pu, and Pu. 
Multiple alpha coincidences were shown to be a negli- 
gible source of error by measuring these coincidences as 
a function of the bias setting of the fission counter. 
The efficiency of the counter for the sample (sample 
thickness less than 0.03 mg/cm*) was 100% within the 
limit of error quoted for the measurement. This was 
known by comparison to previous measurements, and 
by the fact that the slope of the entire bias plateau 
was less than 0.5%. 

The ratio of the alpha activity of Pu to its spon- 
taneous fission activity is (1.819+0.018) x 10° alphas 
fission. The spontaneous fission half-life value, by 
comparison with the measured alpha half-life, was then 
calculated to be (7.06+0.19)X10" years. This value 
is in agreement with the earlier values of (6.7+0.7) 
X10" years! and ~8X 10" years.” 
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The nuclear spectrum of Ta’*! has been investigated. The excited levels have energies of 136.25, 482.0, 
615.0, 618.9, and 958.0 kev. The gamma-ray energies are 3.9, 133.02, 136.25, 136.86, 345.85, 476.0, 482.0, 
and 615. 5 kev. Multipolarities for the gamma rays are given and spin assignments to the levels are proposed. 





HE levels in Ta'*!, excited by beta decay of Hf'*', 

have been investigated. The instruments used 
are the crystal diffraction spectrometer, the ring- 
focusing beta spectrometer in connection with a fast- 
coincidence setup, and a semicircular low-energy beta 
spectrometer. 

The results are compiled in Table I. The lines at 
3.9 kev, 136.86 kev, and 476.0 kev have not been 
reported previously. The high resolving power required 
in order to separate the 136.25-kev and the 136.86-kev 
lines was achieved with the crystal spectrometer, using 
the fifth-order reflection on the (110) plane of quartz. 
The K-conversion electrons due to the 136.25- and 
136.86-kev lines were well resolved using a 0.12% 
momentum resolution in the beta spectrometer. Ac- 
cording to the conversion properties, the 345.85-kev 
line is pure £2, in disagreement with McGowan’s! 
result, but in agreement with recent work by Heer ef al.? 
Min, N, and O conversion peaks of the 3.9-kev line 
have been observed at electron energies of 1.7, 3.4, and 
3.9 kev, respectively, with the semicircular spectrom- 
eter. 

Beta-gamma coincidence experiments were carried 
out between an electron line selected in the beta spec- 
TABLE I. Energies, intensities, and multipolarities of the 
gamma rays in Ta!®, 








Total X-internal 
transition conversion 
intensity coefficient 


Gamma 


Gammaenergy ‘| 1 
kev intensity 


Multipolarity* 





3.90+0.1 
133.02+0.02 
136.25+0.02 
136.86+0.04 


345.8520.2 


16.5 0.49» E2 

1.2° 90% M1+10% £2 

0.9 M1+£2 or 
E1+M2 

0.044 E2 


0.06° (M2) 
0.027 E2+M1 
0.12 (M3) 


476.0 +0.2 ~~. 
482.0 +0.2 1 


7 

1 

0.3 

2.3 

3 
4 

615.5 +0.5 0.04 


me 
0. 
2. 
0, 
14 
0. 








* In assigning multipolarities, the theoretical M1 conversion coefficients 
for the K and L1 shell as calculated by Rose have — reduced by 30% in 
accordance with recent experimental findings [A. H. Wapstra and G. T. 
Nijgh, Nuclear Phys. 1, 245 (1955) }. 

py yyy Ap yqy =124.8:3.8, 
© ayy, p&p =1:0.17. 

4 a,/a,= 

. ay/ay =4,3. 

' ay/a, =4.7. 


~ f Supported by U. S. Atomic Energy Commission. 
Present address: Physikalisches Institut der E.T.H., Zurich, 
Switzerland. 
1F. K. McGowan, Phys. Rev. 93, 163, 471 (1954). 
? Heer, Ruetschi, and Scherrer, Z. Naturforsch. 10a, 834 (1955). 


trometer and a particular gamma line. A fast-slow coin- 
cidence system having a fast-coincidence resolving time 
of 2X10-* sec and a slow triple coincidence resolving 
time of 1 usec was employed. It was possible to show, 
with the beta spectrometer set at 0.5% momentum 
resolution, that the 136.86-kev K-conversion line is in 
coincidence with the 482-kev gamma line and has the 
same coincidence rate as the 133.02-kev line. As 
expected, no coincidences with the 482-kev gamma line 
were found for the 136.25-kev conversion electrons. 
From this and the results listed in Table I, we 
propose the following level arrangement (Fig. 1): 
ground state (gz2, 7/2)7/2;5 first rotational state at 


HE ist 





- -(%0r%-) 


4206 
(log ft=7.2) 


(d3,+%e)¥2+ 
(d34pYe lve 





43.9 


36.86 
(mi+e2) 














(d5-4e}e+ 


(§ %-%)""e+ 











(g he Ye) %er 


136.25 
MI+E2 














(8 %»%e) %+ 
Ta 181 b% . 


Fic. 1. Suggested energy level scheme for Ta*!. Multipolarities 
in parentheses are uncertain. The spin assignments to levels at 
618.9.and 958 kev are tentative. A log ft value of the order of 8.4 
has been attributed to the beta transition leading to the 618.9-kev 
level on the basis of an estimated intensity of the 3.9-kev transi- 
tion. The 303-kev level has not been observed, but has become 
evident from Coulomb excitation [see, for example, N. P. Heyden- 
burg and G. M. Temmer, Phys. Rev. 100, 150 (1955). 


’The three numbers characterizing the odd-nucleon state, 
according to B. R. Mottelson and S. G. Nilsson [Phys. Rev. 99, 
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136.25 kev (g7/2, 7/2)9/2; intrinsic excitation state at 
482.0 kev (dso, 5/2)5/2; intrinsic state at 615.0 kev 
(dsj2, 1/2)1/2; first rotational state at 618.9 kev 
(dsj2, 1/2)3/2 or intrinsic state. If the 618.9-kev level 
is a first rotational state, the small level spacing of 3.9 
kev is striking but not uncommon for spin 1/2 ground 
states. The 476-kev line is probably a parity-change 
transition and might start from an odd-parity state at 
958 kev which is fed by an allowed low-energy beta 
group from Hf'*!. The spin assignment obtained by 
1615 (1955) ], are: the configuration in the spherical limit, the 


component of the angular momentum along the symmetry axis, 
and the nuclear spin. 
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angular correlation measurements by Heer et al.’ for 
some of the levels is in agreement with the present 
result although these authors have not taken into 
account the presence of the 136.86-kev line.‘ 

The authors wish to thank Dr. J. W. M. DuMond 
for his interest in this work, Dr. S. A. Moszkowski for 
helpful discussions, and Mr. E. N. Hatch for aid in 
measurements with the gamma spectrometer. 


‘ Note added in proof.—P. H. Stelson and F. K. McGowan 
(meeting of the Southeastern Section of the American Physical 
Society, March 29-31, 1956) have reported a 5/2+ and a $+ 
spin for the 482- and the 615-kev state respectively from polariza- 
tion experiments. 


NUMBER 2 JULY 15, 1956 


Neutron Scattering at 2.45 Mev by a Time-of-Flight Method* 


LAWRENCE CRANBERG AND JULEs S. LEVIN 
Los Alamos Scientific Laboratory, Los Alamos, New Mexico 
(Received March 26, 1956) 


Results have been obtained by a pulsed-beam time-of-flight method for the cross sections for excitation 
of various levels in many nuclides by inelastic scattering at 90 degrees. The incident neutrons had a mean 
energy of 2.45 Mev and a spread of plus and minus 100 kev. Detailed angular distributions are given for 
the neutrons of inelastic scattering, for the accompanying de-excitation gamma rays, and for the elastically 
scattered neutrons for iron, nickel, and titanium. Such results are also given for iron and titanium for a mean 
incident energy of 2.25 Mev. The angular distributions indicate that for these nuclides and excitations the 
statistical assumption is not applicable to states in the compound nucleus. Results on the spectrum of 
neutrons inelastically scattered by gold may be fitted over a limited range by an effective nuclear tem- 
perature of 0.30.03 Mev. The same temperature describes the data on uranium 238 after subtraction of a 


fission neutron spectrum. 


INTRODUCTION 


HE significance of inelastic neutron scattering for 

understanding the mechanism of nuclear reac- 
tions is well known.' In particular the question of 
whether the neutron interacts directly with an indi- 
vidual bound nucleon or forms a compound nucleus 
may be tested by determining whether the angular 
distribution of the inelastically scattered neutrons is 
sensitive to the energy of the incident neutron.” 

On the basis of the compound nucleus assumption 
together with the assumption that the excited states 
in the compound nucleus interfere in a random manner 
it has been possible to relate the angular distribution 
of the inelastically scattered neutrons corresponding to 
excitation of a particular state in the residual nucleus 
to the spin and parity of the level excited.’ Further, if 
the levels in the residual nucleus are spaced sufficiently 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1D. C. Peaslee, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Stanford, 1955), Vol. 5, p. 99. 

2 Proceedings of Brookhaven Conference, January 24 to 26, 
1955, Brookhaven National Laboratory Report BNL-331 (un- 
published), particularly p. 85, comment of R. M. Eisberg. 

3 W. Hauser and H. Feshbach, Phys. Rev. 87, 366 (1952). 


closely again the angular distribution of the scattered 
neutrons may be predicted (isotropic), and the shape 
of the energy distribution of the inelastically scattered 
neutrons may also be predicted.** Finally, inelastic 
neutron scattering provides a tool for locating energy 
levels in the residual nucleus, particularly in heavy 
nuclei where the detection of de-excitation gamma rays 
is sometimes difficult because of the extra complexity 
of the spectrum due to cascading effects, and the high 
Coulomb barrier makes it difficult to use charged 
particles. 

An important obstacle to detailed study of the 
foregoing problems has been the lack of a rapid and 
efficient means of studying neutron spectra. Results 
have been obtained for 14-Mev neutrons by using an 
associated-particle-time-of-flight® technique. However, 
14 Mev is a primary energy for which (,2m) reactions 
are a complicating feature, and the difficulty of extend- 
ing the associated particle method to lower energies is 
a serious limitation of the method. 

Emulsion methods have been used with considerable 


4]. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952). 
5G. K. O’Neill, Phys. Rev. 95, 1235 (1954). 
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Fic. 1. Schematic diagram of the physical layout of the ap- 
paratus for measurement of neutron scattering by the pulsed-beam 
time-of-flight method. 


success. These methods have indeed been the most 
fruitful to date, but are objectionably slow. Thus the 
object underlying the development work on an im- 
proved apparatus has been the achievement of a system 
which is suitable for rapid data taking, is versatile, and 
compares with the resolution and accuracy of the 
emulsion technique. The method which has evolved 
depends on producing neutrons in bursts of millimi- 
crosecond (hereafter abbreviated myusec) duration by 
delivering the output of an electrostatic generator to 
a neutron-producing target in bursts of that duration. 
Details of the apparatus have already been given in 
several places.’:* In this paper only a general description 
of the apparatus will be given; emphasis will be on the 
results on inelastic scattering together with such data 
on the gamma rays of inelastic scattering and on elastic 
scattering as have been obtained incidentally to the 
data of primary interest. 


EXPERIMENTAL ARRANGEMENT 


The large Los Alamos Van de Graaff accelerator has 
been fitted with a pair of electrostatic deflector plates 
(Fig. 1) located close to the point at which the beam 
emerges from the mass- and energy-analyzing magnet. 
Radio-frequency voltage of 3.7 Mc/sec is applied to the 
plates, causing the charged particle beam to be swept 
over a slit 4.5 feet away. The beam which goes through 
the slit is focused on the target 30 feet away by means 
of an electrostatic quadrupole lens. Thus, charged par- 
ticles are delivered to the target twice per rf cycle on a 
duty cycle of a few percent, giving bursts of about 
3 mysec duration, with an average current of 0.5 ya. 
The target is 3 cm long filled with tritium to a pressure 
of 120 cm of Hg. Monoenergetic neutrons are made by 
the T(p,n)He* reaction. The neutrons are scattered by 

6 E. R. Graves and L. Rosen, Phys. Rev. 89, 343 (1953). 

7L. Cranberg, Proceedings of the International Conference on the 
Peaceful Uses of Atomic Energy, Geneva, Switzerland, 1955 (United 


Nations, New York, 1956), Vol. 4, Paper P/577. 
* Weber, Johnstone, and Cranberg, Rev. Sci. Instr. 27, 166 


(1956). 
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a cylindrical scatterer whose center is about 10 cm from 
the center of the target, and the scattered neutrons are 
observed by a shielded detector at a distance which 
may be varied. In these measurements the flight path 
was usually between 120 and 160 cm. The time of 
arrival of a neutron at the detector is measured relative 
to a pulse derived once per cycle from the rf voltage 
which drives the deflector plates. This time interval is 
converted to a pulse height, and the pulse height is 
measured by means of a 100 channel pulse-height 
analyzer. 

The detector is a plastic scintillator furnished by the 
Pilot Chemical Company, Waltham, Massachusetts. 
It is one and one-half inches thick, two inches in 
diameter, and is cemented to a RCA-5819 photomulti- 
plier. The relative efficiency of this detector is shown 
in Fig. 2 as a function of neutron energy for two biases. 
The upper bias corresponds to a total counting rate due 
to photomultiplier noise and cosmic rays of about 
three counts per second; the lower bias corresponds to 
a rate of six per second. At the lower bias the detector 
is usable down to an energy between 300 and 500 kev. 
The sensitivity curve of Fig. 2 was determined by 
measuring the yield of the T(p,m)He* reaction as a 
function of neutron energy, and comparing the result 
with the yield of the reaction as measured with a 
counter telescope and hydrogenous radiator.’ This 
method was applicable to the region above 1.2-Mev 
neutron energy. Below this energy the comparison was 
made with the relative yield of the T(p,m)He'® reaction 
as determined with a long counter." 

Most of the results to be reported were obtained at 
a proton energy of 3.50 Mev. Taking account of the 
energy loss in the target window, which was of nickel 
0.15 thousands of an inch thick, and of the thickness 
of the gas target, the average energy of the neutrons 
at zero degrees was 2.475 Mev. Because of the finite 
angle subtended by the scatterer at the target and the 
dependence of the neutron energy on angle the average 





T T T 


~. 
>», 


HIGH BIAS 


EFFICIENCY PERCENT 


ay ~~» 


eC . Cee ee ee ee PT oe 





1 4 1 
20 3.0 40 


NEUTRON ENERGY (MEV) 








° 


2. Efficiency of the time-of-flight detector is shown as a 
function of neutron energy for two biases. 
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® Haddad, Perry, and Smith (private communication). 
#0 A. O. Hanson and J. L. McKibben, Phys. Rev. 72, 673 (1947). 
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energy of the neutrons incident on the scatterer was 
2.45 Mev. 

The most important factor in the energy spread was 
the target thickness, which amounted to 105 kev. The 
maximum angle subtended by the scatterer at the 
target was 15 degrees. This corresponds to a spread in 
energy of the incident neutrons of 70 kev. The straggling 
in the target window accounted for an estimated 30-kev 
spread, so that the spread in energy of the neutrons 
incident on the scatterer may be represented as a 
triangle whose base was approximately 200 kev wide. 

The detector used in this work is sensitive to gamma 
rays as well as to neutrons, so that at the position of 
the time scale corresponding to the velocity of light 
there appears a line corresponding to the gamma rays 
of inelastic scattering and capture. The gamma ray, in 
combination with the elastic peak, proves to be useful 
in calibrating the time sc7le once the linearity of the 
time-to-pulse-height conversion has been established. 
Details of the technique for measuring the linearity of 
the conversion have been given elsewhere.® It suffices 
to note here that the accuracy with which a well 
resolved line may be located is about 0.5 mysec, as 
determined from measurements on known lines. 

The method of determining cross sections depends 
on a comparison with the m-p cross section as given 
previously" for the case of the 850-kev level in iron. 
In the following the cross section for iron is used as a 
sort of secondary standard, and all other cross sections 





2000 T T T T T T T T T 


NICKEL 


1.50 MEV, 


IL33MEV 





ELASTIC 


ELASTIC 
TITANIUM 


y-RAY 02 MEV 


COUNTS PER CHANNEL 








Nhe 1 1 
40 sO 60 


CHANNEL NUMBER 





Fic. 3. Time spectra obtained at 90 degrees for neutron scat- 
tering at 2.45 Mev from nickel, iron, and titanium. The solid line 
under each spectrum is the background observed in the absence 
of the scatterer. The gamma rays, elastically scattered neutrons, 
and the principle groups of inelastically scattered neutrons are 
identified. A flight path of 1.5 meters was used. 


1 L, Cranberg and J. S. Levin, Phys. Rev. 100, 434 (1955). 
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Fic. 4. Time spectrum obtained at 90 degrees for neutron scat- 
tering at 2.45 Mev from gold. The “sample out” background has 
been subtracted. The detector bias used to obtain this spectrum 
corresponds to the lower curve in Fig. 2, and the flight path was 
1.2 meters. 


have been determined relative to it, correcting for the 
energy dependence of the sensitivity of the detector by 
use of the curve in Fig. 2. 


RESULTS 


The data obtained fall into three general categories. 
First, a survey was made consisting of an examination 
of the spectra from each of about 50 elements at one 
scattering angle, ninety degrees. Second, a number of 
elements were selected for careful study as a function 
of angle to determine the angular distribution of the 
inelastically scattered neutrons which correspond to 
the excitation of a particular level. Third, for the case 
where effectively a continuum of levels is excited in the 
residual nucleus an examination was made of the shape 
of the spectrum of the inelastically scattered neutrons 
at 90 and at 160 degrees. 


1. Survey 


The elements included in the survey were essentially 
all those which were conveniently available in the 
required quantity, which was in the neighborhood of 
1 mole. In most cases the samples were available in 
elemental form. The exceptions were N, F, and Cl, 
which were used in the form of melamine (CH:N,), 
CF.2, and CCl. Neither carbon nor hydrogen should 
affect the results for inelastic scattering at the angle 
and primary energy used in the survey. 

Most of the samples were in the form of hollow 
cylinders 2 inches long, with an i.d. of # inch and an 
o.d. of ¢ or 1 inch. The choice of 0.d. was based on the 
desire to have samples of roughly equal transmission 
so that attenuation of the neutron beam and multiple 
scattering would be roughly the same in all the samples. 
The transmission of the samples was about 75%. 

A Monte Carlo calculation was made of the scat- 
tering by the #-inch o.d. iron sample, which is typical 
of the samples used in the survey. This showed that, 
averaged over angle, the double elastically scattered 
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Fic. 5. Time spectrum obtained at 90 degrees for neutron scat- 
tering at 2.45 Mev from uranium 238. The “sample out” back- 


ground has been subtracted; the detector bias corresponds to the 
lower curve in Fig. 2, and the flight path was 1.2 meters. 


neutrons detected were 11% of the singly scattered 
neutrons, and that 25% of the inelastically scattered 
neutrons had experienced one additional elastic scat- 
tering. The calculation also showed that the method 
previously" used to correct for multiple scattering and 
beam attenuation to obtain cross sections for inelastic 
scattering was correct to about 3%. 

The results of the survey fall into three general cate- 
gories. First, in the case of nuclides up to about copper 
and including the magic nuclides, the spectra obtained 
are strongly structured, and most, if not all the levels 
which have been previously reported are observed if 
they are excited with sufficient strength. At the other 
extreme, and this is true in general for the heaviest, 
nonmagic elements, the only conspicuous structures are 
those which correspond to elastic scattering and to the 
gamma rays of inelastic scattering. In the time range 
corresponding to neutrons which have been scattered 
inelastically, only a structureless continuum is ob- 
served. In the intermediate range of nuclear masses, 
structures are observed superimposed on the con- 
tinuum. 

Figure 3 illustrates the time spectra obtained for iron, 
nickel, and titanium as examples of the first type of 
result. Time increases to the left in these figures, and 
the base line represents the spectrum observed without 
scatterer. Figure 4 shows the result for gold as an 
example of a continuum. Unexpectedly, the spectrum 
of U** proved to fall in the intermediate category, and 
it is shown in Fig. 5. It will be noted that in each 
spectrum there is a duplicate presentation. This arises 
from the fact that only one fiducial pulse is generated 
per rf cycle whereas two neutron bursts occur in the 
target. In each case the elastically scattered neutrons 
and the gamma rays associated with inelastic scattering 
are clearly evident. Capture and other reactions con- 
tribute also to the gamma-ray peak, but usually not 
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significantly."-“ In the case of U***, since the energy 
of the primary neutrons is above the fission threshold, 
the fission gamma rays must be contributing to the 
height of the gamma-ray peak, and there is a continuum 
of fission neutrons which extends above the energy of 
the primary neutrons. 

Table I gives a summary of the levels which have 
been observed and the cross sections for their excitation 
at 2.45 Mev. An asterisk indicates levels which have 
not been reported hitherto, or about which there has 
been considerable uncertainty. In general the accuracy 
of the energy assignment is less than that obtained by 
other methods," as is the resolution, except for the 
heaviest nuclides. 

Because of the expected density of levels for the 
medium weight and heavy nuclides at the excitation 
energy used here, and the added complication intro- 
duced in some cases by the isotopic composition, it is 
unlikely that any of the new levels reported is indeed a 
single level. The exception to this is probably Pb”. 


TABLE I. Levels excited at 2.45 Mev at 90°. An asterisk indi- 
cates levels which have not been reported hitherto, or about 
which there has been considerable uncertainty. 





Cross 
section 
Energy millibarns/ 
(Mev) sterad 


1.08+0.04 62+4 
27+6 
47+8 
2143 


64+8 
43+5 


232 


4244 
5244 


40+5 
3144 
3144 
4743 
55+6 
51+6 
44+6 
3245 


30+3 
3444 


10+3 


Cross 
section 
millibarns/ 
sterad 


2343 Zn 
2343 
As 0.78+0.04 


50+10 *1.25+0.03 
*1.63+0.02 
24+2 


0.66+0.05 
2042 *1.50+0.03 
5147 


0.94+0.04 
8543 


0.8320.04 
1.56+0.03 


0.64+0.05 
*1.36+0.03 
*1.49+0.03 


Energy 
(Mev) 


F 1.46+0.03 
1.550.03 


Na 0.46+0.05 
Mg 1.38+0.03 
1.03+0.03 
1.25+0.03 
1.02+0.03 


Element Element 





0.92+0.03 
1.63+0.03 


1.49+0.03 


0.98+0.04 
1.29+0.03 
1.5320.03 


0.86+0.03 


1.20+0.03 
1.51+0.02 
1.75+0.02 


1.33, 1.49 


0.98+0.04 
1.460.03 
*1.62+0.03 
*1.74+0.02 
1.90+0.02 


16+1 
18+2 


48+3 


20+2 
11+1 
12+2 


8543 


38+5 
3444 
12+2 


5543 


38+5 
3244 
13+3 
942 
742 


1.24+0.03 
0.72+0.05 
0.84+0.04 
1.44+0.03 
*1.74+0.02 


0.93+0.04 
1.65+0.03 


*1.18+0.03 








12 Hughes, Garth, and Levin, Phys. Rev. 91, 1423 (1953). 

8 Scherrer, Allison, and Faust, Phys. Rev. 96, 386 (1954). 

4 R. B. Day, Phys. Rev. 102, 767 (1956). 

16 Day, Johnsrud, and Lind, Bull. Am. Phys. Soc. Ser. II, 1, 
56 (1956). 
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The sample used was radiogenic lead enriched in the 
206 isotope to 88%. From the low level density to be 
expected in this magic nuclide, it is probable that a 
single level has been resolved at 1.74 Mev. The experi- 
mentally observed width is consistent with this inter- 
pretation. Observation of these neutron groups confirms 
the level structure inferred by Day ef al.!* from 
observations of the gamma rays of inelastic scattering. 
In the case of U™* it seems unlikely, both from general 
considerations of level density and the width of the 
observed peak, that a single level has been resolved. It 
is preferable to say that a group of levels centering 
about 1.18 Mev, having a spread of 150 kev or less, is 
excited with substantially higher cross section than 
adjacent levels. The possibility that this anomalous 
peak is due to the decay of a metastable fission product 
by gamma emission has been checked by observing the 
time spectrum as a function of flight path. These 
observations confirm the interpretation of the structure 
as being due to neutrons. 

Table I includes only those levels for which a cross 
section could be assigned with fair accuracy. Some levels 
were observed, e.g., the 300-kev level in vanadium 
known from other work," in such close proximity to the 
elastic peak that although they contributed a marked 
widening of the elastic line an accurate cross section 
could not be determined. The data obtained on 90 
degree differential elastic scattering cross sections are 
being prepared for future publication. 


2. Individual Levels 


From the survey it appeared that for a detailed and 
fairly accurate study of the dependence of inelastic 
scattering on angle only a small number of levels were 
suitable. This results from the fact that only the first 
few levels are excited with appreciable cross section at 
an energy of 2.45 Mev. However, low-lying levels are 
difficult to resolve from elastically scattered neutrons, 
particularly at forward angles where the differential 
elastic scattering cross section is so much larger than 
the differential inelastic cross section. These considera- 
tions narrowed the choice to elements with a high 
first-excited state and a predominant isotope, and the 
first choices were iron, titanium, nickel, and chromium. 
These cover a narrow range in mass, are even-even in 
the predominant isotopes, and have first excited states 
which are 2 plus and ground states which are zero plus. 
Although no detailed calculations have been made, it 
may be expected that if the assumptions of the Hauser- 
Feshbach theory are satisfied then the inelastically 
scattered neutrons corresponding to excitation of the 
first level in these nuclei would have similar angular 
distributions. 

In the course of the measurements on chromium, it 
was found that at forward angles a strong neutron 
group appeared. This proved to be due to hydrogen 
impurity, and in the absence of a better sample chro- 


BY TIME OF FLIGHT 





‘7. + + =; STS 
E,* 2.454 0.100 MEV 


7 
NICKEL (-0* 1.49 & 1.33 MEV) 


TO 90° 





©,(9) RELATIVE 


TITANIUM (-Q + 1.02 MEV) 


> 80 100 120 140 160 180 
CENTER-OF-MASS ANGLE 

Fic. 6. Angular distribution of the inelastically scattered 
neutrons which correspond to the excitation of the 1.02-Mev 
level in Ti**, the 850-kev level in Fe®*, and the 1.49- and 1.33-Mev 
levels in Ni** and Ni™, respectively. Results shown are relative to 
90 degrees in the center-of-mass reference frame. The 90-degree 
isotopic cross sections, in barns/steradian, are as follows: Ti*, 
0.085+0.003; Fe®*, 0.085+0.003; and Ni®® and Ni® combined 
0.055+0.003. 


mium had to be dropped from the list of elements 
which were examined closely. The samples used for 
these measurements were checked spectrochemically 
and found to have less than 1% of solid contaminant. 
For nickel and titanium the observed neutron spectra 
can indicate objectionable (more than 1 atomic percent) 
hydrogen contamination clearly, and none was ob- 
served. Hydrogen was less easily detected in iron by 
this method because of the position of the dominant 
level. On this account two scatterers were used: one 
was Armco grade, and the other was dry machined 
from a high-purity, vacuum-melted sample supplied by 
the National Research Corporation. No difference was 
observed in the results obtained with the two scatterers. 

Figure 6 shows the results obtained for the angular 
distributions of the inelastically scattered neutrons 
which excite the 1.02-Mev level in Ti*’, the 0.85-Mev 
level in Fe**, and the levels in Ni®® and Ni® which are 
known from other work" to be at 1.49 and 1.33 Mev, 
respectively. The latter two levels could not be resolved 
satisfactorily and the results hereafter quoted for nickel 
are the combined results for the two isotopes. The 
angular range covered is 20 to 160 degrees. The inelastic 
neutron yield is shown relative to 90 degrees; the 
90-degree cross sections are given in the figure caption. 

It is clear that contrary to expectation the result for 
each of these elements is different, and for the case of 
iron there is a definite lack of symmetry about 90 
degrees. The possibility that any of the differences may 
have been influenced by some sort of instrumental 
effect is precluded by the fact that the data for iron 
were very carefully checked for reproducibility over a 
period of several months, and the usual procedure for 
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Fic. 7. Angular distributions of the inelastically scattered 
neutrons corresponding to excitation of the 850-kev level in Fe** 
for incident energies of 2.25 and 2.45 Mev. Results shown are 
relative to 90 degrees in the center-of-mass system. The triangles 
represent the theoretical calculations of Emmerich normalized 
to the experimental data at 90 degrees. The bottom series of 
experimental points represents the average of the results for the 
two energies. The 90-degree isotopic cross section at 2.25 Mev is 
0.080+0.004 barn/steradian. 


taking the data for different elements was to run the 
various samples successively at a given angle. The only 
corrections to the raw data which were appreciable 
were corrections for the counting rate losses in the 100 
channel pulse-height analyzer, and corrections for 
overlap of the tail of the elastic peak on the inelastic 
peak at the forward angles. Both of these corrections 
were greatest at the extreme forward angle. The 
counting rate loss correction amounted to a maximum 
of 15% and could be made to 1% by use of a dis- 
criminator whose upper and lower bounds were set to 
coincide with the range of pulse heights covered by the 
multichannel analyzer. 

The correction for overlap was greatest for the case 
of iron because the level studied in that element lies 
lower than the levels studied in the other elements. The 
greatest correction for overlap was 12% and two 
methods of making the correction gave results which 
were consistent to better than 3%. In the first method 
the detector was turned to zero degrees and the line 
shape was obtained for the neutrons coming directly 
from the target. This method of determining the line 
shape should take care of all factors which contribute 
to the line shape for elastic scattering from a heavy 
element (A>30) except for two things: the effect of 
multiple scattering, and the effect of the larger energy 
spread in the primary neutron beam which the scatterer 
sees because it subtends a larger solid angle at the 
target than did the detector during the zero degree runs. 
These, however should have negligible effect on the 
correction. The other method of determining the 
detailed structure of the low-energy tail on the elastic 
line makes use of the fact that no level has yet been 
reported in nickel which is lower than 1.33 Mev. This 
suggests that the elastic peak for nickel is suitable for 
normalization purposes, and this method of normaliz- 
tion was also used. 


S. LEVIN 


No correction has been made in Fig. 6 for the effect 
of multiple scattering. By multiple scattering one means 
here the sequence of events “elastic-inelastic” and 
“inelastic-elastic” since in heavy elements these are 
energetically indistinguishable from single inelastic 
scattering. One expects that because elastic scattering 
is strongly forward in these measurements it will not 
strongly affect the angular distributions for inelastic 
scattering. This is particularly true also because of the 
small magnitude of the inelastic anisotropy expected 
and observed. This estimate of the situation was con- 
firmed by the results obtained for an iron sample having 
a transmission of 60% compared to 75% for the sample 
used to obtained the data of Fig. 6. The relative yield 
at 160 degrees was reduced by not more than 3% from 
the value in Fig. 6. 

The fact that the angular distributions obtained for 
the inelastically scattered neutrons in Fig. 6 were dif- 
ferent from one another suggests either that the com- 
pound nucleus model fails to describe the situation 
adequately or that the levels in the compound state do 
not satisfy the requirement of the statistical theory. 
The most direct way of testing these alternatives is to 
check the dependence of the anisotropy on energy, 
since on the first alternative one expects little sensi- 
tivity to energy and on the second alternative the 
results should be energy-sensitive.? Accordingly the 
energy of the primary neutron beam was decreased by 
200 kev, that is, by an amount equal to the spread in 
energy of the neutrons incident on the scatterer. 

The results for iron at the lower energy are shown in 
Fig. 7 together with the result at the higher energy. It 
is clear that the angular distribution has changed 
appreciably, becoming essentially isotropic at the 
lower energy. Figure 7 also shows the results of a calcu- 
lation of the angular distribution by Emmerich'*® on 
the basis of the Hauser-Feshbach theory using the 
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Fic. 8. Angular distributions of the inelastically scattered 
neutrons corresponding to excitation of the 1.02-Mev level in Ti*® 
for incident neutron energies of 2.25 and 2.45 Mev. The bottom 
curve is the average of the upper two curves. The 90-degree 
isotopic cross section at 2.25 Mev is 0.075+-0.004 barn/steradian. 


16 W. S. Emmerich (private communication). 
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complex square-well parameters given in Fig. 11. The 
theoretical cross section at 90 degrees was about half 
the measured value. Theory and experiment have been 
normalized at 90 degrees in Fig. 7. The lowest sets of 
points in this figure show the result of averaging the 
data for the two energies and a repeat of the theoretical 
points. The discrepancy between theory and experi- 
ment has been noticeably reduced in the combined data. 

Figure 8 shows the results for titanium for each of 
the two energies and for the two energies combined. The 
effect of energy change here is less marked than for iron, 
but there is a change with energy which is outside the 
errors of the measurements. No calculations have been 
made for this case. The data for nickel at the lower 
energy were not reliable because of overlap of the 
inelastically scattered neutrons on the gamma ray of 
the succeeding cycle. 

From the observed neutron spectra for iron, nickel, 
and titanium and from what is known about the gamma 
rays from inelastic scattering and capture from other 
work!*-"* it is likely that about 90% of the gamma rays 
which are observed in the time spectrum correspond to 
de-excitation of the levels excited by the neutron groups 
which are observed to be predominant. For the case of 
iron this interpretation was further corroborated by 
the results of an absorption measurement on the gamma- 
ray line. A quarter of an inch thickness of lead was 
inserted midway between the scatterer and the detector 
and the effect on the height of the gamma-ray 
line was measured. The observed attenuation agreed 
within the 2% statistical uncertainty of the measure- 
ments with that calculated from the known attenua- 
tion coefficient of 850-kev gamma rays in lead. 

Data on the angular dependence of the gamma-ray 
line are therefore of interest and these are shown in 
Fig. 9 for a neutron energy of 2.45 Mev and in Fig. 10 
for 2.25 Mev. These were obtained simultaneously with 
the data on the neutrons. In all cases these distributions 
are symmetric about 90 degrees, as indeed they must 
be since they represent transitions between unmixed 
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Fic. 9. Angular distributions of the yield relative to 90 degrees 
of gamma rays from iron, nickel, and titanium for a primary 
neutron energy of 2.45 Mev. 
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Fic. 10. Angular distributions of the yield relative to 90 degrees 
of gamma rays from iron and titanium for a primary neutron 
energy of 2.25 Mev. 


states of definite spin and parity. This symmetry should 
not be influenced by multiple scattering. 

The effect of multiple scattering on the anisotropy of 
these results should not be large for reasons similar to 
those given above for the inelastically scattered 
neutrons. By multiple scattering one means here mainly 
“elastic-inelastic” neutron events and “‘inelastic-Comp- 
ton” events, where “Compton” refers to the scattering 
of gamma rays due to Compton effect. The maximum 
anisotropy observed with the iron scatterer with 60% 
transmission was only 4% less than for the 75% 
transmission sample. 

The gamma-ray results also exhibit a sensitivity to 
nuclide and energy in circumstances in which such a 
result is unexpected if the assumptions of the statistical 
theory are applicable. It is nevertheless of interest to 
compare the general features of the results with the 
predictions of the theory for one case. The applicable 
theory here again is based on the Hauser-Feshbach 
theory® for the inelastically scattered neutrons. This, 
combined with a formalism due to Satchler,!? has been 
used by Van Loef and Lind!® to calculate the angular 
distribution of the gamma rays. The result given in 
Fig. 11 has been calculated by Emmerich" for iron at 
2.5-Mev neutron energy. The neutron interaction is 
calculated on the basis of the optical model using the 
complex square-well parameters given in the figure. 
Values of /<2 have been considered. It is clear that 
the calculated anisotropy is about twice that which is 
observed, although the general shape is similar to 
those measured. 

At the same time that the foregoing data were ob- 
tained the yields of the elastically scattered neutrons 
were obtained as a function of angle. These data are 
shown for the two energies of the measurements for 
iron and titanium in Fig. 12. The results for nickel have 
also been obtained at 2.45-Mev energy and are very 
similar to those shown in Fig. 12. Compared to iron 


17G. R. Satchler, Phys. Rev. 94, 1306 (1954). 
18 J. J. Van Loef and D. A. Lind, Phys. Rev. 101, 103 (1956). 
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Fic. 11. Angular distribution of the yield relative to 90 degrees 
of the 850-kev gamma rays arising from inelastic scattering in 
Fe** by neutrons of 2.5-Mev energy, as calculated by Emmerich. 
The complex square-well parameters used in the calculation are 
given in the figure. 


the zero and 180 degree peaks are slightly reduced in 
intensity relative to the 90-degree yield; that is, the 
nickel data are slightly more isotropic, just as the iron 
result is slightly more isotropic than the titanium 
result. The data for iron at 2.45 Mev are in good 
agreement with those obtained by Walt and Beyster” 
at 2.50 Mev. 

The similarity of the curves for the elastic scattering 
from these three elements is what one expects from the 
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Fic. 12. Differential elastic scattering cross sections measured 
for iron and titanium at 2.25 and 2.45 Mev as a function of the 
cosine of the center-of-mass angle. 


1M. Walt and J. R. Beyster (private communication). 
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optical model.” On the other hand, the sharp drop for 
iron in the magnitude of the elastic scattering cross 
section for a 200-kev energy change shows that the 
compound elastic scattering is not negligible. The 
integral of the differential elastic scattering over solid 
angle gives 2.71 barns for iron at 2.45 Mev and 2.05 
barns at 2.25 Mev. Combining these results with the 
integral of the differential inelastic scattering for iron 
gives a total cross section of 3.65+0.2 barns at 2.45 
Mev and 2.95+0.2 barns at 2.25 Mev. This compares 
with 3.52+0.1 barns and 3.05+0.1 barns for the two 
energies as determined by a transmission measurement 
under the same conditions of target and bombarding 
proton energy as were used for the scattering data. 
This agreement of the calculated and directly measured 
total cross sections indicates that systematic errors in 
the differential measurements and the corrections 
thereto are within the estimated errors. 

The results at the two energies as well as the results 
for different but similar nuclides at one energy strongly 
suggest that for the range of primary neutron energy 
and mass number considered here the compound 
nucleus concept may be an appropriate one, but the 
requirements of the statistical assumption regarding 
the levels in the compound state are not satisfied. 

Only in one case (iron at 2.45 Mev) is there clear 
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Fic. 13. Analysis of the spectral data obtained on gold. The 
function E~“dN/dE is shown —— on an arbitrary logarithmic 
scale against the energy E of the scattered neutrons. The quantity 
dN/dE is the number of 90° scattered neutrons per unit energy 
interval as derived from the time spectra. The points shown as 
dots and triangles represent separately the data from each of the 
two cycles in the presentation of Fig. 4. 


2” Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 





NEUTRON SCATTERING 


BT TIME OF FLIGHT 





erase 


T 


i eee 


T 


4 


l 





PRIMARY NEUTRON ENERGY 


J J iitt 


URANIUM-238 —E,* 2.45 MEV 


—— tn NIE) *-O775E 
5 Me 


mee 


! 


| 


1 titi 





| | 





2.5 


3.0 3.5 


NEUTRON ENERGY (MEV) 


Fic. 14. Analysis of the spectral data obtained on U8, The function E-4N (£) is shown plotted on an arbitrary 
logarithmic scale against the energy of the neutrons detected. The quantity N(£) is the number of neutrons 
detected per unit energy interval as derived from the time spectra. The dashed portion of the curve represents the 
region of extrapolation under the elastic peak. The dots and triangles represent separately the data from each 


of the two cycles in the presentation of Fig. 5. 


indication of net interference effects in the inelastic 
scattering. The four other inelastic angular distributions 
are consistent with symmetry about 90 degrees. In the 
context of the nuclide- and energy-sensitivity of the 
results, the observed symmetry may be regarded as due 
to chance or to the absence of interference effects rather 
than to their being randomized. Further data are needed 
to settle this question. 

It has also been suggested” that these data may be 
interpreted in terms of resonances in the excitation of 
collective modes of nuclear motion, in accordance with 
a model recently proposed by Brink.” More detailed 
calculations on this model are necessary before its 
implications for this problem will be clear. 


3. Continuous Spectra 


To test the applicability of the Hauser-Feshbach 
theory to heavy elements, where the statistical assump- 
tion may be applicable to the residual nucleus as well 
as to the compound state, it is pertinent to examine the 
spectrum of inelastically scattered neutrons and the 
angular dependence of the spectrum for an element 
such as gold. Uranium-238 has also been examined in 
some detail for its practical interest. 

Two gold samples were run, one with dimensions 
2 inches long, 1 inch o.d., and ? inch i.d.; the other of 


21D). M. Chase and L. Wilets (private communication). 
22.—D. M. Brink, Proc. Phys. Soc. (London) A68, 994 (1955). 


the same dimensions except that the o.d. was only 
# inch. The purpose here was to check on the sensitivity 
of the result to multiple scattering. Runs were made 
at 90 degrees and 160 degrees. The results for the 
inelastic scattering were the same in all cases indicating 
the angular distribution was isotropic to about 10%, 
and that the shape of the observed distribution was not 
significantly affected by multiple scattering. 

The 90 degree spectrum obtained is shown in Fig. 4 
and is shown plotted in Fig. 13 in a way which tests the 
applicability of the nuclear temperature concept‘ ® to 
the residual nucleus. In the conversion of the raw data, 
which were a function of time, to the correct spectrum 
as a function of energy the resolution function used was 
that previously arrived at for the elastic peak. The 
result of the analysis proved to be insensitive to the 
width of this resolution function. It is clear that for the 
highest and lowest energy neutrons there is a significant 
discrepancy from the line in Fig. 13 which corresponds 
to an effective temperature of 0.3+0.03 Mev. This 
effective temperature does however describe the data 
over much of the energy range. 

It will be noted that the data shown in Fig. 13 for 
the two parts of the rf cycle do not coincide although 
they have the same shape. This is due to an instru- 
mental effect and arises from the inequality of the 
neutron fluxes produced in the target in the two parts 
of the cycle. This inequality is evidenced in the elastic 
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and gamma-ray peaks as well as in the yield of inelastic 
neutrons. It will be noted also in the data to be given 
on U*8, and has no significant bearing on the results. 

For U™* the data was obtained using a sample whose 
size was the same as that of the smaller gold sample 
above. The raw data are shown in Fig. 5, and in Fig. 14 
are given the results of an analysis whose object is to 
resolve the spectrum into the components of neutrons 
which are due to inelastic scattering and those which 
are due to fission. 

Thus far there are no data on the fission neutrons 
from U™*, but there are data available on the spectrum 
of fission neutrons for the case of U*® which has been 
caused to fission by thermal neutrons. This has been 
studied extensively and is well known.” Over the range™ 
0.18 to 9.0 Mev this spectrum is described by the 
function E%e~°-7"*£, This is the function which is shown 
plotted as a straight line in the semilogarithmic plot of 
Fig. 14. The line has been normalized to fit the observed 
neutron spectrum above the energy of the primary 
neutrons, where the contribution must be due entirely 
to fission. If one assumes that below 2.5 Mev the fission 
spectrum follows the empirical formula given above, 
then a resolution of the spectrum into fission and ine- 
lastic components is possible. Subtracting the fission 


*%B. Watt, Phys. Rev. 87, 1037 (1952). 
* Rosen, Frye, Nereson, and Cranberg (to be published) 
Los Alamos Report LA-1916 (unpublished). 
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neutrons and taking account of another factor of E', 
one may test the possibility of describing the data in 
terms of an effective temperature. The result of this 
analysis is that, except for the strong structure pre- 
viously noted corresponding to levels in the vicinity of 
1.18 Mev, an effective temperature of 0.3 Mev fits the 
data reasonably well. The uncertainty in this tem- 
perature is 10%. 

The inelastic data on gold and uranium have also been 
fitted to a function of the form‘ E exp{2[a(Eo—£) }}}, 
where Ep is the primary energy, but the fit is not 
improved. 

It is not clear at this time to what extent the nuclear 
temperature concept describes nuclear excitations in 
the energy range considered here. A more extensive 
investigation of this matter is contemplated. 
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Co®* decays not only to the first but also to the second excited state of Fe®*. Both of these states in Fe®* 
possess spin 2, even parity, and the transition between them is a mixture of E2 and M1, with a mixing ratio 
6(Z2/M1)=+2.2+0.3. The intensities of the 1.62-Mev and 0.81-Mev gamma rays originating from the 
second excited state (relative to the main 0.81-Mev transition) are 0.005+0.001 and 0.016+-0.005, 


respectively. 


INTRODUCTION 


OBALT-58 belongs to the relatively small class 
of nuclei which can be investigated by nuclear 
alignment techniques.! Such work, in order to be of 
value, requires a detailed knowledge of the nuclear 
decay scheme. In the case of Co**, the interpretation of 


t Assisted by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

* Research Fellow under the U. S. Exchange Program; on 
leave from the University of Milan, and from the Istituto 
Nazionale di Fisica Nucleare, Milan, Italy. 

1 See, e.g., Blin-Stoyle, Grace, and Halban, in Beta- and Gamma- 
Ray Spectroscopy, edited by K. Siegbahn (1 (North Holland Publish- 
ing Company, Amsterdam, 1955), p. 600 ff. 


the alignment experiments”* is based on the decay 
scheme proposed by Deutsch and _ co-workers.‘ 
According to Deutsch, Co®® decays by K capture and 
positron emission entirely into the first excited state of 
Fe®’, and from there into the ground state by emitting 
a single gamma ray of 0.81-Mev energy. The alignment 
experiments confirm this scheme and, in addition, yield 
a consistent spin and parity assignment. 


2 Daniels, Grace, Halban, Kurti, and Robinson, Phil. Mag. 
43, 1297 (1952). 

’ Bishop, Daniels, Goldschmidt, Halban, Kurti, and Robinson, 
Phys. Rev. 88, 1432 (1952). 

4M. Deutsch and L. G. Elliott, Phys. Rev. 65, 211 (1944). 

5 Good, Peaslee, and Deutsch, Phys. Rev. 69, 313 (1946). 





DECAY OF Co88 


Recently, Cork ef al.* proposed a new decay scheme, 
in which Co®* decays into a second excited state of 
Fe**, and by emission of two successive gamma rays, of 
energies 0.5 Mev and 0.8 Mev, into the ground state. 
Since such a scheme would require a revision of the 
interpretation of the alignment experiments and the 
spin assignment, we decided to check this new proposal. 

According to the decay scheme of Cork and co- 
workers, the gamma line observed at 0.5 Mev would 
consist of a nuclear gamma ray and annihilation 
radiation. The intensity of this combined line should 
be considerably larger than that of the 0.8-Mev gamma 
ray. The experimental results® show, however, that the 
0.8-Mev gamma line is more intense. This fact casts 
doubt on the proposed scheme. It actually turns out 
that there is no evidence for the existence of a 0.5-Mev 
nuclear gamma ray and that the scheme of Deutsch 
and co-workers is substantially correct. 

During our work we found, however, that one has to 
complement the original decay scheme of Co*®* by a 
low-intensity K-capture branch which leads into the 
second excited state of Fe®*. We were prompted to 
look for this branch by a recent communication of 
McFarland ef al.’ Investigating the energy levels of 
Fe®* by means of the Fe®’(d,p)Fe®*® reaction, they 
found that the lowest two excited states possess energies 
of about 0.79 Mev and 1.62 Mev. It seems very probable 
that the 0.79-Mev state is identical with the 0.81-Mev 
state reached by K capture and positron emission 
from Co’. Energetically then, Co®* can also decay 
into the 1.62-Mev state. We found, in agreement with 
simultaneous work of Robinson and Fink,® that this 
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Fic. 1. The decay scheme of Co*®, which results 
from the present work. 

6 Cork, Brice, and Schmid, Phys. Rev. 99, 703 (1955). 

™McFarland, Shull, Elwyn, and Zeidman, in Nuclear Level 
Schemes, edited by K. Way, U. S. Atomic Energy Commission 
Report TID-5300, 1955 (unpublished) and F. B. Shull (private 
communication). 

8 B. L. Robinson and R. W. Fink, Bull. Am. Phys. Soc. Ser. II, 
1, 40 (1956). 
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Fic. 2. Gamma ray spectrum of Co’. The coincidence curves 
(B,C) were taken with the axes of the two counters subtending 
an angle @=90° at the source. 


decay does occur. By further investigating Co’, as 
described in the present paper, we established the 
decay scheme which is given in Fig. 1. 


EXPERIMENTS AND RESULTS*""! 


Apparatus and Source Preparation 


We performed most of our measurements with a 
combined “fast” coincidence (27=2X10-* sec)— 
“slow” spectrometer apparatus, using NaI(T1) scintil- 
lation counters. 

The Co** activity was prepared by irradiating Mn 
(a layer, about 0.1 mm thick, electroplated onto a 
copper foil) with alpha particles in the University of 
Illinois cyclotron. In addition to Co®*, some Co” was 
also produced. Since Co*’ emits low-energy gamma rays 
only, it did not affect our measurements. The Co 
activity was extracted chemically, and a solution in 
sulfuric acid was prepared as a source. 


Gamma-Ray Spectrum 


The gamma-ray spectrum, obtained by means of a 
single-channel analyzer (Fig. 2, curve A), and in- 
dependently by a gray-wedge analyzer, shows peaks 
at 0.511 Mev (annihilation radiation), 0.814+0.010 
Mev,® 1.32+0.02 Mev, and 1.62+0.02 Mev. In order 
to distinguish between true gamma rays and sum lines, 
we measured the absorption in lead for each peak. 
Table I immediately shows that the observed 1.62-Mev 
peak is due to a gamma ray (73), whereas the 1.32-Mev 


® Discussions concerning the experimental methods will be 
short, since excellent reviews on scintillation methods (see refer- 
ence 10) and coincidence techniques (see reference 11) are available. 

1 P, R. Bell, in Beta- and Gamma-Ray Spectroscopy, edited 
by K. Siegbahn (North Holland Publishing Company, Amsterdam, 
1955), p. 132 ff. 

1, E. Bell, in reference 10, p. 494 ff. 





FRAUENFELDER, 


TABLE I. Theoretical and observed absorption 
coefficients in lead. 








expt! (poor 
geometry) 


Energy ‘ " 
cm~ 


(Mev) 


0.511 
0.814 
1.32 
1.62 


Mtheoret 
(cm) 











peak corresponds to a summation of the 0.5- and 0.8- 
Mev photopeak pulses. These results were confirmed 
by observing the effect of changes of solid angle on the 
gamma spectrum. 

Additional information was obtained from the 
coincidence spectrum (Fig. 2, curves B and C). Curve 
B, taken with one channel receiving the full 0.8-Mev 
photopeak, shows the presence of the 0.8—0.8 Mev 
cascade. 

Curve C, measured with one channel sitting on the 
full 0.5-Mev photopeak, agrees with the corresponding 
curve obtained by Cork ef a/.6 The peak appearing at 
0.5 Mev is not due to true 0.5—0.5 Mev coincidences, 
but corresponds to detection of annihilation radiation 
in one counter, and Compton pulses of the 0.8-Mev 
line in the other. The spectrum of the single counts 
(Fig. 2, curve A) agrees with this conclusion: using the 
photopeaks of the annihilation radiation and of the 
0.8-Mev gamma ray, one finds a ratio of positrons to 
electron captures which is in agreement with the 
accurate value of Good et al.’ Hence there is no need 
for assuming the existence of a nuclear 0.5-Mev gamma 
ray. 


Intensities of y: and ys; 


The determination of the intensity of y; (1.62 Mev) 
relative to ; proceeds in a straightforward way from 
the ratio of the areas under the photopeaks in the 
gamma-ray spectrum and the calculated ratio of 
efficiencies” for the two energies (Table II). 

Unfortunately this simple method does not apply 
to the yz line, because the energies of v2 and 7; are not 
resolved. Therefore we used a coincidence method to 
determine the intensity of y2 relative to 71: Assuming 
that all positrons annihilate in the source, the following 
formula for the relative intensity I(y2)/I(y1) holds in 
a good approximation: 

I (y2)/I(y1)=i/ (1+), 
with 
i= b[C°*-8(6)/W (0)C°**-5] 
X[ee(0.5 Mev)/e2(0.8 Mev) ], 
and where C°*~°.8(9) is the coincidence rate between 


v2 and 1, photopeaks only, at an angle 6; C°-*~-5 the 
coincidence rate between annihilation radiation (counter 


( 12 _ Mueller, and Wintersteiger, Helv. Phys. Acta 27, 3 
1954). 


LEVINE, 


ROSSI, AND SINGER 

2) and 0.8-Mev gamma rays (counter 1), photopeaks 
only ; 6 the branching ratio B+/(6++-) [adopted value’ 
0.14+0.01 ]; W (6) the normalized directional correlation 
function, and ¢:(EZ,) the photopeak efficiency of counter 
2 for gamma rays of energy Ey. 

Table II contains all the relevant data concerning 
the calculated efficiencies in our geometry. 

From the data in Table II and our measurements we 
determined the relative intensities J (y3)/I (v1) =0.005 
+0.001 and I(y2)/I(y1)=0.016+0.005. 

In order to establish an upper limit for the difference 
in energy between 7; and 2, we measured the 0.8—0.8 
Mev coincidence rate sitting with one channel on the 
entire 0.8-Mev photopeak, and with the other channel 
alternatively on equal adjacent intervals, at the left 
and at the right of the center of the 0.8-Mev photopeak. 
The ratio of the counting rates was 1.00+0.09. Under 
the assumption of a Gaussian shape for the photopeaks, 
an upper limit of 10 kev for the energy difference was 
determined. 


Directional Correlation between y, and y: 


The directional correlation function between y2 and 
i was measured, sitting with both analyzers on the 
full 0.8-Mev photopeaks. Using the expansion 
in Legendre polynomials, W(#)=1+A2P2(cos@) 
+A4,4P,(cos@), and correcting for the finite angular 
resolution of the detectors, we found A2=0.26+0.03 
and A4=0.28+0.05. 


Spin and Parity Assignment 


Our results, together with already known data, 
uniquely determine the spin and parity assignment 
given in Fig. 1. We discuss in the following how we 
arrived at this assignment. 

The Fe*’(d,p)Fe®* experiments of McFarland et al.’ 
indicate that the spin of both excited states in question 
cannot be larger than 3 and that both states possess 
even parity. The conversion coefficient of y; indicates 
that this transition involves at most quadrupole 
radiation. Hence the spin of the first excited state can 
only be 1 or 2, if we presume spin 0 for the ground state 
of the even-even nucleus. The fact that the coefficient 
A, is positive then leaves the sequence 2+ — 2+ — 0+ 
as the only choice. All other combinations exhibit 
negative or vanishing A,.'° This assignment is in 


TABLE II. Calculated photopeak efficiencies of counter 
2 for gamma rays of energy Ey. 








e2(1.6 [e2(0.5 Mev)/ [e2(0.8 Mev) / 
Mev) (0.8 Mev)] (1.6 Mev) ] 
0.040 1.9 2.3 
0.05 1.8 pe 


«(0.5 «(0.8 


Mev) Mev) 


0.176 0.092 
0.2 0.11 


Ref. 
(10) 
(12) 











18K. Strauch, Phys. Rev. 79, 487 (1950). 

44 Cheng, Dick, and Kurbatov, Phys. Rev. 88, 887 (1952). 

15 M. Ferentz and N. Rosenzweig, Argonne National Labora- 
tory Report ANL-5324 (unpublished). 
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agreement with all other data: the ft values for the 
beta decays (log ft=7.5 for the K capture into the 
upper 2* state, log fi=6.6 for the decay into the lower 
2+ state), the nuclear alignment results,?* and the 
conversion coefficient of ;.!*:!4 

The numerical values of A: and A, furnish informa- 
tion about the character of the 2+— 2+ transition. As 
expected, this gamma ray is a mixture of E2 and M1. 
Figure 3 displays the coefficients Az and A, as a 
function of the mixing ratio 6(Z2/M1).!® The experi- 
mental values for A» and A, yield 6=+2.2+0.3. This 
value of 6 is based on the assumption that the measured 
correlation is not attenuated by extranuclear effects.'®!’ 
Two independent arguments speak for this assumption. 
Firstly, the single-particle lifetime of a 0.8-Mev E2 
is about 10- sec, and the neighboring even-even 
nuclei Fe®* and Ni® show lifetimes which are consider- 
ably shorter than the single-particle estimate.'* 
Secondly, the 6 value corresponding to A» overlaps 
very well with the one obtained from A,. Any pertur- 
bation would shift these two values apart, as one can 
see from Fig. 3. The influence of extranuclear fields, 
if present at all, is thus negligible. 


DISCUSSION 


The primary objective of the present work was to 
decide whether the interpretation of the nuclear 
alignment experiments** rests on firm ground. As one 
can see from Fig. 1, all but 2% of the decays from Co®* 
lead into the first excited state of Fe®*. The results of 
the alignment experiments thus are only slightly 
affected. The angular distribution observed at the 
0.8-Mev line is actually a sum of two functions. At 
present, it is unfortunately impossible to determine 
them separately since the energies of y; and 2 are too 
close. Hence, in order to obtain a very accurate angular 
distribution for y:, one must correct the experimentally 
observed function for the presence of y2 by using the 
results of directional correlation measurements. The 
angular distribution of 1.62-Mev gamma ray has been 


16H, Frauenfelder, in Beta- and Gamma-Ray Spectroscopy, 
edited by K. Siegbahn (North Holland Publishing Company, 
Amsterdam, 1955), p. 531 ff. 

wR. M. Steffen, Phil. Mag. Suppl. 
(1955). 

18 N. P. Heydenburg and G. M. Temmer, U. S. Atomic Energy 
Commission Report TID-5300, 1955 (unpublished). 

19 F. R. Metzger, Bull. Am. Phys. Soc. Ser. II, 1, 40 (1956). 
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Fic. 3. Coefficients Az and A, of the directional correlation 
function for the spin sequence 2 — 2-0, as a function of the 
mixing ratio 6(Z2/M1). 


measured by Griffing and Wheatley.” Their results 
are in agreement with the decay scheme given in Fig. 1. 

A second interesting observation can be made 
regarding the decay scheme of Co** as shown in Fig. 1. 
Scharff-Goldhaber and Weneser,” and Wilets and 
Jean,” recently discussed a class of nuclei which show 
the following main characteristics: the ratio of the 
energy of the second to that of the first excited state 
is close to 2, the transition from the second to the first 
excited state is predominantly £2, and the crossover 
intensity is smaller than that of the transition into the 
intermediate state. All three characteristics apply to 
Fe®s: the energy ratio is E2/£,;=2.0+0.02, the 2+ — 2+ 
transition is predominantly £2, and the intensity of y3 
is three times smaller than that of yo. 
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Neutrons from the Proton Bombardment of B+ 
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AND 
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A thin target of isotopic boron has been bombarded with 7.03-Mev protons. The neutrons from the 
B"(p,n)C" reaction, studied by means of nuclear emulsions, indicate an excited state of C" at 2.01+0.06 


Mev. 





HE location of the bound excited states of B"™ is 
very accurately known, primarily because of the 
magnetic analysis of the proton groups from the 
B(d,p)B" reaction by Buechner and his collabo- 
rators.'* In particular, the first excited state of B" is 
found to be at 2.138+0.009 Mev. In the corresponding 
region of the mirror nucleus, C", the locations of the 
excited states are based on studies of the neutrons*~® 
and y rays*:® from B'°(d,n)C™. An excitation energy of 
1.85+0.06 Mev for the first excited state is given by 
Johnson.‘ However, this value, because of the relatively 
small number of proton recoil tracks due to high-energy 
neutrons, was based on the measurement of a total of 
less than 50 tracks on four different plates. Gibson,® in 
an earlier paper, found the excitation energy to be 


B!'ip.n) Cl lo 


TE, = 7.02 MEV 


i— 785 TRACKS 
Oo 
{1 











Fic. 1. The 0° data. N is the relative number of neutrons/100- 
kev interval. 0 and 1 indicate, respectively, the positions of the 
neutrons to the ground state and the first excited state of C™. 


t Work supported in part by the U. S. Air Force through the 
Office of Scientific Research and in part by the joint program of 
the Office of Naval Research and the U. S. Atomic Energy 
Commission. 

* Permanent address: Institut de Fisica, National University 
of Mexico, Mexico City, D. F., Mexico. 

1Van Patter, Buechner, and Sperduto, Phys. Rev. 82, 248 
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2M. M. Elkind, Phys. Rev. 92, 127 (1953). 

’F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955). 

*V. R. Johnson, Phys. Rev. 86, 302 (1952). 

5 W. M. Gibson, Proc. Phys. Soc. (London) A62, 586 (1949). 

* Sample, Neilson, Chadwick, and Warren, Can. J. Phys. 33, 
828 (1955). 


2.02+0.1 Mev. This result was based on roughly 50 
tracks measured at one angle. Since these measurements 
are the only direct evidence on the existence of the 
2-Mev state of C", we felt that it would be of interest 
to attempt a more accurate measurement of its excita- 
tion energy. 

A thin target of isotopic boron powder, painted on a 
tantalum backing, was bombarded by 7.03-Mev protons 
from the M.I.T.-O.N.R. Van de Graaff generator. The 
neutrons were detected by means of Ilford C-2 nuclear 
emulsions, 400 « thick, placed 4 inches from the target 
and at several angles to the incident proton beam in a 
manner described earlier.’ The exposure was 1500 
microcoulombs. The plate processing procedure was 
very similar to that discussed by Allred, Armstrong, 
and Rosen.* The range-energy relation used was that 
derived by Rotblat.? The data shown on Figs. 1 to 4 
have been corrected for geometry” and for variation of 
the n-p scattering cross section." 


160r— 4; i 
B (p,n) C 
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Fic. 2. The 20° data. 
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NEUTRONS FROM PROTON 


Figures 1-4 show our results at 0°, 20°, 45°, and 60° 
to the incident beam. The neutron groups corresponding 
to the ground state of C" are indicated as 0. Those 
corresponding to the first excited state are indicated as 
1. On the basis of these data, we find Qo= — 2.83_0.05+?-8 
Mev,” and Q,;= —4.84_0.05+°-°8 Mev, with an excitation 
energy, E,, of 2.01+0.06 Mev for the first excited state 
of C". Lack of precise knowledge of Hp, due to uncer- 
tainty in the measurement of the target thickness, 
leads to the rather large quoted errors in our Q-value 
measurements. However, Qo—Qi= Ez does not depend 
on a precise knowledge of EF, and is believed to be more 
accurately determined. 

The intensities (in the center-of-mass system) of the 
neutron groups to the ground state are approximately 


E, =7.02 MEV 


O 


70! TRACKS 
H- 45° 














Fic. 3. The 45° data. 


2.5 times greater than the intensities of the groups to 
the 2.01-Mev excited state at all four angles scanned. 
The angular distributions of both neutron groups are 
peaked at 0°: Io°/I20~2.5 for both groups. 


tendent of Documents, U. S. Government Printing Office, Wash- 
ington, D. C., 1955). 

12 To be compared with the very accurate threshold measure- 
ment of Richards, Smith, and Browne, Phys. Rev. 80, 524 (1950), 
which gave Qo= —2.762+0.003 Mev. 

t Note added in proof—The differential cross section for the 
formation of the ground state of C" at 0° is 13_,+ mb/sterad. 
The calculation was carried out in the manner described by L. 
Rosen, Nucleonics 11, No. 8, 39 (1953). We are greatly indebted 
to Dr. Rosen for an illuminating discussion of the calculation. 
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Fic. 4. The 60° data. 


The appreciable number of low-energy neutrons 
(E,S1.5 Mev) cannot be explained as being due to 
transitions to a single excited state of C''. The possi- 
bility that the neutrons were due to the Si®(p,n)P” 
reaction was considered since the target used was 
found, on spectrochemical analysis, to contain ~11% 
of silicon and, therefore, ~0.7% Si”. A second exposure 
was made at the same energy but with a boron target 
containing less than 7g the amount of silicon in the 
first target. The relative number of low-energy neutrons 
was found to be the same within statistics. 800 tracks 
were scanned on the second set of plates at 0° and at 
45° to the incident beam. The possibility that the neu- 
trons were due to C'8(p,2)N'* was also considered. How- 
ever, the amount of carbon in either target was <1% 
and therefore the amount of C" was negligible. The 
“room” background is known from previous experiments 
to be extremely low. Therefore, at this time, no expla- 
nation can be offered for the low-energy neutrons. 
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e-Particle Model of O'** 


S. L. Kamenyt 
Kellogg Radiation Laboratory, California Institute of Technology, Pasadena, California 
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Lifetimes of the four lowest excited states of O'* were calculated on the a-particle model and are here 
compared with experimentally observed values. In addition, the computation of energy levels on each of 
the two possible level identification schemes has been extended to include all predicted energy levels up to 
16 Mev, and compared with the current experimental data. Lastly, the a-particle model was used to provide 
the core wave function of a partially-excited-core shell model of O17, and the lifetime of the $+ 870-kev 
state of O" and the electric quadrupole and magnetic moments of the ground state were computed and are 
compared with experimental values. 

The energy level predictions on one identification scheme are in excellent agreement with experimental 
values in the 0-12.95 Mev range, in that of nineteen observed excited levels, fifteen can be matched within 
1.1 Mev and three others tentatively matched (depending upon experimental determination of spins and 
parities) ; while two levels are predicted but not observed. The lifetime calculations agree to within factors 
of 15 with experimental values, except for an electric dipole transition which is forbidden on the model. The 


O" calculations are useful only in evaluating one of the lifetime calculations. 


HE lifetimes of the lowest excited states of the 

O'* nucleus have recently been determined by 
Devons! and found not to agree with those calculated 
on the single-particle model. Dennison*®* found previ- 
ously that the energies of the low-lying levels of the 
O"* nucleus appear to agree better with the predictions 
of an a-particle model than with those of a single- 
particle or liquid-drop model. It therefore appeared 
somewhat promising to compute the lifetime of the 
lower excited states on the a-particle model. 

In the course of the work the energy levels them- 
selves were computed, paralleling the computations of 
Dennison. Several additional levels were found, and the 
energies of a few of the levels corrected.‘ In addition, 
the present work attempts to assign those energy levels 
which have been reported between October, 1954 and 
December, 1955 by Bittner and Moffat® (reviewed by 
Ajzenberg and Lauritsen®), and by Hornyak and Sherr’ 
and Wilkinson, Toppel, and Alburger.*® 

Lastly, the wave function for the 2+ 7.12-Mev state 
of O'* was used to describe the excited core state of a 
partially excited core shell model of O', in which 
Thirion and Telegdi® had found the lifetime of the 
3+ 870-kev state shorter than that predicted on a strict 


¢ Based upon a thesis presented in partial fulfillment of the 
requirements for degree of Doctor of Philosophy, California In- 
stitute of Technology, Pasadena, California. 

* Assisted in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 
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shell model, but compatible with a model in which the 
O'* core was regarded as partially excited to a 2* state. 


INTRODUCTION 


In the a-particle model, the O'* nucleus is regarded 
as a semirigid harmonically bound structure of four 
a particles whose equilibrium configuration is a tetra- 
hedron. Excited energy levels are then ascribed to rota- 
tions and/or vibrations of the structure, the wave 
functions of which must, in accordance with the Bose 
statistics of a particles, be symmetric in the four par- 
ticles. Once the parameters of the structure are fixed, 
the energy levels and rates of transitions between these 
are completely determined. 

Although in principle, especially if only two-body 
forces were important, the parameterization of the 
structure could be effected from a knowledge of a-a 
forces; a simpler procedure is to deduce the parameters 
from a set of known energy levels. The latter procedure, 
which was used by Dennison,?* and will be adopted 
here, is also safer in that three- and four-body forces 
may be included implicitly. 

Thus the a-particle model is in effect a mathematical 
structure which relates certain observed quantities 
(lifetimes and energies) to other observed quantities (a 
specific set of energies), and the validity of the model 
may be judged according to the accuracy of its 
predictions. 


I, THE HAMILTONIAN 


The Hamiltonian which we employ is the zero-order 
approximation to the semirigid rotator Hamiltonian’: 


p 2 
H=}3w)(J—¢L)*+ j(—+0*) 


ee oie 
1 See er on 
+ 3W2 >( * +4: +e. 2 (= +4 ), 


358 





a-PARTICLE 


in which we use the following notation (which differs 
from that of Dennison? *): wo=%?/I); Jo>=moment of 
inertia= (8/3) Ma?, where M=a-particle mass and 
a=effective radius of tetrahedron; g;= dimensionless 
normal coordinates of vibration ; p;= —ihd/dq;=conju- 
gate momenta; q; refers to a nondegenerate dilatational 
mode of excitation energy w1; g2, g3 refer to a doubly 
degenerate pair-twisting mode of excitation energy w2; 
44, 9s, Ye refer to a triply degenerate mode (in which one 
side of the tetrahedron expands while the opposite side 
contracts) of excitation energy w;; J=operators for 
(total angular momentum)/#; ¢L=operators for (in- 
ternal angular momentum)/#, where ¢=—4, L=L,i’ 
+L,j'+L.k’, where i’, j’, k’ are a set of body axes for 
the tetrahedron, and L,, Ly, L.= (psqe— pogs)/h, (pega 
— pags)/h, (pags— psqa)/h. 

In the Hamiltonian, the terms 4}woJ?, 4wot?L?, 
—wot(J-L) refer respectively to the total angular 
momentum, the internal angular momentum associated 
with the vibration of excitation energy ws, and Coriolis 
interaction between the two angular momenta; while 
the remainder of the Hamiltonian, Hy, belongs to the 
vibrational motion. In the Hamiltonian no account is 
taken of a possible tunnel motion in the structure, but 
it is thought that perturbations made to the energy by 
tunnel motion should be in the kev range.’ 


II. ENERGY LEVELS 


A wave function which is an eigenfunction of H is 
simultaneously an eigenfunction of Hy, J’, L’, and 
J.-L, and has a definite parity ». We shall designate 


I=J-L. 


Then the wave function is also an eigenfunction of FP, 
and 


J-L=3(P+L-P). 
The excitation energy of a state is given by 


E= nywytnowotngws 
+wol 4J (J+1)+$L(L+1)+45-L] 


or 


E=nywytnowot nsw; 


+wol 3) (J+1)+-3L(L+1)—1(I+1)]. 


A state may be designated by specifying the value 
of the numbers 


as Lt 


and the energies are determined once the four constants 
Wo, W1, We, Ws are specified. 

The symmetry requirement determines allowed com- 
binations of the state numbers, as discussed in the 
Appendix. 

The energy expressions for allowed states are listed 
in Table I together with the vibration numbers my, mo, m3, 
total angular momentum quantum numbers J, parities 
p, internal angular momentum quantum numbers L 


Ni, Ne, Ns, 
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TABLE I. Energy levels of O'* on a-particle model. 





E calculated 
Ident. Ident. 
Energy expression (a) (b) 
0 0 0 
6wo (6.14) (6.14) 
10w 10.23 
W1 (6.06) 
W1+6wo 12.20 
W2+3wo (9.84) 
Wet 10w 17.00 
W3t+9w/4 (7.01) 
W3 +9w/ 4 
W3t+19w/4 
W3+27wo/4 
w3at+43wo/4 
W3 + 5 1 wo/4 
2w, 
witwet3wo 
Wi + w3t+ Ow /4 
wi +w3+9w 9/4 
WW) + W3 + 19w/4 
2we 
2w2t+3wo 
2we+6wo 
Wot+w3+3wo/4 
Wotws + 1 5wo/4 
Wot+ws3t+19w/4 
2ws 
2w3t+ 6wo 
2w3+3wo /4 
2ws + 7w/4 
2w3+ 15% 0/4 
2w3t+25wo/4 
W1 + 2we 
witwet wet 3wo/4 
3we 
Swot 3wo 
2we ao W3 + 3wo/4 
2wetws3t+9wo/4 
2wo+wst9wo/4 
Wet2wst+3wo/4 
wo+2w3+7wo/4 
3w3t+wo 
3w3+6wy/4 
4we 


x 
= 


J,pL, pul, pr 





POSKFP REP NNNWWHENOCOCOCOCORPRPRENNNOOCOOHPCOOCCOCOCOORROCOCOCSCO 
CWWNNE FROCK ONNNNNNE EEK OCOR RE ROO RR ee ROCCO OOO 


0 
0 
0 
1 
1 
0 
0 
0 
0 
0 
0 
0 
0 
2 
1 
1 
1 
1 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
1 
1 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 


associated with the ws wave functions, parities p, of 
the ws wave function under the permutation group, 
angular momentum quantum numbers J and parities 
pr of the (angular plus ws) wave functions under the 
permutation group. Where both parities are permitted, 
the parity value p is given as + or + to indicate whether 
the energy of the + or — state, respectively, would be 
expected to be enhanced by the tunnel energy.” 

Also in Table I are listed the energies of the states on 
both schemes of correlation given by Dennison.’ Those 
energy values used in the identification are set off in 
parentheses. The two schemes of identification differ 
principally in the assignment of the excitation energy 


%” According to Dennison,’ the tunnel energy is to be ascribed 
to the pair twisting mode of excitation energy we. In a + doublet 
in which state we is excited, which of the two parity states is of 
enhanced energy will thus depend upon the parity of the wave 
function for the wz vibration plus rotation. Since the wave function 
for the triply degenerate vibration of excitation energy ws; has 
intrinsic parity pp=(—1)™, then for total parity », the wave 
function for wz plus rotation will have parity p;= pip. Hence we 
pan that the energy of the — or + state of a doublet will be 
enhanced by the tunnel energy according as m; is even or odd. 





360 S$; Lh. 


TABLE II. Aeciguenent of oonuy | levels. 








Calculated- Calculated- 
ident. (a) Observed ident. (b) Observed 


E J? E J.~p E Jp E Jip 


ic ene. + 1, * ot 
(6.06) 0* 6.06 0+ (6.06) 0+ 606 0+ 
(6.14) 3- 614 3- (6.14) 3- 614 3- 
(7.01) 2+ 6.91 2+ (6.91) 2+ 691 2+ 

(701) 1- 7.12 17 6.91 2- 

42 0+ 712 2+ 

¥ a T 

2+ 9.84 68 Ot 

2 [8.87 43 17 

rh RR 43 1+ 

4+ 10.36 64 0+ 

2+ 11.51 68 3° 

3+ [11.08 23 4+ 

Ot 11.25 0 * 

3-11.62 75 2+ 

1- [12.43 17] + 

i+ [12.02 43 2+ 

2+ 12.54 52 Ot 

1- 13.09 52 0" 

2-12.51 . 

Ot [12.43 0+] 12 0+ 

1- 20 3- 

> 50 2+ 

2+ mt 

> 97 2 

3 97 2+ 

ot 18 2+ 

4- mn 

3+ : es 

2+ 13.27. 1+ 

a 13.48 2- 

13.52 3- 

13.52 3+ 

13.74 0+ 

13.82 3- 

14.07 4+ 

14.07 4- 

14.25 0+ 

14.25 0- 

14.55 2+ 

14.55  2- 

14.80 2+ 

1480 17 

15.27 2+ 

Ba ft 

15.36 0+ 

15.48 17 

15.49 17 

15.49 1+ 

15.74 3- 

15.78 3- 

15.82 4- 

15.99 0+ 





Levels observed but not predicted 
Ident. (a) Ident. (b) 
[11.10 J(—1)7]}* (837. 23*} 
12.95 2- 
13.24 4+ 
13.65 27 











* See reference 7. 


ws, of the doubly degenerate vibration which in identifi- 
cation (a) first appears in the 2+ state at 9.83 Mev, 
while in identification (b) occurs in the 2* state at 6.91 
Mev. It is believed that all states whose predicted 
energy on either identification is less than 16 Mev have 
been included. 
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In Table II the energy levels predicted on the two 
identification schemes are listed in order of increasing 
energy and compared with observed energies. Pre- 
dicted energies used in the identification are placed in 
parentheses, while observed energies whose angular 
momenta are uncertain are set off in brackets. Observed 
energies are those given by Ajzenberg and Lauritsen,® 
with some additions from Hornyak and Sherr.’ 


III. MEAN LIVES OF LOWER EXCITED STATES 


Devons! has made experimental determinations of 
the lifetime of the 0+, 3-, 2+, and 1~ states at 6.06, 
6.14, 6.91, and 7.12 Mev, respectively. In order to 
compute the lifetimes of these states on the a-particle 
model, we chose a particular set of standard coordinates 
gi---gs of vibration and Euler angle coordinates of 
rotation. After expressing in these coordinates the wave 
function for the four excited states, the ground state, 
and the operators which provide the transition to the 
ground state, we could then compute the lifetimes. 
The four lifetimes are discussed separately below and 
the results tabulated in Table III. 

We use the following notation: Wo, Ws, W2, Wi 
=excitation energies for first four excited states, 
0+, 3-, 2+, 1-, on identification (b); W,’/=excitation 
energy for 2+, or 1~ state on identification (a); Mc 
=rest energy of a-particle; a=e?/Ac=1/137.03, the 
fine structure constant ; w.=W.—3W;= vibrational ex- 
citation energy for doubly degenerate vibrational mode ; 
w;=W.1—%W;=vibrational excitation energy for triply 
degenerate vibrational mode on identification (b); ws’ 
= W,'—%W;=vibrational excitation energy for triply 
degenerate vibrational mode on identification (a) ; 


0+(E=W =6.06 Mev) — 0*(E=0). (a) 


This transition goes by pair production. The transi- 
tion rate was computed for the direct first order process 
involving pair production by the time-varying electric 
field inside the nucleus. Computation of higher order 
corrections to the pair production process did not appear 
to be justified here. 

The calculated mean life, 


15a W;(Mc*)*h 
he Rn theta coed Canam 


=4.6X10-" sec, 
8a? (w)4 


TABLE III. Mean lives of low-lying states of O'*. 





Mean life in seconds 
Energy 
State (Mev) 


O+ 6.06 (7+1)X10-1 
3- 6.14 4.3 X10-8< r< 1.2 X10-" 
2+ 6.91 <1.7X107" 


Experimental* Theoretical> Remarks 





10-12 
x<10-" 
Ident. 
Ident. 
Ident. 
Ident. 


im 7.12 $1.2X10°% O-%’ <r <5 X10" 


0-% <7 <5 X1078 








® The experimental mean life for the 0* state is taken from reference 9; 
the others from reference 10. 

> The theoretical limits for the 1~ state are values given by the indirect 
approach of paragraphs (1) and Mod of Sec. III(d) above. On the strict 
a-particle model, r =1.6 X10~ 
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is shorter than the experimental value by a factor of 15. 
(b) 3-(E=W;=6.14 Mev) — 0*+(E=0). 


An electric octupole transition is involved. The 
calculation is straightforward and yields a mean life 


245 (Mc’*)*h 
y= — —=3,210-" sec, 
24a (W3)4 


which is two or three times longer than the experi- 
mental value. 


(c) 2+(6.91 Mev) — 0+ (ground state) 


An electric quadrupole transition is involved. The 
calculation is straightforward except that for the 2+ 
state, the two identification schemes, (a) and (b), 
assign different vibration numbers, 001 and 010, re- 
spectively. The wave functions thus differ and the 
lifetime computed on identification (a) is ten times 
longer than that computed on identification (b). 

According to identification (b) with E=W.=6.91 
Mev, w2= 3.84 Mev and the mean life is 


25 (W3Mc)*h 


142 ——— =1.95X10-" sec, 
24a we(W2)4 
which is well within the limits set by experimental data. 
On identification (a), with E=W,/=7.01 Mev, ws’ 
= 4.71 Mev and the mean life is 


45 (W;Mec*)*h 
ge 2.4X 10-" sec, 
4a w;'(W,’)4 
which is just outside of the experimental limits. 
(d) 1-(E=W,=7.12 Mev) > 0+(E=0). 


This is an electric dipole transition. On the a-particle 
model however, electric dipole transitions are forbidden, 
since all particles have the same charge/mass ratio. 
Thus the center of charge coincides with the center of 
mass, and the electric dipole moment vanishes so that 
the dominant contribution to the transition rate is 
given by the third-order electric dipole moment opera- 
tor. The mean life calculated on the strict a-particle 
model on identification (b) with W,=7.21, w3;=4.91 
Mev is 

225 w3(Ws3)?(Mc*)*h 
=— ——_______- = 1.6 X10" sec, 

12a (w,)? 


and identification (a) would produce a similar result. 
The value is larger by a factor > 10‘ than the limit set 
by experimental data. It is not expected that this value 
for the lifetime has any significance. (A single-particle 
model would give a lifetime of the order of 10-'® sec 
for this transition, so that a very small admixture of 
single-particle wave function with a predominantly 
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a-particle wave function in the 1~ state would account 
for the observed lifetime.) 

It is possible to get rough but perhaps more meaning- 
ful estimates for the lifetime of the 1~ state by following 
some arguments proposed by Wilkinson." 

(1) We obtain an upper limit for the lifetime of the 
1- state by considering that the (1- — 3-)/(1- > 0* 
(ground)) branching ratio is observed to be less than 
0.008. Since the 1-—> 3- transition goes by electric 
quadrupole, we can presumably calculate the 1~- — 3- 
lifetime correctly on the a-particle model and we thus 
obtain the upper limit 5X 10-" sec for the 17 lifetime. 

(2) To get a very rough lower limit for the lifetime, 
we consider that the (2+— 3-)/(2+—>0* (ground)) 
branching ratio is observed to be less than 0.005. We 
assume the same single particle admixture to be present 
in the 2+ state as in the 1~, so that the rate for the 
2+— > 3- transition differs from that for the 1~ — 0* 
transition by a factor of the cube of the ratio of energy 
difference. Lastly, we use the 2+ — 0* lifetime calcula- 
tion given by the a-particle model and combine the 
factors. The lower limit is dependent upon which of the 
two identifications used for the 2+ state: the lower 
limit for the 1- lifetime under identification (a) is 
9X 10-"* sec, while under identification (b) it is 4 107"* 
sec. 

The value given by the identification (b) is within 
experimental limits, while that given by identification 
(a) falls outside. 


IV. APPLICATION TO O"” 


Thirion and Telegdi® found that in O" the 3+ 870-kev 
state decays to the (5/2)*+ ground state with a mean 
life of (2.5+1)10-" sec. They computed that on a 
strict shell model of a neutron outside an O'* core, the 
lifetime would be ~10~7 sec; and suggested that an 
admixture of partially excited (2+)O"* core states could 
account for the observed lifetime, provided that the 
lifetime of the 6.91 Mev, 2+ state in O'* were short 
enough. 

We have accordingly used a-particle wave functions 
to describe the O"* core of a partially-excited-core shell 
model of O'7, and computed the 3+ — (5/2)* transition 
rate and the electric quadrupole and magnetic moment 
of the ground state, to see whether such a model could 
fit the three data. The wave functions were of the form 


Vy (C )7) — AP ay” (N)V o(C )16) 
3 
tae 2 Cj, m—j,m* 5b? (m) 24" (0) 


i} 


V4" (O!) = ay," (n)Wo(O"*) 


3 
tbe Cj m—j, mo? ayy,” (O'), 


int 


1 —. H. Wilkinson and G. A. Jones, Phil. Mag. 44, 542 (1953). 
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where the C’s are Clebsch-Gordan coefficients, and 
do, G2, bo, bg are adjustable parameters. a2 and by are 
regarded as small; ao and by are real; ag?=1—|a»|*; 
be? —1— | b|?. 

The computed $+— (5/2)* transition rate, disre- 
garding the small neutron transition contribution, is 
given by 


Wyr* 1 
w= |asbr+-vSbas*|+(—) —} 
W. 


2 T20 


with W=870 kev and Ws, r2, being interpreted as 
either the primed or the unprimed quantities according 
to the identification scheme used to describe the 2+ 
state. On identification (b), 


w= | dob2+V3boas* |? 1.6 10" sec, 
while on identification (a), 
w= | dob2+V3boa2* |? 1.2 10° sec. 


Comparing these expressions with the observed 
transition rate of 4X 10° sec~!, we see that on identifica- 
tion (a) no exact fit is possible, consistent with weak 
excitation of the core. On identification (b), however, 
the observed rate can be matched if | aob2+v3boa2* |? 
=0.5; for which, given the most favorable phase rela- 
tionship b.« a_*, a quite low amplitude of core excita- 
tion, d2=b2~0.2 (4% probability of excitation) is 
possible. 

In the latter case, a ground state quadrupole moment 
of —2eX10-" cm? and magnetic moment of —1.81 
nuclear magnetons are obtained, in fair agreement with 
the observed values” of (—52+2)eX10-" cm* and 
— 1.893 nuclear magnetons, respectively. 


V. INTERPRETATIONS 
1. Energy Levels 


On either scheme of identification it is possible to 
match almost all observed levels below 12.95 Mev, to 
within 1 Mev. (The only exceptions here are the levels 
at 8.87, 11.08, and 11.10 Mev, for none of which are 
the angular momentum and parity known exactly). The 
first two are reported by Hornyak and Sherr’ to be 
most likely 2~ but possibly 3+. On identification (a), 
levels at 8.87 and 11.08 Mev can be fitted only if their 
spins and parities are 2-, 3+, respectively; the 8.87- 
Mev level is regarded as the 2~ component of a 2* 
doublet (the other component being the 9.84-Mev 2+ 
state) which, in this identification must be inverted 
with respect to the predictions of the model. On 
identification (b), the 8.87-Mev level cannot be fitted 
at all and the 11.08 level can be matched only if its 
spin and parity is 2~. The 11.10-Mev level is reported 
by Bittner and Moffat® to have appeared in the C”(a,a) 


ee Gunther-Mohr, and Townes, Phys. Rev. 83, 209 
1951). 
18 F, Alder and F. C. Yu, Phys. Rev. 81, 1067 (1951). 
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scattering and thus must have parity (—1)/. On 
identification (a), no such state can be matched; while 
on identification (b), a fit is possible only if J=1. The 
12.02-Mev state is reported by Hornyak and Sherr’ to 
be a gamma-emitting level and thus should have parity 
(—1)’*. On identification (a), assignment of this level 
is possible only for J, p=1~. On identification (b), it 
is possible to identify the 12.02-Mev level either with 
the 0- level at 11.52 Mev, or with the 2- level predicted 
at 12.97 Mev, provided that the reported 12.95-Mev 2- 
level is not ascribed to the a-particle model (see below). 

One must note that in the 0-12.95 Mev region, the 
correlation between observed and predicted levels is 
not one-to-one on either identification scheme. In the 
most optimistic case on identification (a), regarding the 
8.87, 11.08, and 12.02 Mev levels as matched (i.e., 
spins and parities 3+, 2-, 1+, respectively), one finds 
that there are two levels (9.42 and 9.57 Mev) which 
are predicted but not observed, and one level (11.10 
Mev) which is observed but not predicted. On identifi- 
cation (b), for the most optimistic case, regarding the 
11.08- and 11.10-Mev states as matched (i.e., spins and 
parities 2~, 1-, respectively), one finds that there are 
at least seven levels [6.91(2-), 7.12(2*), 7.68, 9.43(1*), 
9.64, 9.68, 12.20, and perhaps 11.52 Mev (0-)] which 
are predicted but not observed, and one level (8.87 
Mev) which is observed but not predicted. 

For energies above 12.95 Mev inclusive, there are 
three or four observed levels (depending upon whether 
there are one or two levels at 13.65 Mev) which can 
be fitted on identification (b) but which cannot be 
matched within 1 Mev on identification (a). However, 
the equivalence theory for neutrons and protons re- 
quires the correspondence of four levels in O'* to the 
four known levels (0 to 0.31 Mev) in N!®. Since N!* has 
isotopic spin 7=1 (T,=1) the corresponding O"* levels 
must have T=1 (T,=0), but since a particles have 
intrinsic T=0, these levels could not appear on the 
a-particle model. Ajzenberg and Lauritsen find that 
these levels (the lowest has J, p=2-) should appear at 
energies 12.95 through 13.34 Mev in O'*. Thus the lack 
of predicted levels 12.95 Mev (J=2-) 13.24(J=4*) 
and perhaps also 13.65 Mev (J=1* or 2-) is to be 
considered to be evidence favoring identification (a). 

Thus, as previously stated by Dennison,’ it would 
appear that the energy level evidence favors identifica- 
tion (a) over identification (b). 


2. Lifetimes 


The results of the lifetime calculations are only in 
fair agreement with experiment. The 1~ lifetime corre- 
sponding to an electric dipole transition, is forbidden on 
the a-particle model and thus a strict calculation was 
expected to come out qualitatively incorrect. The 3- 


14 F, Ajzenberg and T. Lauritsen, Quarterly Progress Report 4, 
Department of Physics, Boston University, September 30, 1954 
(unpublished), Appendix B. 
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and 2+ lifetimes should, on the other hand, be correctly 
predicted qualitatively and perhaps quantitatively. 
Thus for the 3~ lifetime, where experiment yields 
narrow limits, the model yields a value which is close, 
being a factor of 3 to 8 times too large. For the 2+ 
state, the theoretical lifetime depends upon the identi- 
fication scheme employed. Identification (b) yields a 
lifetime which is well within the limit set experi- 
mentally, while the lifetime on identification (a) falls 
outside by a factor of 1.5. 

For the 0+ pair emission lifetime, the a-particle 
model produces a lifetime which is shorter by a factor 
of 15 than the experimental value. This is in agreement 
with computations by Schiff'® who points out that any 
pure collective model (in which the excitation of the 
0+ state at 6.06 Mev is attributed to a dilatational oscil- 
lation of the entire nucleus) must produce too large a 
matrix element for this transition. This and other 
evidence such as the short 1~ lifetime show that quanti- 
tatively correct model of the O'* nucleus cannot be 
achieved by a pure collective model but only by a 
model which considers other types of excitation, such 
as single-particle excitation, as well. 


3. O'7 Calculations 


The calculations on O" show only that if the par- 
tially excited core shell model of O" is correct, then the 
half-life of the 2+ state of O'* is probably equal to or 
less than that predicted on identification (b) and cer- 
tainly less by a factor of 10 than that predicted on 
identification (a). 


VI. SUMMARY AND CONCLUSIONS 


As previously stated by Dennison,’ the a-particle 
model on identification (a) shows a remarkable agree- 
ment with experiment in the prediction of energy levels 
of O'*. Of the first nineteen excited states which are 
experimentally observed (0-12.95 Mev), fifteen are 
definitely predicted and three others tentatively pre- 
dicted (awaiting experimental determination of their 
spins and parities), all to within 1.1 Mev or less; two 
levels are predicted but not observed. On the basis of 
charge symmetry considerations relating states of N'® 
to those of O°, it is felt that there is little use in attempt- 
ing to carry level identification to higher energies. 

Lifetimes of the first four excited states (0-, 3-, 2+, 1-) 
calculated on the a-particle model (except that of the 
1-— 0+ decay which is forbidden on the model) are 
within about one and one-half orders of magnitude of 
the experimental values. These results probably repre- 
sent what one should expect under the approximations 
which are implied in the calculations. The slightly 
greater success in lifetime predictions afforded by 
identification (b), which appears to give a better 
approximation to the 2+ lifetime than does identification 
(a), probably does not represent anything significant. 


16 L,I. Schiff, Phys. Rev. 98, 1281 (1955). 
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In conclusion, we can say that the a-particle model 
appears to give order-of-magnitude correct answers in 
lifetime calculations involving only first excited vibra- 
tional levels, so long as only those processes consistent 
with the model, are involved. When further experi- 
mental evidence on the O'* nucleus is obtained, it will 
be interesting to perform other dynamical calculations, 
to see whether similar order-of-magnitude agreement 
with experiment is obtained. 
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APPENDIX. SYMMETRIZATION OF WAVE FUNCTIONS 


A wave function of an assemblage of four a particles 
is required to be invariant under the group P of per- 
mutations of the four a particles. P is isomorphic to the 
group P, of permutation of four objects and hence 
possesses four irreducible representations (1111), (211), 
(22), (31), (4) of dimensions 1, 3, 2, 3, 1, respectively, 
in which the basis vector of the first is symmetric in all 
four objects, those of the second are antisymmetric in 
a pair of objects and symmetric between that pair and 
the others, the third is antisymmetric in each of two 
pairs and symmetric between the two pairs, etc. 

The set of wave functions for first excited states of a 
particular degenerate vibrational level must form basis 
vectors of particular irreducible representations of P,, 
and it is easily found that gq: belongs to the (1111) 
representation; g2,qg3 to the (22) representations; 
4, Ys, Ys to the (211) representation. 

The permutations P on the vertices of a tetrahedron 
form a subgroup of the complete rotation group, so 
that for any fixed J, p, and m=J, the permutations P 
induce on the (2J/+1) angular wave functions Y ;+*™ 
a group of unitary transformations which form a repre- 
sentation R of P,4, of order 2/+1 and are, in general, 
reducible. (For a particular, fixed J, p, m the similarity 
transformation which completely reduces R is inde- 
pendent of m and produces linear combinations of 
functions of different k values; such that under P these 
combinations transform only within independent sets, 
each set according to an irreducible representation 
of P,.) 

The number of irreducible representations of P, in- 
duced in functions of angular momentum and parity J* 
are given in Table IV. 

For the total wave function to be invariant under P, 
the vibrational and rotational parts must belong to the 
same irreducible representation. Thus 

(1) The only pure rotational states (vibrational 
ground state belongs to (1111)) are those containing 
the (1111) representation, and have J, p=0*, 3-, 4t---. 
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Taste IV. Number of irreducible representations of P, induced 
in functions of angular momentum and parity J+. 





J* o* + - 3+ 
n(1111) 


1 
n(211) 0 
n(22) 0 
0 
0 





n(31) 
n(4) 


0 
2 
1 
1 
0 





(2) The vibration number, ;, never affects the sym- 
metry ; hence there is no restriction on the value of m. 

(3) The vibrational state m2=1 belongs to repre- 
sentation (22); the vibrational state m.=2 belongs to 
representation (1111) or (22); the vibrational state 
n2=3 belongs to representation (1111) or (22) or (4). 
Hence states with m2, m;=1,0 have J, p=2+, 4+, 5+, 
--+3 states with m2, m3=2,0 have J, p=Ot, 2%, 3-, 44, 
5+, ---; and states with m2,;=3,0 have J, p=0+#, 
2+, 3+, 4%, 5+, ---. 

(4) States with n;=0 will have to be eigenfunctions 
of L? and J-L in addition to being symmetric. 

(a) For a given value of m3, eigenvalues of L? have 
L=n3, n3— 2, n3s—4, --- with L>O. 

(b) Call V’ an eigenfunction of L?=L(L+1) and 
L,=j. Then the operator J-L operating on Yy'"V z/ 
can increase k and j, decrease k and j, or leave both 
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unchanged. Hence an eigenfunction of J-L will be 
made of Y,;*"V,/ combinations in which k—j=con- 
stant, or in which functions of total angular momentum 
J and internal angular momentum L combine as 
I= J-L. 

Under the group P, the wave function for (angular 
momentum J)+(m3 state with internal angular mo- 
mentum L) will transform like an angular function with 
angular momentum I= J—L. The parity we should 
associate with J is pr= pip; where pp= (—1)*=(—1)™, 
since the vibration wave function for m;=1 transforms 
under P exactly like the angular function for J, p=1-. 

(5) The rules governing the choice of L, px, I, p1, 
J, p for given m1, m2, nz are therefore: 


(i) L=ns, n3—2, N3—4--- ; L>0; 
(ii) px=(—1)™; 
(iii) J, py are given as a function of m2 by the table: 
ne I, pr 

Ot, 3- 4+, 6+... 
2+, 4+, 5+, 6*--- 
Ot, 2+, 3-, 4+, 5+, 6+... 
Ot, 2+, 3+, 4+, 5+, 6t---; 


(iv) |J—L| <I <|J+L]; 
(v) p=pupr. 
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A number of observed magnetic multipole isomeric transitions 
are forbidden on a strict Mayer model of the nucleus, and even 
on a number of variations thereof, if the ordinary magnetic 
moment operator is used. Possible explanations include modifi- 
cations of the nuclear model, of the magnetic moment operator, 
or of both. Modifications of the operator involve consideration of 
the currents due to the exchange of mesons between nucleons which 
give rise to interaction contributions to the magnetic moment 
operator. An exploratory investigation has been carried out to see 
to what extent these interaction effects by themselves can 
account for these so-called forbidden transitions. Using certain 
simplicity arguments the operators were chosen from the set 


which can be written down, phenomenologically, with the radial 
functions arbitrary. The dipole calculations were performed on 
both the Fermi model and the shell model. On the Fermi model, 
the transition matrix element involves the unknown radial 
function only in an integral which is identical for all transitions. 
By an appropriate but arbitrary choice of the numerical value of 
this integral, the data can be accounted for, though somewhat 
crudely; the difference between transitions in odd-proton and 
odd-neutron nuclei is not explained. There are very few data on 
“forbidden” octupole transitions; the data that do exist can be 
more or less understood in terms of the interaction moments. 





I. INTRODUCTION 


LTHOUGH the Mayer’ model of the nucleus 
successfully accounts for many observed prop- 
erties of nuclei, modifications of this model are necessary 
in order to account for some data not in accord with 
the Mayer predictions. In particular, the magnetic 
moments of nuclei are in qualitative agreement with 
these predictions (the Schmidt lines?) but do not agree 
quantitatively with them. There are two principal ways 
in which these deviations from the Schmidt lines might 
be explained. One approach is to assume that the Mayer 
scheme determines the parity and angular momentum 
and perhaps the largest part of the true wave function 
at least for the ground state but that it must be modified 
to include admixtures’ * from a few of the outer particles. 
For the excited states the above situation may hold 
and in addition collective vibrations of the core’ may 
have to be included in the nuclear wave functions.® The 
other is to retain the Mayer picture but to generalize 
the magnetic moment operator to include, besides the 


* Reported at the Washington Meeting of the American 
Physical Society in April 1955 [Phys. Rev. 99, 649 (A) (1955) ]. 
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contribution associated with the orbital and intrinsic 
spin angular momenta, the interaction effects arising 
from the exchange of mesons between nucleons. These 
interaction effects can be treated from a fundamental 
meson theoretic viewpoint’'® or, as first pointed out by 
Sachs,® from a phenomenological viewpoint.’ The 
underlying theory of these effects is that internuclear 
forces are produced by a field bearing charged mesons 
which give rise to a charge-exchange potential. Once 
the possibility of these exchange forces is admitted, 
any meson theory must give rise to an interaction 
current in order to satisfy the requirements of charge 
conservation. It has been pointed out by Sachs and 
Ross® that there are some observed isomeric transitions 
in odd-A nuclei which would not be expected to occur 
on the Mayer model of the nucleus. These are magnetic 
dipole (M1) transitions, involving a change of two units 
of orbital angular momentum (but of course only one 
unit of total angular momentum) and are therefore 
forbidden by the ordinary magnetic moment operator 
which can connect states differing at most by one unit 
of orbital angular momentum. The forbidden transi- 
tions, too, can be explained either by admitting admix- 
tures to the wave functions and/or by interaction effects. 
Ross” has shown that the types of admixtures which 
could explain the forbidden transitions require what 
seem to be unreasonably large departures from the 
Mayer model. The current trend is not to take the 
Mayer model too seriously, and both admixtures and 
interaction effects may be needed to explain both the 
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deviations from the Schmidt lines and the forbidden 
isomeric transitions. However, rather than study both 
effects, we want to see to what extent the data can be 
explained by isolating interaction effects.‘ It should be 
expressly noted that in spite of our use of the Mayer 
model, our results are not completely restricted to the 
Mayer model; we need not rule all admixtures out of 
consideration, since for many of the possible admixtures 
the selection rules are violated for the ordinary magnetic 
moment operator. The only effect of these admixtures 
would be to require a renormalization of the wave 
functions which would change the calculated transition 
probabilities only by a few percent for reasonable 
admixtures. Once the possibility of interaction effects 
is admitted, then they will be expected to contribute to 
all isomeric transitions. The forbidden transitions, how- 
ever, offer a possibility of isolating the interaction 
effects, since the ordinary magnetic moment operator 
cannot contribute in these cases. Ross” investigated 
the possibility of explaining the forbidden dipole 
transitions by means of interaction effects, but at that 
time there was very little experimental data available; 
only one lifetime was known with any accuracy. Since 
then nearly a score of lifetime measurements have been 
made of forbidden magnetic dipole transitions. In 
addition, there is some evidence for the existence of 
forbidden magnetic octupole transitions. Magnetic 
quadrupole and magnetic 2‘-pole forbidden transitions 
are not expected on the Mayer model for the same 
reason, pointed out by Mayer' in her original paper, 
that £1 isomeric transitions are not to be expected, 
viz., the levels connecting the states between which 
transitions would give rise to the radiation in question 
lie in different Mayer shells. 2° and higher forbidden 
multipole transitions can take place only in the region 
of the naturally radioactive and transuranic elements 
and because of the small probability for the occurrence 
of such transitions, they are not likely to be observed 
in competition with other modes of decay. 

In view of the fact that so much more data are now 
available, it seems then that a reinvestigation of the 
forbidden transitions might throw light on the role 
played by interaction effects inside nuclei. 


Il. THE OPERATORS 


Because there is no firm foundation for the various 
meson calculations, the operators are obtained in a 
phenomenological manner; that is, the empirical evi- 
dence is expressed in terms of the simplest operators 
involving the nuclear coordinates. This is the approach 
which has been used with some success in explaining 
the deviations of the magnetic moments from the 
Schmidt lines,"-!* and in investigations of the neutron- 
deuteron cross section, the neutron-proton cross sec- 


4 Volkov (reference 4) has taken the other point of view and 
has studied the effects of admixtures in connection with the 
magnetic moments and forbidden isomeric transitions. 
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tion,'* and the photodisintegration of the deuteron.'” 
Also, interaction effects have been considered!*® in 
calculations of the hyperfine structure splitting in He’. 

The problem of writing down the interaction operator 
phenomenologically has been considered by several 
authors and in greatest detail by Berger and Foldy”® 
who wrote down, subject to certain conditions of 
invariance and symmetry, the most general two-body 
velocity-independent dipole operator. In principle, the 
operators for the higher multipoles could be obtained 
in the same way. However, this would be a lengthy 
procedure which does not seem justified since in any 
event the radial functions and the strength of the 
individual terms are undetermined on a phenomeno- 
logical approach. An idea suggested by Stern and 
Schwinger and used by Stern” and by Villars and 
Weisskopf* seems to be a simple and reasonable 
method of choosing a gauge-invariant operator which 
gives rise, for all multipoles, to a spin-dependent inter- 
action. (Only spin-dependent interactions can account 
for the forbidden transitions in which we are interested.) 
It gives rise in the dipole case to just three of the 
operators written down by Berger and Foldy, and 
these are the ones used by Villars® in explaining the 
H’— He’ anomaly and also by Russek and Spruch" in 
dealing with the deviations of the magnetic moments 
from the Schmidt lines. 

Ross” has shown that if interaction effects alone are 
to account for both light- and heavy-body data, the 
operator must change rather markedly in passing from 
light to heavy nuclei. Interaction effects may account 
for heavy-body data if the interaction is due both to 
two-body and to many-body interactions. It is possible 
to retain the form of a two-body interaction if it is 
assumed that the two-body and many-body interactions 
can be combined to give an effective two-body operator 
which will not change very markedly over the range of 
medium and heavy nuclei. This corresponds to the 
assumption that the effect of the neighboring nucleons 
on an interacting pair has a smoothed-out average 
influence which need not, however, be small.!” 

In their derivation of the interaction operators, 
Villars and Weisskopf* express the two-body charge- 
interaction potential, Vi2, taken from the experimental 
data, in a form which often appears in meson-theoretic 
calculations, namely, 


V 10 (8 12,01,02,%1 ° 2) weal i fad 72V (112,01,02) 


= (41° t2)[ (01° V1) (Oo: V2) 01 (712) +-M2(r12) |, (1a) 
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where ¢; is the isobaric spin operator of the ith nucleon. 
The functions “; and u2 are determined by this equation. 
Then they construct what is probably the simplest 
charge-exchange spin dependent gauge-invariant poten- 
tial, namely, 


ie 
Wurm Deiter | ( ‘V1—-—01° A(r) ) 


he 


ie 
x (o. Vot—e: A(t) uta] 
he 


1e 
xexp| -—{ A-dr| + Herm. conj., (1b) 
CY r1 


where A is the vector potential and r+=4(r?+ir"). 

For weak fields, a good approximation to Eq. (ib) 
can be obtained by expanding in powers of A and 
retaining only those terms linear in A. This corresponds 
to the assumption that the field is sufficiently weak so 
that it does not alter the motions of the mesons nor of 
the nucleons appreciably. For magnetic moment calcu- 
lations the vector potential associated with the external 
field must be used and this gives, upon eliminating the 
isobaric spin, the operators 


My= Miong.= (te/2hc)d>1 Ye 1X r2V (112,01,02) Piz, 
M.= (e/2hc)>1 D2 112" fo(ri2) (01—2) Piz, (2) 
M;= (e/2hc)>d 1 de fa(ri2)[ tie: (o:—@2) |tieP 12, 


where r; and o; are the position and spin operators for 
the ith particle, V is defined by Eq. (1a), fo and f;=f 
can be expressed in terms of the u, which follow from 
Eq. (la), and Pi. is the space exchange operator. 
Only one of these operators, M; has a firm theoretical 
foundation,’ and an investigation by Spruch” has shown 
that it alone cannot account for the deviations of the 
magnetic moments of nuclei from the Schmidt lines. 
It will be noticed that of these three operators only 
the last one, Ms, has the possibility of carrying off two 
units of orbital angular momentum. (It should be 
noted that the operator rXr2 transforms as an L=1 
operator.) For calculations of ,magnetic transition 
probabilities in which the emitted photon carries off L 
units of orbital angular momentum with projection M, 
we use the vector magnetic potential of order L, M™ 
generated by the interaction currents themselves, and 
normalized to one quantum per unit energy state. The 
operators have the same form as those in Eq. (2) but 
of course involve the wave number of the emitted 
radiation because of the normalization chosen. Of the 
operators obtained in this way, the only one which 
contributes to the forbidden isomeric transitions can be 
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written, again after eliminating the isobaric spin, 
HP 0 2A i(te ‘he) (3 Sar) 1 f(ri2) (@1—@2) ‘ P12 |Z12P 12, (3a) 


where H’™ serves as the perturbation which gives rise 
to a photon with quantum numbers LZ and M; 212 is 
the projection of ry2=r,—r2 on an arbitrarily chosen 
z-axis and f(ri2) is an undetermined function of the 
interparticle distance which is expected, however, to 
have a range comparable to the range of nuclear forces. 
In the Villars-Weisskopf formalism V2 is considered 
known, one then determines (712), and f{(r12) follows 
from the relation 


f (riz) = Ld, ‘Orso (m1) | 112. 


From our viewpoint, Vi. is the effective potential in 
the presence of the other nucleons and as such is not 
known. We have therefore attempted to perform the 
calculations, wherever possible, in such a way that the 
specific form of f(r12) need not be known. It is under- 
stood that this operator must be summed over all pairs 
of particles and that it acts on wave functions which 
have been antisymmetrized separately in neutrons and 
protons. A, arises from the introduction of the vector 
potential; the general form is given by 


Az,=i(2he)eL(L+1) }R“4/(2L+1)!!, 
where & is the wave number of the emitted radiation and 
(2L+1)!!=(2L+1)(2L—1)---3-1. 


Similarly for the octupole, keeping only those terms 
which can carry off four units of orbital angular 
momentum, we find 


Ho= 
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(3b) 


As already observed, use of the suggestion of Villars 
and Weisskopf in deriving the operators gives a much 
more restricted set than that which arises on a strict 
phenomenological basis. The latter gives thirteen dipole 
operators,"® only six of which give contributions by 
virtue of the selection rules to forbidden transitions. If 
the further requirement of charge independence plus no 
nucleon recoil is imposed, only three operators con- 
tribute. One of these is considered here [ Eq. (3a) ], and 
one gives zero on the Fermi model and is therefore 
expected to give a small contribution on a shell model. 
Thus the essential difference between the approach 
taken here and a strict phenomenological one is the 
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neglect of the operator designated Min by Berger and 
Foldy.’® For higher multipoles there are many more 
operators and our approach involves the neglect of 
more than just one of the operators arising on a phe- 
nomenological basis. In a previous calculation" only 
operators arising on lowest order meson theory were 
used. This is inconsistent with the present viewpoint 
that many-body interactions are significant. However, 
the ‘assumption made above that the two-body and 
many-body interactions can be combined to give an 
effective two-body interaction means that the two 
calculations are formally the same. 


Ill. TRANSITION PROBABILITIES 


The transition probability for emission of radiation 
of multipole order Z is found by using the well-known 
formula, 


wp= (24/h)(27:+1)7 
XLiu Limi Lim;| A’ mims|*p(E)dE, 


where, because of the normalization chosen for the 
vector potential,” 


| H’mam;|%p(E)dE 
= (2a /khe)| (Wm;(f), 01,2 A?! Wm,(i))|*, (4b) 


where Vm;(f) and Wm,(z) are the nuclear wave functions 
in the final and initial states antisymmetrized sepa- 
rately in neutrons and protons; my and m; are the 
projections of the total angular momenta j; and ; of 
the outer particle in the two states. If the summations 
over m, and m; are done first, the result must be 
independent of M by the principle of spectroscopic 
stability.“ Thus the summations over M can be done 
first by choosing a particular value of M, say M=O, 
and multiplying by the number of M states, 2L+1. 
Now only those terms for which m;=m;=m will be 
allowed, so the triple sum is reduced to a single one 
and we have 


tn 2x 2L+41 
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(5) 


We assume that an odd-A nucleus consists of a core 
with spin, orbital angular momentum, and total angular 
momentum quantum numbers equal to zero, plus one 
odd nucleon in the state with radial, orbital angular 
momentum, and total angular momentum quantum 
numbers as given by the Mayer model. It can be shown 
then that only one summation over core particles is 
needed, since only interactions between an outer proton 
and core neutrons or an outer neutron and core protons 
give nonzero contributions. The matrix element in 
Eq. (5) then reduces to 


(Um(f), 01,2 HY Un(i)) 
=LAG(2Wnsiyigm(1), HWniiiiim(1)8(2)), (6) 
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where 1 is the outer nucleon and 2 is a core nucleon 
which is a neutron if 1 is a proton and vice versa. ® 
and Wnijm are respectively the core particle and outer 
particle wave functions. m;, /;, and my, ly are the radial 
and orbital angular momentum quantum numbers in 
the initial and final states, respectively. Now in H” 
we shall omit those terms involving o2 since they give 
zero,'! 

To proceed further requires that specific assumptions 
be made with regard to the wave functions. While the 
radial parts of the wave functions are not known with 
any accuracy, it is expected that calculations on either 
a Fermi gas model or shell model will give fairly reliable 
results. The former treats the core as if all the particles 
were alike but has the advantages that it is compara- 
tively easy to handle mathematically and that it 
involves only one integral which need not be evaluated 
since it is the same in all cases. The latter, while it is 
expected to give better results since it takes into account 
the assumed shell structure of the core, involves a great 
deal of calculation and turns out to be not too reliable 
for cases involving more than a very few nodes in the 
outer particle wave functions, since they are very 
sensitive to the parameters characterizing the range of 
the nuclear force and the size of the nucleus. Of course, 
for these cases the Fermi model results are unreliable 
at least to the same extent. On both models the outer 
nucleon wave function is assumed to be separable into 
radial, angular, and spin parts, i.e., 


Watim(¥1,01) = Don (I $ m— h| $ J Mb nim(¥1)x(u), (7) 


where x(u) is the spin wave function, being equal 
to a, or spin up, for w=+} and 8 for w=—}. 
(14 m—yp w|1 4 7m) is the usual Clebsch-Gordan coeffi- 
cient with phase defined by Condon and Shortley.™ 
Under these circumstances, the spin inner product over 


the outer particle can be carried out at once” and gives 


Lx(uy),1x (us) J 


= (—)4-W2(6; of wi — eyo oy 1 wi—my)Uni-ny, 


(8) 
where o;=0,;=}3 and 
w= — (2)-*(i— 49); w= (2)-*(i+- 49); 


Villars and Weisskopf# showed that the calculations 
of the matrix elements for the static magnetic moments 
could be carried out quite nicely on the Fermi model.”* 
On this model, the core is replaced by a Fermi gas filling 
the sphere | p| <P in momentum space, where P is the 
momentum of the last nucleon in the core and is deter- 
mined by the density of nucleons. The wave function 
for a core nucleon is written, the spin having been 
eliminated, in the form 


(r2)= (2m)—! exp{ ik. - ro}, 


uo=k. 


(9) 


2% M. E. Rose, Multipole Fields (John Wiley and Sons, Inc., 
New York, 1955), p. 22. 

26H. A. Bethe and R. F. Bacher, Revs. Modern Phys. 8, 82 
(1936), Sec. 25. 
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where hk, is the momentum of the nucleon in question. 
The summation over the core particles is replaced by 
an integration over k, from 0 to x2, where x is the wave 
number of the last even nucleon in the core. Noting 
that the operator involves a space exchange, we set 
¥i—f2=r and expand the exponential in the usual way”’: 


exp{ik-r} = 4470 a (i)" jx (kr) Vim (Ko) Virar(to), (10) 


and obtain 


«2 
f exp{ike-r} dk.=4ax?rj(xor), (11) 
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where j,(kr) denotes the spherical Bessel function and 
ko and ro are unit vectors along k and r, respectively. 
We shall also use the notation rj for a unit vector in 
the direction r;. 

The outer nucleon is assumed to occupy a level 
whose kinetic energy is E=p,?/2m, and its wave 
function is written 


dnim(t:)= Yim (Fie) f jue)g(k—x,)dk, (12) 


where Y;» is the usual spherical harmonic, x= p/h is 
the wave number of the outer particle, and g*(k—«;) 
= 2«;°r-15(k—x,), this function being used so that ¢ is 
normalized to unity. Now in the matrix element, the 
outer particle becomes a function of rz owing to the 
space exchange operator but this can be expanded as a 
function of r; and r by using the expansion’® 


2 (21; +1) (2v+1)49r}3 
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X(1, v0 0| lv p0\1; » m—w; wll; vp m—witu)(i)'tP-& 
X jp(kr) j,(kr) Yn, m—u;t+u(F10) Y,,(to). (13) 


On integrating over r, and r spaces, the selection rules 
on the angular integrations give p=/;, »=2, and 
M=ui—my and the angular integrations can be carried 
out at once.” It is found that the radial part of the r 
integration gives unity because of the way the wave 
function was originally chosen. The r integration gives 


Irn? [ (0) alex) jaler rar, (14) 


and we find for the value of the matrix element [Eq. 


27 P. M. Morse and H. Feshbach, Methods of Theoretical Physics 
(McGraw-Hill Book Company, Inc., New York, 1953), p. 1573. 

*B. Friedman and J. Russek, Quart. Appl. Math. 12, 14 
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by manipulation of Eq. (10). The method used by these authors 
is necessarily more complicated since they were interested in 
more general expansions. 
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(John Wiley and Sons, Inc.,, New York, 1952), p. 793. 
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In writing Eq. (15), we have set (1100] 1120)= (2/3)!. 

Combining all the Clebsch-Gordan coefficients in- 
volving the projections uw; and wy in Eq. (15) we can 
carry out the summations by established methods” 
obtaining 
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where L=1 for the dipole. Actually the relationships 
in reference 30 give the result in terms of Racah 
coefficients but analytic expressions for these are readily 
available” since in all cases at least one of the six 
parameters is equal to 3. Now the sum over m [see 
Eq. (5) ] is trivial and we get for the dipole transition 
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The biggest disadvantage of the Fermi model calcu- 
lations from the point of view of this investigation is 
that its usefulness is limited to the dipole case. The 
integrals diverge for all higher multipoles. This can be 
seen as follows. Classically, the magnetic moment is 
defined as the product of current and area of the 
current loop. For the interaction operator the current 
is that due to the exchange of mesons between nucleons. 
On the Fermi model, the core particles extend over all 
of space but have the density of real nucleons inside 
the nucleus. The outer particle is smeared over all of 
space. The short range of the nuclear force means that 
the area of the current loop is, on the Fermi model, 
effectively the same as that on the shell model so the 
fact that the core particles extend over all of space 


% See, for example, Biedenharn, Blatt, and Rose, Revs. Modern 
Phys. 24, 249 (1952). 
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does not alter their contribution from what it would be 
on the shell model. As for the outer particle, it is 
extended over a vast region but its density is corre- 
spondingly diminished and so the Fermi model gives a 
reasonable result. 

For higher multipoles the situation is different, how- 
ever. Consider the quadrupole. The classical definition 
of a magnetic quadrupole moment is the product of 
current, area of current loop, and displacement between 
two such loops. The picture for a quadrupole interaction 
moment would be of two current loops, i.e., a little 
current loop part of the time in one region of space and 
part of the time in another. Since any current loop has 
a finite probability of being anywhere inside the nucleus, 
the allowable displacements between loops is limited 
by the radius of the nucleus and not by the range of 
nuclear forces. If the nuclear radius is allowed to 
become infinite, then it is clear the quadrupole moment 
will also become infinite. For higher multipoles, which 
involve still higher powers of the nuclear radius, the 
integral will diverge even more rapidly. 

In order to obtain an approximate value for the 
octupole transition probability, a shell model calculation 
is carried out. The angular wave functions are taken 
to be spherical harmonics and the radial functions to be 
harmonic oscillator wave functions with all the quantum 
numbers taken from the Mayer model. To facilitate 
the calculations, a Gaussian shape is chosen for the 
f(riz), the arbitrary function of the interparticle dis- 
tance. (We note again that on the Fermi model it was 
not necessary to specify this function, since all transi- 
tions depend upon it in the same way.) It was this 
model which was used" in calculating the interaction 
contributions to the magnetic moments. The integral 
was evaluated by expressing the integrand as a function 
of r;°, ro? and the scalar product r,-re. However, the 
magnetic moment calculations were performed without 
taking into account the nodes in the radial wave 
functions. These calculations involve the diagonal 
matrix elements where wave functions on either side of 
the operator are the same. Since the interaction operator 
involves space exchange, the initial and final wave 
functions will differ in the integral in that they will 
have their spatial coordinates interchanged. If we write 
the matrix element in the form 


f Ya(1)¥0(2) flrss)ve(1)Wo(2)4V, 


then because of the short range of the interaction force, 
contributions will come only from regions where the 
two nucleons 1 and 2 are close together and we can 
write the matrix element approximately as 


f Ivel?|vsl2f(nddV, 


where the arguments of the wave functions can be 
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taken as either 1 or 2. Since the squares are positive 
definite, whether or not nodes are taken into account 
is not expected to alter the character of the result. As 
far as the core is concerned, there is the additional 
argument that most of the nucleonic wave functions 
have no nodes anyway. 

For the off-diagonal elements where the initial and 
final states are quite different and the wave functions 
do not overlap, neglect of the nodes could crucially 
alter the nature of the results. This is true for the outer 
nucleon wave functions, but for the core, where the 
wave functions are the same initially and finally, nodes 
can be ignored. In the first place, as already observed, 
most of the core wave functions have no nodes in the 
radial wave functions. Secondly, as in the magnetic 
moment case there is a close overlap of these wave 
functions for a short-range force and the effect of nodes 
is expected to be unimportant. Finally, the fact that 
the density of particles inside the nucleus is relatively 
constant indicates that the calculations are not too 
sensitive to details of the core wave functions. The 
contributions from shells having m>1 are arbitrarily 
taken to be the same as for those having m=1 (no 
nodes). 

A somewhat more direct method of calculation than 
that used previously" was employed, retaining the same 
model. A part of the Gaussian exponential was expanded 
as a series of spherical Bessel functions, and in this form 
the integrations were carried out using the formula*! 


oP yy 142g oid - 
J jilrire) exp{—ary}ni in=(*) (2a)! exp —|. 


For the details of combining the various angular 
momenta on the shell model, see the thesis by A.R. 
referred to at the beginning of this article. 

The value of the strength of the interaction was 
chosen to agree on the average with the detailed results 
obtained below with the Fermi model. This required a 
strength of 100 Mev for a Gaussian well of range 
1.6 10—* cm, and this value was used for the octupole 
calculations. It is expected that both the shell and 
Fermi model results will vary roughly in the same 
manner with the change of parameters, so that a differ- 
ent choice of the range will not greatly affect the 
results. Evaluation of the integral Jy shows that the 
Gaussian well strength for the Fermi model is 45 Mev. 
Russek and Spruch," using a larger range (2.0X10-" 
cm), required a well strength of about 300 Mev for 
their operator M;. Although that is three times the 
value found in this work, the difference is not very 
significant for two reasons. Firstly, as observed above 
they did not consider nodes in the nuclear wave func- 
tions, and although it was pointed out that this pro- 
cedure seems justifiable, the results may not be unaf- 


31H. Bateman, Higher Transcendental Equations (McGraw- 
Hill Book Company, Inc., New York, 1953), Vol. II, p. 50. 
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TABLE I. Comparison of experimental and theoretical half-lives. The dipole calculations are based on the Fermi model, with the 
single free parameter adjusted to give an average value of unity for the ratio of theoretical and experimental values. The octupole 


calculations are based on the shell model. 








Transition 
ily Energy 


Nucleus dipoles kev 





30ZN37°" 

s3Asqo” 

52 1 711% 
521 73! 
54X€77!81 351/2 
56Ba77' 2d3/2 
55CS75!3 2d5/2 
55CSgo! 2d5/2 
57Lagq!? 2d5/2 
59P gq! 1gz/2 
61P-mge*? 17/2 
63EUgo!® 31/2 


73 1 aio!" 2d 5/2 
soHg 119! 


81 L 11227 


2psi2 
1 f5/2 
2d3/2 
2d3/2 


1 fs/2 92 
2ps/2 66 
351/2 159 
3512 35.4 
2d3/2 80 
351/2 13.7 
1g7/2 81 
1gzy2 248 
1gz2 166 
2d5/2 145 
2ds5/2 91 
2d3/2 69.1 


1gz/2 480 
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1 hy 2 
351) 2 
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280 


72H f 107 
73 Layos)*! 
76OSi15!! 
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607 
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1g7/2 
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9.5X10-8 
<5 X10~ 


~3.3X1077 


\6.0< 10-8 


<1.6X 1078 


~1 





ty (Theor.) 
Ty (Expt.) 
0.0004 


>0.4 
3.6 


Theor. 


3.4X 10 
1.9X10-* 
12X10 
1.11077 
4.7X10 
3.0X 10-6 
5.3X10~ 
1.8 10-” 
6.1 10-% 
9.2X10-% 
5.0 10-° 
7.3X10~° 
7.3X10 
3.4X10-" 
2.1 10-8 
22X10" 


Expt. Reference 


3.3X10-¥ 
4.4X 107° 
2.1X10° 


2.7X 107% 
4.4xX10-" 
2.7X 10° 
3.9X10~ 
1.11078 
1.3 10~ 


3 X10° 
x10 
8.9X 10? 


5.6 10-3 
6 X10' 


7.0X 10? 
7.0X 1073 
5.5X 104 





fected by this approximation. Secondly, they had three 
adjustable constants to work with in matching the mag- 
netic moment data and so the strength of any one oper- 
ator, in particular M; which corresponds to the dipole 
operator used here, can be varied over a considerable 
range and still give agreement with the data. The 
smaller value of the strength is somewhat hopeful, 
since phenomenological magnetic moment calculations 
based on a strict two-body interaction interpretation 
require strengths much larger than those deduced from 
two-body scattering data.** Even though our viewpoint, 
that the effective interaction moment has a many-body 
as well as a two-body origin, does not demand that the 
strengths be deduced from two-body scattering data, 
we nevertheless feel that the strengths should not be 
too different from the strengths so deduced. 


IV. RESULTS 


Experimental lifetime data for forbidden magnetic 
isomeric transitions exist for sixteen dipole and three 
octupole transitions.*~** The results are summarized in 
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Table I. The theoretical lifetimes recorded therein for 
dipole transitions are those calculated on the Fermi 
model and for these calculations the integral Jp, Eq. 
(14), is not evaluated but is arbitrarily equated to that 
value which gives the best agreement with the experi- 
mental data. As already observed, octupole calculations 
can be made only on the shell model. 

The results for the dipole transitions in Zn®’ and Ta!*! 
and the octupole transition in Os’ strongly indicate 
that these transitions are of a different nature from the 
others. Meyerhof, Mann, and West* did the experi- 
mental work on Zn® and pointed out that the measured 
lifetime is much too long for an M1 transition. They 
postulated that this might be due to the/ forbiddenness, 
but this is not tenable without further modification in 
view of the results presented here insofar as the other 
transitions are / forbidden and are not reduced to the 
same extent. As far as Os! is concerned, the level 
assignments given by Goldhaber and Hill® in their 
review article are ij3/. and 7/2+. More recently, 
Mihelich and Goldhaber*’ have given the assignments 
of 3/2— and 9/2— to the levels, and it is our assump- 
tion that these are single-particle levels which leads 
to the conclusion that the transition is forbidden 
octupole. 

Ta'*' is a particularly interesting nucleus in that it 
4 F. K. McGowan, Phys. Rev. 93, 163 (1954). 

8 Alaga, Alder, Bohr, and Mottelson, Kgl. Danske Videnskab, 
Mat.-fys. Medd. 29, No. 9 (1955). 

“ Burson, Blair, Keller, and Wexler, Phys. Rev. 83, 62 (1951). 
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(1951); H. de Waard, Phys. Rev. 99, 1045 (1955). 
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seems to have both a forbidden dipole and forbidden 
octupole transition. The 48-kev transition is a mixed 
multipole one with the ratio” M1/E2=1. The £2 part 
has been studied recently by Sunyar®™ who finds it to 
be “a glaring exception to the general trend of E2 
transitions.” The results of this work indicate the same 
conclusion with regard to the M1 part. There is some 
question as to the level assignments of the excited 
states in this nucleus, McGowan’s® being very different 
from those of Alaga ef al.,“ but all evidence agrees with 
the assignment of g7/2 to the ground state, and it is 
difficult to account for this on the Mayer model accord- 
ing to which the g7/2 should be “‘buried” for this nucleus. 
Mention should be made here that there is a rather 
wide divergence in the lifetime and K-conversion 
coefficient reported for the Eu'® transition.“ Temmer 
and Heydenberg have made a detailed study of the 
energy levels which correspond to the 69.1-kev transi- 
tion here considered. For this nucleus, as well as for 
Ta!® which also has been thoroughly investigated,® 
the conclusion is that there are two kinds of energy 
levels, one being the Bohr-Mottelson levels, the other 
presumably the one-particle levels. 

Three of the dipole transitions listed are mixed 
E2+M1. In two cases, Ta'*' and Tl, the ratio is 
known and the lifetime given in Table I is just the 
M1 lifetime. For Cs"*, the available evidence indicates 
that the amount of £2 is small; the total y lifetime is 
the one given. 

In addition to the transitions listed in Table I there 
are a score of nuclei having dipole /-forbidden transitions 
for which no experimental lifetime data are available. 
These nuclei are: V™ (0.61 Mev); Co® (0.191); Rb® 
(0.150) ; Mo*® (0.73) (?) ; Mo*? (0.665) (?) ; Ru! (0.307) ; 
Pd (0.063) (?), (0.32) (?), (0.154); Cd™ (0.340) ; 
In"® (0.460); Sn"? (0.162) ; Sn” (0.024) ; Te™ (0.213) ; 
Sb!* (0.153) ; Xe!”* (0.038) ; Pr’ (0.290) (?), (057) (?); 
Re!* (0.056) ; Au’ (0.038) ; Au’® (0.061) ; Hg!® (0.037) ; 
Pt! (0.031) (?), (0.126) (?); Hg”! (0.168), the energies 
being given in Mev. A question mark indicates that 
there is doubt about the level assignments or the 
multipolarity of the transition. Data are taken from 
the Goldhaber and Hill review article and material 
which has appeared in the literature since then. It is 
significant that none of these levels has been found 
by Coulomb excitation. 

It has been noted that a few of the transitions listed 
in Table I are mixed M1+ £2. It is possible to measure 
the relative phases of the two multipoles in a mixture, 
and this has been done in several cases but not for any 
transitions considered here. This raises the interesting 
possibility that the nature of the magnetic part of the 
mixture might be determined from a knowledge of the 
sign of 5. The sign of the matrix element cannot be 
determined from transition data which involve squares, 


% A. W. Sunyar, Phys. Rev. 98, 653 (1955). 
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but it can be found from magnetic moment data and 
has been done essentially for M1 (interaction). 

If M1 (ordinary) and M1 (interaction) have different 
signs, then a determination of the sign of 6 will uniquely 
determine the nature of the transition. However, this 
implies that the sign of £2 is known and for odd-neutron 
nuclei, on the single-particle model, and only contribu- 
tion to an electric transition is from core recoil and this 
is too small to explain observed £2 lifetimes. Even for 
odd-proton nuclei, the Weisskopf formula® does not 
give results which agree very well with experiments. 
Nevertheless, it would be highly suggestive if we could 
find a case for which the observed sign of 6 cannot be 
explained assuming the ordinary magnetic moment 
operator but could be explained using the interaction 
moment operator.™ 


V. CONCLUSION 


We have carried out an investigation to see to what 
extent so-called forbidden magnetic dipole and octupole 
isomeric transitions can be explained by the interaction 
contributions to the magnetic moment operators. In 
order to make the calculations manageable, simplifying 
assumptions have been made regarding both the oper- 
ators and wave functions. The dipole calculations were 
carried out using a Fermi model of the nucleus and it 
was found that all dipole transitions can be expressed 
in terms of one integral which was then arbitrarily set 
equal to that value which gives the best agreement 
with the data. Because the Fermi model cannot give 
results for higher multipoles, a shell model calculation 
was carried out in order to evaluate the octupole 
transition probabilities. 

Even if the transitions in Zn and Os and the dipole 
transition in Ta are omitted from further consideration, 
it is seen in Table I that there is no exact quantitative 
agreement with the data. The effect of considering the 
radial nodes which are ignored on the Fermi model 
would be expected to reduce somewhat the value of the 
radial integral, and this is confirmed by the shell model 
calculations which require a somewhat larger value for 
the strength of the arbitrary function to get agreement 
with the data. If the nodes were somehow taken into 
account on the Fermi model, the form of the radial 
integral would be changed, the value of the integral 
being decreased, the more so the greater the number of 
nodes. This would necessitate a renormalization. Since 
the matrix elements for transitions with more nodes 
would be decreased more than those with fewer nodes, 
the calculated lifetimes for 3s1/2+2d3,2 transitions would 
be increased (matrix elements decreased), whereas for 
2ds/2*>1g7/2 transitions the lifetimes would be decreased. 
This would make agreement with the data somewhat 
poorer than that shown in Table I. 


51 Reference 29, pp. 595 ff. 

82 The possibility of obtaining information about the nuclear 
model from the sign of 6 has been considered independently by 
S. Frankel and C. Greifinger (private communication). 
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Qualitatively, the most striking observation to be 
made in Table I is that dipole transitions in odd-proton 
nuclei are about an order of magnitude slower than 
those in odd-neutron nuclei, and it will be noticed that 
if the value of the integral Jr had been chosen sepa- 
rately for neutrons and protons, the calculated and 
observed transition probabilities would agree to within 
a factor of two. The inhibition of transition probabilities 
in odd-proton nuclei was observed by Graham and 
Bell®* and a possible theoretical explanation has been 
given by Wallace® who pointed out that because of 
the Coulomb force, proton transitions will affect the 
nuclear wave functions over a greater distance than 
will neutron transitions where only specifically nuclear 
forces are involved. Thus in proton transitions the 
wave functions of many nucleons are involved and the 
cumulative effect may be enough to account for the 
inhibited transition probabilities. Other factors which 
have been neglected and which should be taken into 
account seem all to give corrections to the transition 
probabilities which are in the wrong direction to account 
for the inhibition of odd proton transitions. The effect 
of considering the radial nodes has already been con- 
sidered above where it was found that the g7/2?d5/2 
transitions, which happen to be odd-proton ones, are 
not particularly slowed down. The effect on the Fermi 
model of the small difference in the value of P (the 


maximum momentum in the care) between neutrons 
and protons has been calculated only in the case of a 
square well potential and is found to give a correction 
in the wrong direction. Another possibility is another 
effect of the Coulomb repulsion. It has been shown™ 
that the radius of the proton distribution in the nucleus 


53 P. R. Wallace, Phys. Rev. 98, 1205 (A) (1953). 
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is contracted somewhat by the Coulomb repulsion and 
this means that in an odd-neutron nucleus the odd 
neutron, which tends to be at the outside, has fewer 
protons with which to interact. This would be expected 
to decrease somewhat the transition probability of an 
odd-neutron nucleus, again in the wrong direction to 
improve agreement with the data. 

Only odd-even nuclei have been considered here. 
Transitions in even-even nuclei seem to be most readily 
explained® in terms of the Bohr-Mottelson rotational 
level pattern. The situation in odd-odd nuclei is usually 
rather complicated owing to the fact that either of 
the outer nuclei can change state in an isomeric transi- 
tion. In none of the odd-odd nuclei cases which we have 
looked into have we found any good evidence that a 
single nucleon undergoes a forbidden transition. 

In view of the fact that no thorough analysis of all 
possible operators has been attempted, the results 
presented here are not intended to be conclusive. 
Nevertheless, the results do seem to show that the 
interaction effects can explain the dipole data, provided 
some mechanism can be found to account for the 
difference between odd-proton and odd-neutron nuclei. 
It is impossible to draw any conclusions regarding the 
forbidden octupole transitions owing to the paucity of 
data, although the calculations do suggest that the 
interaction moments may possibly account for these 
also. 

We would like to thank Dr. G. Goertzel for a very 
helpful suggestion. We would also like to express our 
deepest appreciation to Professor V. F. Weisskopf and 
Professor F. Villars for permission to use their unpub- 
lished work referred to in the text. 
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Further measurements are reported on the anisotropic com- 
ponent of 4~ mesons from bombardment of an aluminum target 
by 600-Mev bremsstrahlung. As reported previously, we interpret 
such a forward peaking as evidence for the direct electromagnetic 
production of muon pairs. Combining our new data with those 
previously reported, we obtain a value of 1.42+0.34 (standard 
deviation) for the ratio of the observed negative-muon cross 
section to that calculated by assuming the muons to originate as 
spin-} pair fragments from electromagnetic production in the 
Coulomb field of an aluminum nucleus of finite size. The absolute 
normalization is believed correct to within a factor of 1.4. How- 
ever, the theoretical value considers only the contribution from 
processes leaving the aluminum nucleus in its ground state; 
inelastic processes could raise the theoretical value by 40%. 

Measurements carried out with 450-Mev bremsstrahlung 


yielded a value of uw counts at 12° relative to those at 23° equal 
to 0.0002+0.0083, while the value observed at 600 Mev is 0.032 
+0.009 in units of the x* counts observed at those two energies. 
This result makes it very unlikely that the forward peaking 
observed originates from « mesons derived from 7-4 decay. We 
conclude on the basis of these measurements that the process of 
direct electromagnetic production of muon pairs exists, and that 
the yield is compatible with the theory outlined. Measurements 
carried out on a lead target place only an upper limit on the 
cross section in lead. This limit (if taken at three standard devia- 
tions) gives a value ten times lower than the y-pair cross section 
calculated for a point lead nucleus, but compatible with a nucleus 
of the accepted nuclear radius. This result makes it very unlikely 
that muon scattering in the range of momentum transfers near 
50 Mev/c could give anomalous results. 





A. INTRODUCTION 


N a previous paper! (hereafter referred to as “I’’), 

we have presented a method for investigating the 
direct electromagnetic production of muons. For reasons 
discussed in I, we have adopted the forward peaking at 
small angles of the production cross section of single 
negative muons as the means of identification of the 
process. 

Measurements have been continued, using the tech- 
niques and experimental arrangements as described in I 
under the heading “Later Runs,” except that (1) the 
primary beam energy was raised to 600 Mev for the 
high-energy runs, and (2) the combination of DuMont- 
6292 photomultipliers and associated amplifier chains 
was replaced by RCA-6810 14-stage photomultipliers. 


Taste I. Tabulation of results from runs on yw yields in 
aluminum in addition to those previously reported (reference 1). 
Results are given in ratio to the 70-Mev x* counts with lithium 
final absorber A; (Ref-I). The counts establishing the secondary 
reference (Ref-III) are also given. 





Counts/1000 
monitor 
units (~10!5 
electrons) 


152+3.2 
67.5+2.5 
132.24+3.4 
65.6+4.5 


Counts/1000 
Ref-I counts 
(70-Mev, x*) 


Produc- 
tion 
angle 


final 


Type absorber 





19.8+0.4 
8.8+0.3 
17.240.4 
8.5+0.6 


»™ signal 


(180 Mev, u~) Meg 


Ref-III 479+10 


ae et oe 
290 eer, «*) 79.441.8 


77.041.7 
Ref-I 7660 +193 
(70 Mev, x*) 
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The objectives of the further measurements were as 
follows: (a) to improve the statistical accuracy of the 
result in order to establish the existence of the process 
with certainty, (b) to check the behavior of the signals 
at the energetic threshold of the yu-pair process, (c) to 
establish the effect of finite nuclear size on the cross 
section, and (d) to establish some of the auxiliary ++ 
cross sections with improved accuracy. All errors 
quoted are standard deviations. 


B. RESULTS WITH AN ALUMINUM TARGET 
BOMBARDED BY 600-MEv 
BREMSSTRAHLUNG 


The results from these runs are given in Table I. 
From I, we obtain our reference cross section (referred 
to as “Ref-I’”’): 


o(70-Mev, 2*) = (5.66+0.76) 
X 10-*! cm?/sterad-Mev-effective photon. 


(1) 


If we assume the contribution to the y~ count arising 
from 2-4 decay to be entirely isotropic, then the experi- 
mental value of o(u-, 12°)—o(u-, 23°) can be deduced 
by the methods discussed in I. We obtain 


[o(u-, 12°)—o(u-, 23°) Jexpti= (5.84+ 1.86) 
X 10 cm?/sterad-Mev-effective photon. 


(2) 


The theoretical cross section based on the integration 
of the Bethe-Heitler formula carried out by Rawitscher? 
is 


Lo(u-, 12°)—o(ur, 23°) Jeneoret = 4.7 


X 10-“ cm?/sterad-Mev-effective photon, (3) 


at a maximum photon energy of 600 Mev. The new set 
of runs thus gives a value of Gexpti/@theoret= 1.25+0.40. 


2G. H. Rawitscher, Phys. Rev. 101, 423 (1956). 
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Combined with our results given in I, this gives 
Oexpt! Oecret™ 1.42+0.34. (4) 


The error quoted here reflects the statistical accuracy 
of the result, taking into account all errors other than 
those which affect the absolute cross section only. The 
absolute cross section is uncertain by a factor of 1.4. 
The sources of this uncertainty are discussed in I. 

The theoretical cross section used in comparison 
with the data includes only those processes which leave 
the aluminum nucleus in its ground state. The inelastic 
contribution to the process can be estimated by the 
application of the sum rule 


Srotal=FpointL | F|*Z?-+Z(1— | F|*)], (5) 


where dpoint is the cross section as computed for a point 
Coulomb field corresponding to unit charge, Z is the 
atomic number, and |F'|? is the square of the nuclear 
form factor averaged over the momentum transfers 
contributing to the process under discussion. This sum 
rule is derived under the closure approximation for the 
nuclear states. The second (inelastic) term implies the 
absence of any correlation among the protons in the 
nucleus. Inclusion of the inelastic contribution amounts 
to a factor of 1.38; but at this time the uncertainty due 
to the approximations used is difficult to evaluate. In 
principle, results derived from inelastic electron scatter- 
ing could be used to evaluate the factor empirically. 
Results obtained at this laboratory* thus far include 
only inelastic scattering to specific levels and do not 
permit a satisfactory estimate of the cross section 
leading to the continuum. 


C. RESULTS WITH 450-MEV BREMSSTRAHLUNG 


Observations were made with the primary electron 
energy lowered to 450 Mev. This energy was chosen as 
being sufficiently near threshold for the production of 
180-Mev muon pair fragments such that a negligible 
yield should result. Integration of the product of the 
theoretical yield and the thick-target spectrum pro- 
duced by 450-Mev electrons predicts a yield 13% of 
that at 600 Mev. 

Since the objective of these “threshold” runs was to 
check whether muons from m decay somehow simulate 
the apparent u-pair effect, it is best to quote the results 
as counts per pion yield. The result is given in Table IT; 
we tabulate the quantity 


mw [(Sti—Smg)12°— (Sti— Smeg) 23° ]180 Mev, u~ 6) 


us So10 Mev, x* 


where S are the signals at the indicated angular settings, 
for indicated materials for the final absorber A3, and 
given particle kinetic energies. 


3 J. H. Fregeau and R. Hofstadter, Phys. Rev. 99, 1503 (1955) 
and private communication. 
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TABLE II. Results of the “‘threshold’”’ runs. 





(a) Total w~ counts in ratio to x* counts at the two angles of observation, 
Ref-III (SLi —SMg) 23° 

Counts/1000 
monitor units 


(Sti —Smg)12° 
S(210-Mev, x*) 


0.096-40.008 
0.089-4.0.011 
0.08740.014 


S(210-Mev, x*) 


0.087 -+-0.008 
0.104-4-0.011 
0.089-+0.013 


Run 
A 313+ 7 
B 437+11 
Cc 366+ 9 





Weighted average 0.0924+0.0059 


0.0922+0.0058 
(b) Comparison of results of the “threshold"’ runs with the results 
obtained at 600 Mev. The u/z ratio is seen to show a significant increase 
above the y-pair threshold. 





Rmax u/@ 


450 Mev 0.0002+0.0083 
575 and 600 Mev 0.032 +0.009 





Difference 0.032 +0.012 


D. RESULTS WITH A LEAD TARGET 


A series of runs was undertaken to place a limit on 
the muon-pair cross section in lead. As was discussed 
in I, a large-atomic-number target is undesirable for 
optimum sensitivity for u-pair detection if the cross 
section obeys the theoretical predictions, including the 
decrease due to finite nuclear size. Instead, the nuclear 
form factor is expected to cut the yield by a factor of 
40 below the yield predicted for a point source of equal 
charge. Hence, although measurements with lead are 
not expected to give a significant u-pair yield, such 
measurements can give an unequivocal answer con- 
cerning the need for introducing the effect of finite 
nuclear size into the calculation of the yu-pair cross 
section and also into the calculation of muon Coulomb 
scattering. The latter point is of interest regarding the 
interpretation of the experiments in muon scattering 
discussed in I. Some of these experiments appear to 
exhibit an excess of large-angle scattering if the data 
are compared with predictions derived from Coulomb 
processes in a field from an extended source; a fit can 
be formally obtained if a point source is used. This 
explanation is clearly of no physical significance, but 
it was felt desirable to extend an observation to a lead 
target in order to place a limit on the finite-size effect. 

The experimental runs were executed with a lead 
target of 1.96 g/cm? (0.338 radiation length) as com- 
pared to the target of aluminum of 6.85 g/cm? (0.286 
radiation length) used in the other measurements re- 
ported. The yield of muon pairs should essentially vary 
linearly with the radiation lengths of target times the 
reduction of the cross section due to the nuclear-finite- 
size effect. 

The procedure adopted for the lead run differed 
somewhat from the procedure used in the runs carried 
out with an aluminum target. Since it was intended 
only to obtain a limit on the cross section, measurements 
of the total u~ yield were carried out at 12° only. This 
means that the uw~ count will include the counts from 
pion decay. However, as seen below, even the total 
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TABLE III. Tabulation of u~ counts taken with a lead target of 
1.96 g/cm? (0.0057 X 10 atoms/cm?) and of x* counts taken with 
an aluminum target of 6.85 g/cm? (0.157 X 10* atoms/cm’). 








Counts/1000 monitor units 
mu” setting, Pb target 
Run As=Li As=Mg Difference 


A 70.643.4 54.043.3 16644.8 
B 38.5242.0 23.6241.5 14.942.5 


Ratio of u~ 
difference to 
Ref-III count 


8193442 0.0203 +0.0054 
555424 0.0267 +0.0045 


Weighted mean 0.0244 +0.0036 


x* setting 
(Ref-III) 
Al target 











count uncorrected for pion decay is substantially less 
than the count expected for muon pairs from a point 
charge of Z=82. The pion decay contribution (which 
here is quite small because of the A! dependence of the 
pion cross section) can be estimated by various methods, 
and thus a closer limit on the cross section can be 
obtained. 

The experimental results are tabulated in Table ITI. 
Using the experimental value of the ratio of Ref-III 
(210-Mev, z+) to Ref-I (70-Mev,z*) counts from 
aluminum (see Table I) ; the measured cross section for 
the production of 70-Mev, z+ mesons in Al [ (5.66 
+0.76)X10-*! cm?/Mev-sterad-effective photon] as 
discussed in I; and the target parameters; we obtain 


o(u-, Pb, kmax=600 Mev, including u-pair fragments 
and 2-u decay products) = (1.27+0.25) 
X 10-* cm?/Mev-sterad-effective photon. (7) 


The theoretical values computed from the integration 
of Rawitscher’ are given in Table IV. 

It is immediately evident that even before correcting 
the experimental result for muons from z-» decay, a 
finite radius is required to bring the theory into agree- 
ment with observation. 

The contribution from -y~ decay can be computed 
directly from the aluminum results. The counts at 
6=23° are essentially all derivable from w~ decays. 
In fact, rather than solving for the u-pair fragment 
contribution, we can reduce the 600-Mev data for the 
contribution to the uw count from z-y decay. The 
result is 


58.54+5.0 
= =0,096-+0.008. (8) 
609-+14 


m- decay count 


[w+ (Ref-III) count Jai 





Note that this result agrees fully with the total w/t 
ratios obtained below threshold as given in Table II, 
thus confirming the conclusion that the 450-Mev y- 
counts are due to m-y decays only. The aluminum 2— 
yield can be related to the w~ yield from lead either by 
theoretical estimates only or by direct measurement. 
By direct observation on positive pions from the same 
targets, we obtain 


yield (210-Mev, x+, Pb)/yield (210-Mey, x*, Al) 
=0.155+0.010. (9) 


Since the ratio of negative to positive pion yields in 
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lead is certainly greater than this ratio in aluminum, 
we thus can obtain the inequality 


(x-p decay count) pp 


[w+ (Ref-II1) count a; 





>0.0149-+0.0016, (10) 


and hence 


o(u-, Pb, Rmax= 600 Mev, u-pair fragment) 
< (0.49+0.21) X 10-*? cm*/sterad-Mev- 
effective photon. 


(11) 


In order to convert this result into an equality, 
a direct measurement of the dependence of the a—/x+ 
production ratio on atomic number was carried out. 
This measurement had to be carried out at an energy 
where » pairs would not contribute, but at the same 
excitation energy for the residual nucleus. Such a 
measurement was made at a pion energy of 70 Mev 
and a bremsstrahlung upper limit of 430 Mev, and 
yielded the ratio 


(02-/0%*) Pp/ (64-/o4*) i= 1.960.29. (12) 


The measurement involved a rather large background 
subtraction and hence the precision was fairly poor. 
Using this value, we obtain 


o(u-, Pb, kmax= 600 Mev) = (—0.26-0.33) 


X 10-* cm?/sterad-Mev-effective photon. (13) 


We thus conclude that, although we cannot establish 
the existence of the u-pair process in lead, the observed 
yields are compatible with the theoretical cross section 
using the accepted finite nuclear radius. The result is, 
however, in disagreement with the result for a point 
charge by 30 standard deviations and limits any 
anomalous interactions between muons and nuclei toa 
very small value. Formally this result covers momentum 
transfers up to 50 Mev/c, but it throws additional 
doubt on the interpretation of some of the cosmic-ray 
muon-scattering experiments in terms of anomalous 
scattering. 


E. CONCLUSIONS 


As the result of these experiments, we feel that the 
existence of the process of electromagnetic production 
of muon pairs is established with a very high degree of 


TABLE IV. Theoretically predicted cross sections for the pro- 
duction of 180-Mev y--pair fragments. Data interpolated from 
the work of Rawitscher.? 








Cross section in cm*/sterad-Mev-effective 
photon kmax =600 Mev; @=12° 
Thick-target 
spectrum 
0.020-in, Ta 
radiator 


7.5 X10-* 
0.22 10-* 


1/k spectrum 
11.2 X10-* 


0.33 X 10-8 





Point charge, Z=82 
Lead nucleus, radius 
r=1,.2X10-"At cm 
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probability. All results are compatible with the process 
as described by the theory pertaining to pair creation 
of Dirac particles in the Coulomb field of a nucleus of 
finite nuclear size. The theoretical yield for a spin-zero 
particle‘ is in poorer agreement with the results but is 
not excluded. 


4 See footnote 10 of reference 2. 
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Extraordinary Increase of the Cosmic Radiation on February 23, 1956* 


RoBERT B. BRODE AND AUREL Goopwiy, JR. 
Department of Physics, University of California, Berkeley, California 
(Received March 29, 1956) 


During the solar flare event of February 23, 1956, the nucleonic intensity increased by an estimated 600% 
above normal. The ionizing intensities measured with a shielded (20 cm Pb) and an unshielded Geiger 
counter telescope showed an estimated increase of 38% and 58% above normal at Berkeley. The time of 


onset occurred in the interval 0345-0400 UT. 


N extraordinary increase in the nucleonic and 

ionizing components of the cosmic radiation was 
observed at Berkeley (100 m elevation, 44°N geomag- 
netic latitude, 38°N latitude, 122°W longitude). 
Between 0345 and 0400, 23 February 1956, UT, the 
intensity appeared to rise very rapidly reaching a 
maximum in this interval and then decreasing approxi- 
mately exponentially with a decay time of about 40 
minutes. 

The nucleonic component was observed by using four 
enriched BF neutron counters. Each counter is 
enclosed in the center of a 10 cmX10 cmX100 cm 
paraffin block. This is surrounded on both sides and 
the top and bottom with 5 cm lead. This unit is located 
in the basement of a building, under about 160 gm/cm? 
of concrete. The ionizing components are measured with 
two Geiger counter telescopes, one without any shield- 
ing (total) and the other with 20 cm of lead filter 
(hard). These are located under a thin roof. 


* Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 


Preceding this extraordinary increase, there were 
decreases of about 5% in the nucleonic intensity and 
2% in the ionizing intensities. These decreases start 
about February 9 and are accompanied by disturbances 
in the earth’s magnetic field. There are also variations 
in intensity following this event which appear to be 
associated with magnetic disturbances. 

Because the registers recorded only the total counts 
in each 15-minute interval the time of onset and peak 
amplitude are somewhat uncertain. The character of 
the disturbance appears to be a quite sudden increase 
followed by a decrease that can be well represented by 
an exponential curve with a time constant of 0.7 hour. 
Extrapolating back the nearly exponential decrease, so 
that the extra counts over background are accounted 
for, gives the time of onset and amplitude of the initial 
burst as follows: 


Increase 


600% 
58% 
38% 


Time 
0349 UT 
0352 UT 
0353 UT 


Radiation 


Neutrons 
Total mesons 
Hard mesons 
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Nonfission Inelastic Events in Uranium and Thorium Induced by High-Energy Protons* 


M. LINDNER AND R. N. OsBORNE 
University of California Radiation Laboratory, Livermore, California 


(Received March 20, 1956) 


Activation cross sections for about thirty products of high-energy proton-induced disintegration of U8 
and Th** have been measured by the radiochemical method. These products range from polonium (Z=84) 
to neptunium (Z=93). The energy dependence of some of these cross sections has been determined for 
formation from U**, Because of fission competition, the spallation cross section of U** is considerably less 
than that of Th**. The data suggest that light isotopes of uranium are primarily responsible for the fission 
generally associated with high-energy particle bombardment of U8, 





INTRODUCTION 


INCE the advent of accelerators producing particles 
of energies in the hundred-million-electron-volt 
region, rather extensive radiochemical studies have been 
made of the disintegration products of a large number 
of elements. These studies include proton interactions 
with copper,! cobalt,?.* iron,‘ silver,® cesium,® tantalum,’ 
and bismuth,’ deuteron interactions with arsenic? and 
antimony,” and helium-ion spallation of uranium." In 
general the interpretations of these studies have met 
with varying degrees of success, due in part to the 
limitations imposed by counting techniques, and in 
part to the complexity of the interactions. The use of 
polyisotopic elements and of bombarding particles 
containing more than one nucleon further complicate 
the interpretation of results. For these reasons it has 
not been possible to formulate a wholly consistent and 
unified interpretation of the radiochemical data avail- 
able for such inelastic interactions. It can nevertheless 
be said that, in their most general features, all radio- 
chemical results are at least consistent with Serber’s 
model” for high-energy nuclear reactions, in which the 
incoming particles with wavelengths short in com- 
parison with, but mean free paths of the order of, 
nuclear dimensions, interact with nuclei through col- 
lisions with individual nucleons. Nuclear evaporation 
theory" could then be used to predict the effects of 
residual nuclear excitation. 
The study of the spallation products of U** and Th?” 
by the radiochemical method seemed to offer certain 


* Work performed under former contract AT(11-1)-74 of the 
California Research and Development Company with the U. S. 
Atomic Energy Commission. 

1 Batzel, Miller, and Seaborg, Phys. Rev. 84, 671 (1951). 

2 E. Belmont and J. M. Miller, Phys. Rev. 95, 1554 (1954). 

3G. D. Wagner and E. O. Wiig, Phys. Rev. 96, 1100 (1954). 

4 Rudstam, Stevenson, and Folger, Phys. Rev. 87, 358 (1952). 

5 P. K. Kofstad, University of California Radiation Laboratory 
Report UCRL-2265 (unpublished). 

6 R. W. Fink and E. O. Wiig, Phys. Rev. 94, 1357 (1954). 

7W. E. Nervik and G. T. Seaborg, Phys. Rev. 97, 1092 (1955). 

8 W. E. Bennett, Phys. Rev. 94, 997 (1954). 

® H. H. Hopkins, University of California Radiation Laboratory 
Report UCRL-312 (unpublished). 

1 M. Lindner and I. Perlman, Phys. Rev. 78, 499 (1950). 

1 P. R. O’Connor and G. T. Seaborg, Phys. Rev. 74, 1189 


1948). 
‘ 12R. Serber, Phys. Rev. 72, 1114 (1947). 
’Y, F, Weisskopf, Phys. Rev. 52, 295 (1937). 


unique advantages over similar studies with other 
elements: 


(1) Effectively only one isotope need be considered 
in interpretation of the results. 

(2) Because many of the resultant nuclei are unstable 
toward alpha-particle emission, a number of beta-stable 
products can be measured which would otherwise 
escape detection by activation techniques. 

(3) Many of the neutron-deficient nuclides produced 
in the irradiation of U** and Th* decay primarily 
through alpha-particle emission rather than through 
the orbital capture process. The absolute measurement 
of decay rates is much easier for alpha emitters than for 
nuclides decaying by ortibal capture. 


It is also true, however, the occurrence of alpha- 
particle decay in this region poses certain unique 
difficulties not encountered elsewhere in such investi- 
gations; many radioactive products have as their origin 
not only the initial inelastic event but they may also 
arise as daughter nuclei of either alpha- or beta-unstable 
products ; sometimes both decay modes contribute to an 
observed product. 

O’Connor and Seaborg"™ measured the yields of 
several spallation products of uranium in bombard- 
ments with 380-Mev helium ions. 

From recent measurements on inelastic and fission 
cross sections of U*** it has become possible to estimate 
the nonfission inelastic cross section in uranium ir- 
radiated with high-energy protons; Crandall et al." 
have listed the total inelastic scattering cross section of 
uranium as roughly 1.71.8 barns for 300-Mev protons. 
On the other hand, the fission cross section of U™* for 
340-Mev protons has been established by fission 
counting!® and by radiochemical investigation!*® to be 
about 1.5 barns. A difference of 0.2-0.3 barn may thus 
be ascribed to the spallation portion of the inelastic 
cross section. In the present radiochemical investigation, 
this cross section has been obtained by integration of 
the cross sections for all observed and interpolated 
spallation products arising from bombardment of U*** 


4 Millburn, Birnbaum, Crandall, and Schechter, Phys. Rev. 
95, 1268 (1954). 

16 J. Jungerman and H. M. Steiner, Phys. Rev. 101, 807 (1956). 

16H. G. Hicks and R. S. Gilbert, Phys. Rev. 100, 1286 (1955). 


378 





NONFISSION 


INELASTIC EVENTS IN U AND 


Th 


TABLE I. Spallation product yields (in millibarns) of uranium irradiated with high-energy protons. 








Energy 


Nuclide (Mev) 100 125 140 160 


175 190 200 220 250 270 300 340 





Np238 
236 ae 
93 

0.49 -+0.01 


le 0.08 +0.01 
046 0,036+0,.001 


"2. 0,63 0.03 
0.064 0.093 +0.01 
0.031 0.047 +£0.01 


0.41 +.03 
0.046 
0.012 
5.7+0.5 


1,540.2 
0.086 
0.95 +0.1 
0.50 +0.05 


0.20 
0.85 
0.32+0.01 


0.021 
0.011 


0.017 


0.46 +£0.05 
1.7+40.1 

85 

<4 
1.35 £0.12 
.060 +0.005 
.038 +0.002 
2142 


67.5 ab 
0.40 
0.069 


0.037 
15.1+0.2 


0.43 
0.076 
0.035 


0.41 
0.10 
0.030 


= 


eich 
8 


0.68 0.71. 


PONIES 
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sssss 
Sreoe ulna 
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® Includes yield of Pa**?; unpublished data from Tellefsen (see reference 
> Excitation function from Meinke (see reference 19). 


and Th* with 340-Mev protons. In addition, an 
attempt has been made to compare the extent of fission- 
spallation competition for these two nuclides; it is 
known, for example from direct fission cross-section 
measurements,!® that the fission cross section of Th” 
is only about 0.8 barn, as compared to 1.5 barns for 
U8, Since the total inelastic cross sections for these 
nuclides should be very nearly equal, it is of interest to 
determine whether the remainder of this cross section 
can be accounted for in spallation-type events in Th”. 


EXPERIMENTAL PROCEDURE 
Irradiations 


Uranium and thorium foils from one to ten mils in 
thickness were bombarded for periods varying from 
several mintes to several hours in the Berkeley 184-inch 
cyclotron with protons in the internal circulating beam. 
The proton energies ranged from 100 Mev to 340 Mev. 

Beam intensities were determined by comparison 
with the Na™ induced in an aluminum monitor foil 
intercepting the same flux as the uranium or thorium 
foil. The cross section for formation of a given spal- 
lation product was thus based upon the value for the 
known cross section for Na™ formation in aluminum by 
protons of a given energy.” 


Chemical Procedures 


Isotopes of neptunium, uranium, protactinium, 
thorium, actinium, radium, and polonium from uranium 
targets, and isotopes of protactinium, thorium, ac- 
tinium, radium, and polonium from thorium targets, 
were studied. 

The occurrence of alpha-particle emission among the 
nuclides in this region makes possible—and, in many 
cases, necessary—the use of chemical separation tech- 


17 Hicks, Stevenson, and Nervik, Phys. Rev. 102, 1390 (1956). 
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niques not employed with elements of lower atomic 
number for which carriers are usually available. 
Therefore, chemical yields were generally determined 
through the use of tracer quantities of a long-lived 
radioactive species isotopic with the nuclide of interest. 

The separations technique in general consisted in 
dissolving the uranium or thorium target in an ap- 
propriate medium and, following the addition of the 
proper tracers, in isolating the respective elemental 
fractions. 

A brief account is given in Appendix A of the chemi- 
cal separation procedures, and of the methods of 
radiation detection; no attempt has been made to 
provide exhaustive details of the isolation and final 
purification. 


Experimental Results 


Table I gives the mean cross sections for all measured 
spallation products of uranium at a series of energies 
from 100 to 340 Mev. In Table II are given the mean 
cross sections for formation of spallation products of 
thorium induced with 340-Mev protons. 

The measurable cross section for the sum of the U7 
and Pa”? formation was obtained from Tellefsen'® and 
is included here because of the importance of this cross 
section to the present work. The data for the energy- 
dependence of the Pa”’ formation cross section were 
taken from an excitation function of Meinke” and fitted 
to the observed average value at 340 Mev. 

The limits of accuracy shown in Tables I and II 
represent the mean deviation for those cases for which 
multiple determinations had been made. Sources of 
inaccuracy are inherent in the radiochemical method 
which would be extremely difficult to assess, and which 
must be inferred in all values reported in Tables I and 


18 R. L. Tellefesen (private communication). 
19 W. W. Meinke (unpublished data). 
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TABLE IT. Mean cross sections for formation of spallation 
products of thorium irradiated with 340-Mev protons. 








Nuclide 


Pa232 
230 
228 
227 

Th231* 
228 
227 
226 

Ac228 
227 
226 
225 
224 

Ra227 
225 
224 
223 


o(mb) 


2.6+1.2 
4.2+0.3 
1.7+0.2 
1.0+0.2 
68+3 
3043 
2245 
17+0.3 
28+0.1 
14+0.8 
10+1.6 
14+3 
12.5+0.9 
>0.7 
2.1+0.5 
8.0+1.5 
6.7414 











* Includes independent yield of Ac®', 


II. Included would be errors resulting from imper- 
fections in alignment of target and monitor foils, 
absorption of alpha rays by finite sample thickness, 
and the over-all accumulation of calculable counting 
errors in decay and in alpha-particle pulse-height 
analysis. In some instances the determination of cross 
sections depended not only upon the factors mentioned 
but also upon parent-daughter separations with addi- 
tional tracer measurements and pulse analyses. Thus 
the accumulated errors would sometimes become rather 
large. An extreme example is the determination of the 
Pa formation cross section from bombardment of 
thorium. This value was obtained by allowing the Pa® 
to decay to the U™ daughter, then chemically sepa- 
rating the daughter along with added U™ tracer. The 





2 
10°F 
3 
E 


de isl l 


i 








rt 1 





i 
235 


a oe | 
232 
A 


238 


Fic. 1. Formation cross sections of disintegration products 
of U** bombarded with 340-Mev protons. 
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level of the pulse-analyzed U™ activity was exceedingly 
low, so that large errors were not unexpected. Conse- 
quently agreement of four separate determinations to 
within a factor of four was the best that could be 
obtained. In still other cases the independent yields 
were obtained only after correction for formation from 
decay of one or more radioactive parent nuclides. An 
example is Th”*, which can arise independently as a 
daughter activity from the decay of either Ac”*, Pa”8, 
or U*, 

Figures 1 and 2 represent the data obtained at 340 
Mev for U** and Th, respectively. The experimental 
values from each bombardment have been plotted, 
rather than the mean values (with mean deviation) 
given in Tables I and II. 

The independent yields for U*’ and Pa”? and for 
Th* and Ac™! were calculated on the assumption that, 
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Fic. 2. Formation cross sections of disintegration products 
of Th** bombarded with 340-Mev protons. 


at these energies, formation is by knock-on reactions, 
the ratio of the yields for the (p,pm) and (p,2p) reactions 
being very approximately that in which neutrons and 
protons occur in the nucleus. Caretto and Friedlander” 
showed this to be true for Ce irradiated with 380-Mev 
protons. 


Spallation and Cross Sections 


From the smooth curves of Figs. 1 and 2, the cross 
sections for a given mass number were calculated by 
summation of the cross sections for individual nuclide 
formation. Graphical summation of these values should 


then yield the spallation cross sections for uranium and 


2A. A. Caretto and G. Friedlander, Phys. Rev. 99, 1649 (A) 
(1955). 
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thorium. For both cases, alpha-particle instability 
precluded cross-section measurements below mass 
number 223. Thus, for thorium, data were obtained for 
only nine mass numbers, but for uranium, it was pos- 
sible to obtain data for fifteen mass numbers. Inspection 
of Fig. 3 indicates that the measured values represent 
essentially the entire cross section in the case of 
uranium, but that for thorium, an unknown—and 
possibly large—fraction could not be measured below 
mass 223. An attempt was made to infer yields of a 
few such nuclides through cross-section measurements 
of Po, At”, and Bi#° formation. Although these 
nuclides could conceivably arise by direct formation, 
it is more likely that they would result from a series of 
short-lived alpha-particle emitters whose origin would 
be nuclides formed directly in spallation. For example, 
in uranium spallation, Po’ might arise from U™® or 
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Fic. 3. Mass-number dependence of formation cross section of 
spallation products of U“* and Th*? irradiated with 340-Mev 
protons. 


Th, while Bi? would arise from Pa”* or Ac”; in 
thorium spallation the directly-formed percursors would 
include Th™, Ra*®, and Ac™, Fr’, respectively. In 
principle then, the curves in Figs. 1 and 2 could be used 
to decide which precursor(s) would be most consistent 
with the experimental data for the Po”, Bi?!’, and At 
cross sections. 

Experimentally, Po”® was measured at times im- 
mediately after, one day after, and several weeks after, 
irradiation in order to measure the contributions from 
Po”, At”, and Bi”, respectively. Unfortunately the 
data shown in Table III proved to be subject to such 
large errors (in some cases almost an order of magni- 
tude) that they can be considered as semiquantative 
only. 

Although the data proved to be too rough to infer 
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TABLE III. Cross sections, in millibarns, for formation of 
nuclides in the region of polonium. 








Product 340 Mev 300 Mev 250 
At20 
Po 
Bi20 
At! 
Po2t0 
Bi21 


Target 





U%s8 





the cross sections accurately for the very neutron- 
deficient spallation products, the relative magnitudes 
for thorium and uranium targets are certainly consistent 
with predicted cross sections for the probable precursors. 

Recently, Hutchin® has accurately measured the 
excitation function for Bi#° formation from U™* and 
Th™ bombarded with high-energy protons and has 
shown that the magnitudes of the cross sections given 
in Table III are correct. His excitation function for 
Bi?” from thorium closely resembled those for Ac?* 
and Ac” obtained from thorium by Hyde,” indicating 
that Ac™ was probably the principal (though not the 
sole) precursor; of two other possible precursors Pa”® 
and Fr*!®, the former would be predicted from Fig. 2 
to make a relatively small contribution, and the latter 
was not measurable because of half-life considerations 
and lack of a suitable carrier or tracer. For U** bom- 
bardment, Hutchin’s data suggest that the main source 
of Bi” was Ac”. 

The polonium data do demonstrate that neutron- 
deficient spallation products are formed with con- 
siderably higher cross section from thorium than from 
uranium. Thus, the spallation cross section can be 
measured essentially in its entirety for U**, but for 
Th* the value must be higher than the value obtained 
from Fig. 3. Graphical summation in Fig. 3 yielded 280 
millibarns for U8, and a minimum value of 370 milli- 
barns for Th*. 

This and related information are summarized in 
Table IV. 

The sum of the fission and spallation cross sections 
for U** indicates agreement with the measured inelastic 
cross section. This is reasonable in view of the apparent 
completeness of the spallation cross section obtained 
from Fig. 3. However, if the same inelastic collision 
cross section is assumed for both Th’ and U™®, it is 


TABLE IV. Inelastic cross sections (in barns) of U8 and Th? 
for 340-Mev protons. 








Target 

nucleus 
U8 
Th 


ine!” % spall 


~1.6 15 
ed >30 


Ofiss +O spall 


1.65 
>1.2 


Pfiss® 


1.37 
0.80 


spall 


0.28 
>0.37 











® See reference 15. 
b See table, p. 1273, reference 14. 


21 W. H. Hutchin (unpublished data). 
#2 EF. K. Hyde and S. Skirvin (unpublished data). 
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evident that approximately 0.4 barn—or about 50%— 
of the spallation cross section for Th was not meas- 
ured. Presumably this contribution to the cross section 
is to be found in the neutron-deficient isotopes of 
thorium, actinium, radium, and francium, a small 
fraction of which is evident from the polonium data in 
Table III. 


Competition between Fission and Nucleon 
Evaporation 


Serber” has adequately described the process for 
high-energy nuclear reactions at energies not compli- 
cated by meson production. According to this theory, 
an incident high-energy nucleon interacts with the 
nucleus through collisions with target nucleons, 
generating a nucleonic cascade in times of the order of 
the nuclear period for the high-energy nucleons. The 
cascade nucleons will either have left the nucleus in 
times of this order of magnitude or will have been 
captured and have distributed their energy to the 
remaining nucleons in such a manner that the nucleus 
will have come into a temperature equilibrium. 

Using experimental n-n and m-p scattering cross- 
section data together with restrictions imposed by the 
Pauli principle, Goldberger® treated the cascade 
phenomenon for lead nuclei by Monte Carlo methods 
and was able to obtain satisfactory agreement with some 
experimentally observed quantities. The method has 
since been used by Bernardini, Booth, and Linden- 
baum™ and by McManus, Sharp, and Gellman® to 
carry out more extensive calculations. The latter 
investigators”® have calculated the energy distribution 
to be expected for the residual nuclei following the 
cascade phase resulting from (among others) 400-Mev 
incident protons on U™* nuclei. Since their data indicate 
that an average of 1.6 cascade neutrons and 1.3 cascade 
protons (including the incident proton) are ejected in 
this phase, it is reasonable to assume that formation of 
an excited U”*® or U*’ nucleus should be a relatively 
probable event. 

In the second phase of the nuclear reaction, nucleon 
evaporation occurs in times long compared with the 
times required for the first phase. It is presumably 
during this second phase that fission becomes a com- 
peting process. It has been shown by Heckrotte”’ that 
for U** nuclei excited to about 100 Mev, evaporation 
of protons can be neglected as compared with that of 
neutrons. He has calculated the relative probabilities 
for emission of a given number of neutrons from 
uranium nuclei excited to 50 Mev and to 100 Mev. 


23 M. L. Goldberger, Phys. Rev. 74, 1269 (1948). 

% Bernardini, Booth, and Lindenbaum, Phys. Rev. 88, 1017 
(1952). 

2s McManus, Sharp, and Gellman, Phys. Rev. 93, 924 (A) 
(1954). 

26H. McManus ¢f al. (private communication). 

27W. Heckrotte, U. S. Atomic Energy Commission Report 
TID-2014 (unpublished). 
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Since, in a cascade process for 340-Mev protons, the 
average number of additional cascade nucleons ejected 
may be taken to be between one and two neutrons,”® 
a heavy uranium nucleus, such as U™* or U7 may, toa 
first approximation, be taken as the most probable 
product of the cascade process. From the calculations of 
McManus ¢¢ al.,”® the distribution of nuclear excitation 
energies resulting from 400-Mev protons incident upon 
U*® nuclei was coupled with Heckrotte’s treatment?’ 
to arrive at a final distribution of uranium nuclei after 
neutron evaporation. The crudeness of this calculation 
must be emphasized since it has been assumed that only 
heavy uranium nuclei exhibit McManus’ nuclear ex- 
citation distribution. Nevertheless, such crude calcu- 
lations imply that the yield of uranium isotopes over 
ten mass numbers would not vary by more than a factor 
of two or three. Comparison with the yield curve in 
Fig. 1 for uranium isotopes shows, however, that the 
the yields decrease by a factor of more than a thousand. 
Even if the above assumptions were to lead to con- 
clusions in error by an order of magnitude, it is obvious 
from the low uranium yields that either proton emission 
cannot be neglected or that there is considerable 
competition from fission. The answer may be found in 
comparison of this curve with the analogous case in 
Fig. 2 for thorium isotopes. This curve exhibits far less 
slope than the uranium curve in Fig. 1, and in fact gives 
fair qualitative agreement with the rough calculation 
above for uranium nuclei. Since fissionability appears 
to be a sensitive function of the Bohr-Wheeler pa- 
rameter Z*/A, it is reasonable that the comparatively 
low yields, especially for light uranium isotopes, are 
due to greater fission competition. On the other hand, 
one would not expect the charged-particle barrier 
restrictions to charge markedly for such a relatively 
small increase in atomic number. It seems likely there- 
fore, that fission, rather than proton emission, is 
responsible for the slope characteristic of the analogous 
yield curves in Figs. 1 and 2. It is probably significant 
that the slopes of the mass-yield curves decrease with 
the nuclear charge of the product nucleus; this might 
be expected from the fact that the fissionability pa- 
rameter of Pa isotopes is less than that of uranium 
isotopes of the same mass number. The negative slopes 
for the radium and actinium yield curves of Fig. 1 
reflect both the negligible extent of fission competition 
and the improbability of a high ratio of proton-to- 
neutron loss by the combined knock-on and evaporation 
phases. 

Large yields of uranium and protactinium nuclides 
close to the target nucleus are, of course, characteristic 
of the nucleon-nucleon character of high-energy re- 
actions. Analogous yields have been observed in all 
radiochemical studies.!~“” 

From the data of Fig. 1, Batzel** has attempted to 
evaluate the competition between neutron evaporation 


28 R. E. Batzel, University of California Radiation Laboratory 
Report UCRL-4303 (unpublished). 
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and fission, and has concluded that attainment of the 
critical nuclear distortion competes with neutron 
emission in a manner independent of the particular 
nuclear excitation, even though the actual process of 
division into two fission fragments might not occur 
until the nucleus has reached the final stages of cooling 
by nuclear evaporation. Conversely, the assumption 
that fission did not compete until the final stages in the 
evaporation process did not seem to fit the data as well; 
adjusted formation cross sections for individual product 
nuclides did not add up to the known inelastic cross 
section for uranium irradiated with protons in the 
region of 300 Mev." 

The relative importance of fission of lighter nuclei in 
uranium and thorium may be further shown from a 
comparison of the apparent loss of charged particles 
in nuclear reactions with 340-Mev protons. The cross 
sections for total neutron and total (apparent) proton 
production have been calculated in Table V; the last 
column gives the ratio of these quantities. For this 
calculation, the role of alpha-particle emission is 
ignored. 

Since the lighter isotopes resulting from thorium 
spallation could not be measured, only a lower limit 
could be set on the numbers of neutrons and protons 
lost per nonfissioning collision in thorium. Of these two 
calculations, that for neutron loss will be the more 
underestimated. For this reason, the neutron-to-proton 
ratio in the last column is also a lower limit. The 
contrast between the o,/o1, ratios for thorium and 
uranium can be attributable only to competition from 
the fission process among the neutron-deficient spal- 
lation products. The small value of this ratio for 
uranium simply reflects the greater extent of fission. 


Comparison with Data from Photographic 
Emulsions 


Ivanov, Perfilov, and Shamov”’ determined the prong 
distribution in uranium-impregnated G-5 emulsions 
accompanying forty-six fission events induced with 
460-Mev protons. The number of prongs per event 
varied from zero to six, and included both knock-on 
and evaporation charged particles. Since the latter 
comprised only about 30% of the total charged 
particles, and of these only about 40% were alpha 
particles, to a first approximation each prong may be 
interpreted as a loss of one proton. Thus a one-prong 


TABLE V. Neutron and proton loss in uranium and thorium 
irradiated with 340-Mev protons. 





oin/Oip 


1.7(5) 
>2.5 


o1p/Ospall 


1.75 
>1.4 


Target 7in/Ospall 


ag 3.0 
tS aa >3.5 








*%Tvanov, Perfilov, and Shamov, Doklady Akad. Nauk SSSR 
103, No. 4, 573 (1955) (translated by Consultants Bureau, 
New York). 
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TABLE VI. Distribution of fission events and nonfission events 
in uranium bombarded with high-energy protons. 





Percent of nonfissions 
340-Mev protons 


Percent of fissions 


Element 460- Mev protons® 





Np 17+6 
U 3449 
Pa 29+9 
Th 17+6 
Ac 4+3 





® See reference 29, 


star would result in a uranium nucleus, a two-prong 
star in a protactinium nucleus, etc. In the second 
column of Table VI the data of these investigators are 
listed as the frequency of a given prong distribution vs 
the atomic number of the resultant nucleus in the star 
accompanying the fission event. In the third column, 
the percent of the nonfissioning events occurring in each 
element is given for uranium spallation obtained by 
summation of the cross sections for the individual 
isotopes of each element in Fig. 1. Since even the most 
naive type of calculations, which attempted to adjust 
the observed spallation cross sections for fission com- 
petition, would lead to values for percent fissions which 
would greatly favor uranium (and possibly neptunium) 
isotopes, it would appear that a discrepancy with the 
film data in the second column of Table VI arises. The 
difference in the incident proton energies considered is 
not likely to be the cause of the discrepancy. This 
apparent disagreement may, however, be taken as an 
indication that although the probability for proton 
evaporation in an excited nucleus is very low, this 
probability will increase greatly once an excited nucleus 
has become “‘destined”’ to fission. Thus proton emission 
in the fragments—or partially formed fragments—may 
not be negligible, because of the considerably lowered 
barrier. In this manner, a low spallation cross section 
for formation of a low-mass uranium isotope might be 
interpreted as being due to fission competition. On the 
other hand, the same event might be detected in an 
emulsion as a two-prong (or greater} star. 


Excitation Functions for Spallation Products 
of Uranium 


The data of Table I giving the energy-dependence of 
a number of cross sections have been plotted in Fig. 4. 
Except for U*’ all seem to have thresholds in the region 
of 50 to 100 Mev. Of these, the excitation functions for 
isotopes of uranium seem to show far less variation than 
the others, in the energy region from 100 to 340 Mev. 
In fact, mass-yield curves for uranium isotopes at 
different energies, similar to that in Fig. 1, seem to 
exhibit an energy invariance as compared with those 
for Th, Pa, Ac, etc. Since it is reasonable that a given 
distribution of uranium isotopes should be associated 
with a certain amount of fission, the invariance of the 
distribution implies that the same fission cross section 
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Fic. 4. Energy dependence of formation cross sections of spallation 
products of U* bombarded with high-energy protons. 


is due to uranium isotopes from 100 Mev to 340 Mev. 
Now Jungerman and Steiner'® have shown that the 
fission cross section for proton-bombarded uranium is 
constant from 100 Mev to 340 Mev. It would therefore 
appear that the fraction of the fissions occurring in 
uranium which are actually due to uranium nuclei is 
also reasonably constant over this energy region. 
However, the distribution over all fissioning atomic 
numbers must certainly vary over this energy interval; 
at 50 to 100 Mev the fission contributions from Pa, Th, 
Ac, etc., decrease to zero. On the other hand, that from 
neptunium isotopes must become increasingly im- 
portant at low energies owing to the increase in (p,xm) 
cross sections at decreasing energies. In fact, the data 
of McCormick and Cohen® show that the flat portion 
of the fission excitation function extends down to about 
22 Mev, and at these energies neptunium isotopes may 
even become the principal fissioning type of nucleus. 


APPENDIX. CHEMICAL SEPARATIONS 


Protactinium.—Protactinium was obtained in a state 
of sufficient purity through extraction into diiso- 
propylketone, first from a hydrochloric acid solution, 
then by a similar extraction from a nitric acid medium. 

Thorium and Actinium.—The thorium and actinium 
were carried in a preliminary step on lanthanum 
fluoride in order that these be separated from all 
elements but the rare earths and other actinide 
elements. 


80 G. H. McCormick and B. L. Cohen, Phys. Rev. 96, 722 (1954). 


The thorium was separated from actinium and the 
rare earths by extraction from a solution at a pH of 1.5 
into a benzene solution of thenoyltrifluoroacetone. 
Actinium and the rare earths were then extracted into 
the same reagent at a pH of 5.7. Since no isotope of 
actinium exists with the desirable properties of a satis- 
factory tracer, no attempt was made to separate 
actinium from the carrier lanthanum and the rare 
earths, the lanthanum being used to determine chemical 
yield of the actinium on the assumption that the two 
were chemically indistinguishable through the pro- 
cedure adopted. 

Nepiunium.—Neptunium was isolated through two 
extraction cycles from dilute hydrochloric acid into a 
benzene solution of thenoyltrifluoroacetone. Protac- 
tinium contaminant was removed by extractions from 
an acid solution into diisopropylketone. 

Uranium.—The separation scheme for uranium in- 
volved an extraction into diethyl ether from a con- 
centrated solution of magnesium nitrate, followed by 
adsorption, from concentrated hydrochloric acid, onto 
an anion exchange resin and elution with dilute acid. 

Radium.—Barium was used as a carrier for radium, 
and purification therefore consisted of the usual methods 
employed for barium. Since the long-lived isotope Ra”® 
proved, in this work, to be somewhat unsatisfactory as 
a tracer isotope (because of a series of short-lived 
daughters), no attempt was made to separate barium 
and radium. Rather, barium was used to determine the 
chemical yield for radium on the assumption that they 
were chemically indistinguishable. Specific activities 
were, fortunately, high enough that the essentially 


TABLE VII. Methods applied to nuclide detection. 








Nuclide Method 





Np*® 
Np** 
U2 


Pulse analysis, Pu** daughter 

Pulse analysis, Pu* daughter 

Pulse analysis 

Pulse analysis 

Alpha decay 

Alpha decay 

Beta decay 

Beta decay 

Isolation and pulse analysis, U** daughter 

Pulse analysis, U series 

Isolation and pulse analysis, Th”* daughter 
Alpha decay 

Beta decay 

Beta decay 

Pulse analysis 

Pulse analysis 

Alpha decay 

Isolation and pulse analysis, Th®* daughter 
Alpha decay, Th®** daughter series 

Alpha decay 

Isolation and pulse analysis, Ra* daughter series 
Isolation and pulse analysis, Th®* daughter 
Isolation and pulse analysis, Th’ daughter series 
Isolation and pulse analysis, Ac** daughter series 
Alpha decay 

Pulse analysis 

Pulse analysis and alpha decay 
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weightless plates necessary for satisfactory pulse 
analyses could be easily achieved. 

Polonium.—Polonium was chemically plated on a 
silver disk immersed in a dilute nitric acid solution of 
the uranium target. 

Methods of Radiation Detection—The methods used 
to determine quantitatively the presence of a particular 
isotope included beta-particle decay, alpha decay, 
alpha pulse-height distribution analysis, and parent- 
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daughter separations. Table VII lists in some detail 
these methods as they apply to the specific nuclide. 
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Electron Double Scattering by Nuclear Magnetic Moments* 
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Polarization effects in the scattering of high-energy electrons by charges and magnetic moments are 
discussed. A double scattering experiment using targets with lined-up nuclear spins should be a sensitive 
means of obtaining information about a possible difference in the charge and magnetic moment distributions 


of nuclei. 


I. INTRODUCTION 


OR some time now electron scattering by nuclei has 
served as a tool for the determination of the shape 
of the nuclear charge distribution.! So sensitive has this 
technique become that it has begun to yield information 
about the shape of the magnetic moment distribution 
as distinct from that of the charge. Although in the 
only case measured so far, the proton, no difference 
between the two distributions was detected,” one might, 
on the basis of the shell model, expect the two distribu- 
tions to be significantly different for nuclei other than 
those of hydrogen. 

The purpose of the present note is to exhibit the 
results one could expect from another scattering experi- 
ment more specifically suited to the direct measurement 
of the effects of the nuclear magnetic moment. Such an 
experiment would involve the detection of the polarizing 
effect of a scattering by nuclei whose magnetic moments 
point in a prescribed direction. Unfortunately, no 
feasible experimental techniques are at present avail- 
able for lining up nuclear spins for such a purpose. 
Presumably, however, it is but a question of time (and 
perhaps not a very long one, at that) that they will be. 
In that event the experiment here proposed would 
become possible. 


* Supported in part by the National Science Foundation. 

1 Particularly the experiments by the group at Stanford. See 
Hahn, Ravenhall, and Hofstadter, Phys. Rev. 101, 1131 (1956), 
and previous papers mentioned there. 

2R. Hofstadter and R. W. McAllister, Phys. Rev. 98, 217 
(1955); R. Hofstadter and E. E. Chambers, Bull. Am. Phys. Soc. 
Ser. II, 1, 10 (1956). 


II. GENERAL DISCUSSION 


We can very easily get an idea of the relative order 
of magnitude of the magnetic moment effects in scat- 
tering. While the measure of the strength of the 
Coulomb interaction is eZ, e being the electronic charge 
and Z, the atomic number of the nucleus, the measure 
of the magnetic moment interaction is | p|u, where p is 
the momentum of the scattered electron and yu, the 
magnetic moment of the nucleus. The relative size of 
the two effects will therefore be of the order of magni- 
tude 


lp|u 1 |p| u/uw 


6f) 23 Me:Z 


where uy is the nuclear magneton, and M is the proton 
mass. The energies used now or shortly to be used in 
electron scattering, of the order of one Bev or higher, 
are therefore large enough to produce sizable magnetic 
effects. It is also clear then that the effects are biggest 
for small values of Z. 

The specific effects of the magnetic moment inter- 
action which cannot be produced by the Coulomb 
field, are due to its noncentral nature, i.e., the fact that 
it contains a preferred direction. They are therefore 
not obtainable from a target whose nuclear magnetic 
moments are oriented at random. Those results (anti- 
symmetries, etc.) which are obtainable from unoriented 
scatterers are also, qualitatively, obtainable from a pure 
Coulomb field and are therefore much harder to dis- 
entangle from those of the latter alone. Since the aim 
is to pin down experimentally the specific magnetic 
moment phenomena, we will be primarily interested in 
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those features which disappear if the scatterers are 
randomly oriented. 

The agent of the special orientation effects we are 
looking for is of course the electron’s spin. Let u, and u_ 
be (normalized) Dirac wave functions for spins pointing, 
respectively, forward and backward. Then 


u=au,+bu_, |a\?+|b/*=1, b/a=(tandx)e*, 


can be interpreted as the wave function of an electron 
whose spin axis has the orientation (x,w) in its rest 
system.’ Such a wave function always represents an 
entirely polarized beam; a less than completely polar- 
ized beam forms a mixed state. The appropriate means 
for its representation is a density matrix.‘ We shall, 
however, be able to avoid the use of the latter. 

In a coordinate system in which the electron is not 
at rest, the eigenvalues of o-n are constants of the 
motion only if n points in a direction parallel to the 
momentum. Thus the physical significance of |a| and 
|b| is much more immediate than that of their relative 
phase: 


n=|a|?—|b|?=2|a|?—1=a'o-pu|p|-? — (1) 


is the difference between the probabilities of finding the 
spin forward and backward. We shall call the s-polar- 
ization; when 7=0, we call the beam s-unpolarized. 
The s-polarization is therefore a property of a wave 
function ; it refers to a pure state. In addition, the wave 
function contains fhe relative phase of a and 6, which 
we shall take into account without explicit reference to 
polarization. 

If a scattering of an unpolarized beam results in a 
polarization, or s-polarization, then the proper means 
for analyzing it is a second scattering experiment. Any 
dependence of the second on the first scattering is 
evidence for a polarization phenomenon, or, equiva- 
lently, for an s-polarization possibly together with an 
interference effect due to coherence between the scat- 
terings. It is in the interference that the relative phase 
of a and bd is important. Rather than use an explicit 
polarization formalism, we shall directly set up a double 
scattering formulation, in which coherence effects are 
automatically taken into account. It will turn out that 
the interference terms are quite negligible at high 
energies, and we can restrict ourselves to the explicit 
consideration of the simpler s-polarization. The latter, 
we shall see, is entirely due to the magnetic moment 
interaction. This must, indeed, be rigorously true and 
cannot be a feature of the approximation. The s-polar- 
ization is a pseudoscalar quantity; no such object can 
be formed from two vectors, the incoming and outgoing 
momenta, alone. Therefore, a spherically symmetric 
potential such as the Coulomb field or randomly 


3N. F. Mott, Proc. Roy. Soc. (London) A124, 425 (1929), and 
A135, 429 (1932). 

4H. A. Tolhoek and S. R. De Groot, Physica 17, 1 (1951); 
also H. Mendlowitz and K. M. Case, Phys. Rev. 97, 33 (1955) 
and 100, 1551 (1955). 
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oriented magnetic moments, cannot produce an s-polar- 
ization. 

We shall first set up an exact expression for the 
double scattering cross section which includes coherence 
phenomena. We are then going to calculate, in the first 
Born approximation, the differential cross section for 
double scattering by nuclei which consist of static 
charge and magnetic moment distributions. The use of 
the Born approximation is justified by the fact that the 
phenomena of interest will be most pronounced for low 
values of Z. In agreement with Mott,’ we obtain no 
coherence effects as a result of the pure (spherical) 
charge distributions. Those will occur but in a higher 
approximation and are therefore relatively small. 

Owing to the magnetic moment, we obtain both an 
interference term and an s-polarization term. The 
former, however, is quite negligible at the energies 
considered (just as is Mott’s interference term for the 
Coulomb field). The only “memory” of the first scat- 
tering is therefore carried by the s-polarization, which 
is given as a function of energy, scattering angle, and 
magnetic moment direction. These dependencies are 
exhibited in special graphs which can be used to 
facilitate experimental detection of a difference between 
the charge and magnetic moment distributions. 


Ill. CALCULATION 


We consider an electron in a fixed external eiectro- 
magnetic field. Since we neglect the nuclear recoil, the 
results will be applicable only to nuclei heavier than 
the proton. Let® 

H= (1+RG))K (2) 
where® 
Go'=ypt+m. (3) 
Then the wave function which “evolves” from an in- 
coming plane wave Yop, of momentum p and spin A, 
can be written 


V pr(¥) =Popa(r) — (m+yopotiy: V) 
x f : (dr'°(dr"”)*(t| (m?-+p2)-!| r+) 


KH=—eyA, 


X (0 | Ae’ Won(r’) =, Voo(t) 


ce?" 1 
—(m+rpo-1-—— f f (dr’)? 
t 4r 


x (dr'PeFeF' (r"| A | 2 on (r'’) 
e'?" (2x8 


=u (p)e'®* -—--——(m—-q)(q|H| p)™(p), 
r (4m) 


where q=|p|r/r. Hence at large distances from the 


5 See R. G. Newton, Phys. Rev. 94, 1773 (1954). 
6 We use natural units, with A=c=1. The y matrices are skew- 
Hermitian ; yo is Hermitian. 
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scattering center, the state of the beam observed in the 
direction q is described by the amplitude 


u(q)= — 2n*(m—-q)(q|H| p)un(p). (4) 


If the initial amplitude is normalized so that 
uy'(p)m(p)=1, then the differential cross section is 
(with 7= utyo) 


oy(4,P)= | #(q) | ?= 8x pot, (p) (| yoH *yo| q) 
X (m—yq)(q| | p)un(p). 


We obtain from this the differential cross section for 
double scattering via an intermediate momentum Q 
(which points from the first to the second scattering 
center) by setting p=Q and substituting (4) after 
replacing there q by Q. The result is restricted to 
situations in which the distance between scatterings is 
large compared to the effective regions of interaction. 
Then’ 


oy(q,Q,p) = 32m potty (p)(p | yoH 1"y0| Q) 
X (m—Q)(Q| oH 2*yo| q) (m—-q) (q| H2| Q) 
X (m—Q)(Q| | p)m(p). 


Since (m—~yp)yo0/2p0 is the projection onto positive 
energy states, the double scattering cross section for an 
unpolarized beam is 


o(4,Q,p)= 16x'* tr(m—~yp)(p| oH :'y0| Q) 
X (m—yQ)(Q| yoH2"y0| 4) (m—q) (a| H2| Q) 
xX (m—yQ)(Q|Hi|p). (5) 
So far this result is exact. In the first Born approxi- 


mation now H=3, and in the case of a point charge 
and a point magnetic moment 


H= —eyA= (e’Zyotey:uX V)r 
=CZ(yotd| ply eX Vr, 
where 
A=3(|p|/Mc)(u/unw)Z“. (6) 
If we write 
k)= mix (Q—p)/m pl, k.= weX (q— Q)/u2! p| a A?) 
then the double scattering cross section becomes in the 
first Born approximation 
o(q,Q,p)= (R?/ 8po')i tr(m—vp) (yotimy: k,) 
X (m—-Q) (yo trey: kz) (m—-q) 
X (vyo— ida: ke) (m—Q)(yo—iAry-ki), (8) 
where ®& is the Rutherford cross section. 
For an extended charge and magnetic moment distri- 
bution, the only modification is the multiplication of ® 


and \ by form factors. If the radii of the two distribu- 
tions are R, and R,,, and their radial shapes described 


7 The subscripts 1 and 2 on H refer to the possibility that the 
two scattering centers are not identical. 


by p. and pm with 


1 1 
f dectpce)= f dvv’p»,(v) =1, 
0 


then the form factors are 


1 sinvKR, 
som f dvv*p,(v) 
A 


1 sinvKR, 
‘ 9 
S™ = dvv?pm(v) ae 2 


0 v m 


where 


K=2|p| sin(36), (10) 


and @ is the scattering angle. The modifications in 
(8) are 
(11) 


(12) 


Rt ( RS, S,)?, 
S=S™/S@, 


AAS, 
After evaluation of the trace, (8) becomes 
o(q,Q,p)= R7{(1—6? sin?(301)+4A1°87O, sin?(34)) ] 
x [1 —p? sin?(402)+ 427870. sin?(46.) | 
+A1A284( ki > piX pz) (Ko: p2X Ps) 
+A1A298?(1—8*) ki X (po— pi): k2X (ps— p2)}, 


where B= | p| /po=v/c, 


(13) 


©=cos*(30) cos?(u, piX py) 


+sin?(36) sin*(u, pi— py), (14) 


and pi, Pe, ps are unit vectors in the directions p, Q, 
and q. 

The first term in the brace in (13), which consists 
of a product of two brackets, represents the product of 
the two cross sections for single scattering of an un- 
polarized beam. The second term is the modification 
due to the s-polarization effects of the scattering. It can 
be shown directly® that the cross sections 74, 744, 
o_,, o—— for single scattering from backward spin to 
forward spin, forward to forward, etc., are 


74-=0_4= R(1—?) sin?(}6), 
o+4= R[cos*(30)+4A7870 sin?(46) 

+6d(k: piX py) J, 
o__= ®{_cos?(46)+ 47870 sin240 

—Bd(k- piX py) ]. 


The last term in (13), finally, is due to interference 
between the two scatterings; it is a true polarization 
phenomenon. 

We observe that the last term in (13) contains the 
factor (1—8?)=(mc?/po)? and is therefore extremely 
small at energies over 100 Mev. Consequently, in the 


8 We merely insert the projections 4(1-¢- p/| p|) onto forward 
and backward spin states into the trace in the expression for the 
single-scattering cross section. 


(15) 
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Fic. 1. The 
curve marked 7 
represents the s- 
polarization due 
toa magnetic mo- 
ment in the scat- 
tering plane, as 
a function of &, 
the indicated en- 
ergy angle combi- 
nation. The other 
curves represent 
the scattering an- 
gle @ as a func- 
tion of 6&, for 
cos(u, pit+py) =1 
and various val- 
ues of E, the en- 
ergy parameter. 
The dashed line 
A-F indicates a 
reading of the 
s-polarization for 
given scattering 
angle, magnetic 
moment __ direc- 
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—, tion, and energy. 
8 


T 
5 


Energy in 0.5 Bev/ [ju /jy)2™ Cost 1, p+P, See /2- cos 6/2j] 


relativistic limit (in which we set B=1), the only 
correlation between the two scatterings is due to 
s-polarization : 


o(q,Q,p) — &*{[cos*(361) +4170, sin*($61) | 
rel. 
X [cos?($62)+ 42» sin?(362) | 
+Arro(Ki- piX po) (Ke: p2X Ps)} 


= 004040 09_a_9 
=o00o00(1+mm2), (16) 
where 
F4=T+ato-2, Fr0=F(044+04-), 
and the s-polarization 
o40—0-9 48d cos(#6) sin?(36) cos(p, pi+py) 
cyto» 1—B*sin*($)+4n26°O sin2(30) 
4 cos(36) cos(u, pit py) 
rl cot?(30)+4\70 





q= 


(17 





Since n changes sign if y is replaced by —y, it can 
be isolated from the double scattering cross section by 
comparing two double scatterings which differ only by 
having one of their magnetic moments reversed. Let us 
call the corresponding double scattering cross sections ¢ 
and o’. Then 


n= (o—o’)/(o+o’)=A. 


If one, finally, chooses the second scattering (in the 
double scattering) a replica of the first, with the same 


(18) 


kind of target and similar angles, then 


n= A}. (19) 


IV. DISCUSSION OF RESULT 


Let us consider expression (17) for the s-polarization. 
A glance at (14) shows that, other angles being equal, 
n is largest when the magnetic moment lies in the plane 
of the scattering. We shall therefore assume that to be 
the case from now on. We can then write: 


n= &/(1+46"), (20) 
where 
&= SE[sec(36)—cos(36) ] cos(u, pit py), 
E=2(o/Me)(u/ux)Z—. 


In Fig. 1 we have plotted » and @ against &, for 


(21) 
(22) 


S=1, cos(y, ptpys)=1, and E=0.25, 0.5, 1, 2. 


For an arbitrary scattering angle @ and arbitrary angle 
between the magnetic moment and the line bisecting 
the scattering angle, one merely draws a line at the 
latter angle with the abscissa and proceeds as indicated 
in Fig. 1 by the dashed line from A to F. The point B, 
of course, lies on the curve appropriate to the electron 
energy. The curve CD is a circular arc with center at 
the origin. 

In order to obtain information about 5S, the ratio of 
the charge and magnetic moment form factors, from 
an experimental knowledge of » [via (18) ] as a function 
of the energy, one adopts an arbitrary energy scale on 
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marked » represents 
the __ s-polarization 
due to a magnetic 
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tering plane, as a 
function of &. The 
other curves repre- 
sent the scattering 
angle @ as a function 
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dashed lines A-X 
and D-X indicate a 
way of plotting the 
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the abscissa of Fig. 1, proceeds as from F to E® and 
plots the points D, the intersection of the vertical from 
E with the circle through C. If the two distributions in 
the nucleus are equal, then the points D must form a 
straight line through the origin. Any deviation from 
such a straight line indicates unequal charge and mag- 
netic moment distributions. 

Figure 2 contains a plot of » against 6, and various 
graphs of @ against & with SE=1 and fixed angle y 
between the magnetic moment yw and the initial mo- 
mentum p,, for several values of y. This figure can be 
used if 7 is experimentally given, at a fixed energy, as 
a function of the scattering angle 6. One then selects 
the appropriate —@ curve for the angle y used and 


® Care must be taken to be sure on which part of the n-curve E 
ought to be. That depends on whether 7 is found to increase or 
decrease with the energy. 


proceeds as indicated by the dashed line® in Fig. 2: 
from A to C and from D to E£. One then plots the 
points X, the intersection of the circular arc through C 
with the vertical through E. The points X must again 
fall on a straight line through the origin if S=1. 

Finally, a word about modifications if the scattering 
magnetic moments are not perfectly lined up. In that 
case cos(u, pit+py) is replaced by 


f d%,f(w) cos(y, pity). 


The only complication arises from the fact that if the 
magnetic moment does not lie exactly in the plane of 
the scattering, 7 cannot be written quite as simply as 
in (19). The graphs must then be somewhat modified. 
The principle, however, will be unchanged. 
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A study is made of the effect of space-dependent electric fields upon the complex conductivity of a low- 
pressure ionized gas. The case of a standing wave is considered first and it is found that the diffusion constant 
for the electrons becomes space dependent. Finally the case of a traveling wave in an infinite ionized 
medium is studied. For the latter situation, the spatial variation of the field has no effect on the conductivity. 





A. STANDING WAVE 


T has been customary in the literature!” to calculate 
the complex conductivity of a low-pressure ionized 
gas at high frequency by using the formula 





uo. (1) 


e yp f 
o.= |- —4% 
mv+u? m(v+*) 


Here w is angular frequency of the field, v is the collision 
frequency of electrons with gas molecules and n(r) is 
the number of electrons per unit volume at position r. 
Formula (1) assumes » to be constant; it is based on the 
work of Margenau,’ whose explitic formula refers to a 
constant mean free path. The procedure that has been 
used to calculate n(r)!” is to solve the diffusion equation 
using the ambipolar diffusion coefficient. The physical 
process involved is simply a balance between diffusion 
of electrons and ions to the walls and the generation of 
the electrons and ions in the gas. More recently Allis 
and Rose‘ have considered the diffusion problem in a 
more general manner. They take the diffusivities and 
mobilities of the electrons and ions to be constant and 
obtain differential equations for the current densities 
and the electric field due to space charge under condi- 
tions of equal positive and negative current densities. 
The question we wish to raise is the following. 
Formula (1) is based on a derivation in which it was 
assumed that both m and the microwave electric field 
were not dependent on position. Also the method for 
calculating (r) involves using constant diffusivities 
and mobilities. How valid are the preceding methods 
when both » and the microwave field vary with position? 
In order to answer the foregoing question, we consider 
a simple model of a microwave standing wave of the 
form E,= Ep cos8z coswt between infinite parallel plates 
at z=0 and z=L. We take the ionization to be main- 
tained by radiation such that the rate of generation of 
electrons per unit volume is uniform and equal to Q. 
We consider with Margenau’ only elastic encounters 
of electrons with molecules. We neglect encounters of 


* This mere was supported by the Office of Naval Research 
during the summer of 1955 when the author was at Yale Uni- 
versity. 

1 E. Everhart and S. C. Brown, Phys. Rev. 76, 839 (1949). 

? Allis, Brown, and Everhart, Phys. Rev. 84, 519 ( (1951). 

°H. Margenau, Phys. Rev. 69, 508 (1946). 

‘W. P. Allis and D. J. Rose, Phys. Rev. 93, 84 (1954). 


electrons with electrons, assuming® that the ratio of 
electrons to molecules is less than 10~*. For the electrons 
we must solve the Boltzmann transport equation for 
the distribution function f(z,v,t) 


Of of ek Of eE'(z) of sof 
es Fs cos8z cosw!l—-++—_—— —-= (-) , 
Oz Ovz m Ov, \dt7- 


where E’(z) is the unknown space charge field and 
(6f/ét), is the rate of change of f due to encounters. 
Since the ionization is caused by radiation we can 
assume that the ionization electrons have a distribution 
of velocities which is almost isotropic. Thus 


(6f/6t).= (5f/5t) elastiot U(v), 


where 


f U(v)4rv*dv=Q, 
0 


and®.7 


6 
(-) - vo { Lito, ¢’) et f(v,9,¢) ‘Jo(v,x)dQ’ 


ee fa-cos ston eo(ox)at’ | (3) 


v dv 


In Eq. (3), N is the number density of molecules; 
a(v,x) is the differential scattering cross section for 
elastic scattering through angle x; v, @, g are spherical 
coordinates in velocity space (cos#=v,/v, tang=v,/?,); 
and M is the mass of a molecule. 

Van Zandt® has shown that if the distribution func- 
tion is expanded in the Fourier spherical harmonic 
series : 


coslwt : 
fa farmaloa)| Vane) 
L,m,n sinkot 


(f_1, m,n(v,2) going with sin/wt), and if the external force 
is invariant under the product of transformations 
x——x and ti+(p+})(2r/w) (p integral), then the 
Boltzmann transport equation is invariant and the 


5 J. H. Cahn, Phys. Rev. 75, 293 (1949). 
‘*T. E. Van Zandt, Ph.D. dissertation, Yale University, 1954 
(unpublished). 
7 Morse, Allis, and Lamar, Phys. Rev. 48, 412 (1935). 
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only terms in the above infinite series which do not 
vanish are those for which /+-m-+-n is even. 

Still following reference 3 we will consider terms for 
which /<1, <1 and we obtain 


f= fooo(v,2) + for (2,2) sind cos¢ 


+[fio1(v,2) cosw!+gio1(v,2) sinwt ] cosb. (4) 
No term in Y;"'(6,¢) appears since f must be invariant 
to the transformation y>—y. Using Eq. (4) (6 f/6t) etastic 
becomes® 


bf 
(-) = vE fio coswl+ g101 sinwt | cos0 
t elastic 


> mia kT 9 fooo 
—vfor sind cose-+— ~oats fate (5) 


M v* dv m Ov 


where » is the collision frequency 


+1 
y= ano f a(v,x)(1—cosx)d(cosx). 
= 


We are now prepared to solve the Boltzmann trans- 
port equation by insertion of Eqs. (4) and (5) into Eq. 
(2). We are thus led to the following set of equations, 
using the method of Margenau and Hartman® 


—m da kT . Ofooo] v Ofon 
fae eet vv fooo+}—vv— —f-+- 
M?" dv m Ov 3 oz 


eE cos6z 0 eE'(z) 1 0 
+— —(v? f1o1) ++——_ a —? fou U(v) =0, (6) 
6m v dv 3m v dv 


9 fooo cE’ (z) 8 fooo 
» fou-t+e—_+——_- ——_=0, 


02 m Ov 


eEo 9 fooo 
vf 101-+wg101+— cos82 = 0, 
m Ov 


(7) 


(8) 


(9) 


We first consider the pair of equations, (8) and (9), 
and obtain from these 


¥Z101—w fin = 0. 


eo v Ofooo 
fior= a aaa cosBz m + aa 
m vr+o* dv 


eT (w/v) fro. 


Since the microwave current density j, is 


4r 7” 
jane f [ fiot coswt+ £101 sinwt |v*dv, (11a) 
3 9 


8 H. Margenau and L. M. Hartman, Phys. Rev. 73, 309 (1948). 
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we find that 


e 4a - 8 fooo v 
. aeateas —f —— ——_¥'de 
mL37%, dv r+ 


4r p* Ofooo wr'dv 
-i-f wae “| (1b) 
3 0 . y+ 


For constant collision frequency we thus obtain Eq. 
(1). We notice that this result is unaffected by the 
spatial variation of the microwave field. However if the 
microwave field were responsible for inelastic collisions 
the collision term (6//5t). might have a contribution 
in Eqs. (8) and (9) and Eq. (1) would be modified. 

Let us now consider the equation that determines 
fooo which in turn determines 


We find that fooo satisfies 


m oO kT 9 fooo 
: ; fou — =| 
M?? ov 


m Ov 


eKy 2 cos’Bz 0 vv" 9 fooo 
COOLS) 
m 6x? dv\ +a" dv 


v 8 fooo é€é v 0 an 9 fooo 
Pe hen te & —) 
3m v 02 Ov 


3v 02 


cE’ 0 (= 0 fooo 


3mv* dv\ vv Oz 


eE'\? 1 8 fv Afooo 
+(—) . (= - )+u@=0. (12) 
mJ 3 dv\v dv 


If Eq. (12) is multiplied by 4rv” and integrated over 
all velocities the result is 


a? 4dr © yf d 4rre a v 8 fooo 
- J ~ juts] +—| 2 hose i 
d?L3% yp dzi 3m o v Ov 


— = J U(v)%dv=—Q. (13) 


Now the diffusion current is 


4re f°” 
j-—f fouv*dv. 
3 v5 


Because of Eq. (9), we have 


* of fooo 4re* ” A fooo v* 
j= —-— —{ ——dy———E! — —dv. 
3 dz 0 


0 Ov pv 
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If we consider the number current density l',=7,/e, 
we find the following from Eq. (13): 


aT ,/dz=Q, 


where 


‘ d = [- - [=f —{ 
eS. oe, v 
dz 3 0 “fod 


We now can define a space-dependent electron diffu- 
sivity and a mobility by the relations 


D == fr “fe / 4 | " fooodd, 
wla)=——|e | [= sa! ~do / 4x y t*fourdv. (14b) 


Thus the effect of spatial variation in the microwave 
field and of diffusion to the walls under conditions of 
varying space charge fields is to make fooo [see Eq. (12) ] 
as well as the electron diffusivity and mobility depend 
on z. Under conditions of constant collision frequency, 
ue=constant = |e|/mv. However, D, is still a function 
of z. For simplicity, we consider the case of constant 
collision frequency and we have 


all v 
cs = ao] E'(2). 


(14a) 


ad 
T= “Bae ©). (15) 
Es 


If fooo is Maxwellian, then the only condition which 
leads to constant D, is that the average energy ex- 
tracted from microwave and space-charge field between 
collisions shall be small compared with kT. We return 
later to an approximate solution of Eq. (12) so that we 
may calculate D,(z). 

Let us consider the companion equation to Eq. (15) 
for the positive ions. Since the ions have much greater 
masses than the electrons, we make little error in 
taking I',,=ion number current density= —D,(d/dz)P 
+p,PE’, where P is the density of positive ions. It is 
a good approximation to assume that uw, and D, are 
constant unless the space charge fields are very large. 
Theoretical formulas for the mobility for the ions are 
given by Kihara® and Maxfield and Benedict.” For the 
diffusivity we can use the well-known relation" : 


D,/up=kT/|\e|. 


We must therefore solve the following set of equations 
in a manner similar to the work of Allis and Rose 


l.p>= —D,dP/dz+u,PE’, 
l,=—d[nD,(z) |/dz—pnE’, 


(16a) 
(16b) 


®T. Kihara, Revs. Modern Phys. 25, 844 (1953). 

1 F, A. Maxfield and R. R. Benedict, Theory of Gaseous Con- 
duction and Electronics (McGraw-Hill Book Company, Inc., New 
York, 1941). 

uL, R. Loeb, Fundamental Processes of Electrical Discharge in 
Gases (John Wiley and Sons, Inc., New York, 1939). 
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r,=T zp 
al’ ,/dz=Q, (16d) 
dE’ /dz= |e|(P—n)/¢o (16e) 
The boundary conditions are n=0, P=0, and dE’/dz=0 
at z=0 and L. ForT, we have 
r,=Q(2—L’), 


where L’ is the distance at which I’, is zero. Because of 
the space-dependent D,, there is no symmetry and L’ 
is not L/2. The distance L’ must be determined by 
solution of the problem. It is easily seen that the set 
of equations (16) leads to 


Dye dE’ apo E®— Eo” ] 
~ JelLDyt (ip/u)De] dz 2|e|[Dy+(i4p/u)D.] 
[1+ (up/ue) ]O(32°—L’z) 
naa wee TY 
L wpeo (Ez,?—Ey") 


2 2le| [1+ (up/u.) JOL 
Ey'=E,eat', Eq =E,=0. 


When Eq. (17a) is combined with Eq. (16b) it is 
apparent that we must solve a nonlinear eigenvalue 
equation in EZ’ for which the fields at the boundaries 
Ey’, Ex’ are the eigenvalues. 

Because of the difficulty of solving the general 
problem we confine ourselves here to the free-diffusion 
case, in which the space-charge field can be neglected. 
It is then convenient to start with Eqs. (16b) and 
(16d) with Z’=0. This yields 


@nD./d2=—OQ, 
whose solution is 


in steady state, (16c) 


(Poisson’s equation). 








, (17a) 


Fa. 





(17b) 


and 


n=——(Lz—2’). 
2D, 


One can estimate the magnitude of the electron 
density for free diffusion by taking the Debye shielding 
distance for the electron‘ to be greater than the length 
L. Thus, for free diffusion, 


oD. 


(18) 


>L, 


(19) 
n|\e|pe 


where we take m and D, to have an average value. 
We now wish to calculate D, when E’ is neglected. 
Under the latter condition, for constant » Eq. (12) 


becomes 
(=) cos’Bz - (« 29 S000 
Bess Wim 
6(v?+w*) Jdv Ov ) 


vt 3 f 000 
+— 
3 


vy 02 


mv kT 
—— (fae) +| — + 


M 9a M 


+v?U(v)=0. (20) 
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We consider the solution of Eq. (20) when the first 
two terms are much larger than the last two. In other 
words, we consider the Maxwellian distribution 


fooo=————— exp[ — 0”/a(z) ], (21) 


(z) 
[rrax(z) }} 


where 


2 eEy 2 
a(e)=—[er+-u(—) conse /6(e++at) |. 
m 


m 


This result is Margenau’s formula’ for constant v and 
for field amplitude of EZ» cos8z. Following Brown and 
MacDonald” we take the effective dc field E;= Eov/ 
[2(v?-+-w*) }!, so that the diffusivity, D., for the preced- 


ing distribution is 
1 MéeE? 
kT+—— cosa 
my 3m? 


We will now determine the conditions under which 
the distribution (21) is valid. We note that the neglect 
of the last two terms of Eq. (20) means that the effects 
of diffusion on the distribution are small. If the number 
of electrons created in one collision time in a unit 
volume is small compared with the number of electrons 
present then diffusional effects will be small. Thus we 
require 


(22) 


Q 1 @(D.n) 
—<Kn or -—Kn. 


v vy dz 


Using Eqs. (18) and (22), we have 


2kT 2Me z z\? 
+ E? cos*Bz«K—— (=) : 
mL? 3myr*L? L iz 


If we consider those points for which (z/L)—(z/L)? 
>10-, and take cos*6z=1, the requirement is 


kT 2Meé - 


mv? L? 3 mL? v 


(23) 


Let us now assume that the microwave field is the 
main factor controlling diffusion. Thus 


M é@ Ef 
D&— — — cos’éz, 
3m mv 
Q(L2—2”) 
n= 3 
[3 (M/m) (e/m*) (E?/v) ] cos*Bz 


For this case the electron density will have strong 
maxima approximately when cos6z=0 or when fz 





12S, C. Brown and A. D. MacDonald, Phys. Rev. 76, 1629 
(1949). 
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=m/2, 34/2, 5x/2, , depending on the mode BL 
=2/2, 34/2, 54/2, ---. For the fundamental there are 
no such maxima between the plates. For the second 
mode, however, a maximum exists at z= L/3. 

The solution, Eq. (24), is valid when 


3 mm L? 
and also when [see Eq. (19) ] 
n<eMEP/(3m?L*v? (26) 


For hydrogen, v~6X10°p(mm of Hg). If we take 
L=10~ meter, we obtain, for the foregoing inequalities, 


E;(volt/meter) 


5X10 
(mm He)? «5 X 10°, 


electrons 
of ‘) <3 x 108 
m3 


B. TRAVELING WAVE 


E?(volt/m)? 
p*(mm Hg)? 


We shall now consider the case of the traveling wave 
of the form E£,= Eo cos(6z—wt) in an ionized gas of 
infinite extent. In this case we need not concern our- 
selves with the balance of electron-ion production and 
diffusion. We therefore must solve the equation 


af af eEs af af 

Yala ae" natal )—=(—) 12 
ot Uz él elastic 

It is easily seen that the force ieZo cos(6z—wt) is 
invariant to the product of transformations x— —.x and 
t-i+(p+4)(2x/w). Thus the same considerations 
which led to Eq. (4) apply and the form of the distri- 
bution function is given by that equation. Following 
the same procedure that led to Eqs. (6)—(9), we obtain 
the following pertinent equations: 


m Oo kT Ofooo} » Ofon 


eee —|#ofot te | a 
M2 dv m Ov 3 Oz 


4 *g101) =0, (28) 


cE, 
eee costs (fa) + — — ~ sins 


eEo 9 fooo 
rhortogint— cosBz—— = ( 


Ov 


eEo 9 fooo 
reef t— singe 0, 
v 


9 fooo 
vfoute—=0. 
Oz 


(29) 


(30) 


(31) 
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From Eqs. (29) and (30), we find 





eE /w sin8z— v cosBz\ 8 fooo 
( ) , (32) 


eS 
m r+ Ov 





(33) 


Aigieoy 
m 


=(- sin6z—w =) ofen 
P+w? Ov 


To find the spherically symmetric foo0, we must solve 


m oi kT 0 9 fooo 
(r fom) +s v +) 
M ao M av Ov 


eEo\?1 0 vv 9 fooo v* 3 fooo 
(2) Ete) 
m 6 dv\ r+? dv $y 02" 
Now because the force on the electrons is invariant to 
the transformation z—z+ (27/8), the distribution func- 
tion must also be. Since 8 does not appear in Eq. (34), 


it follows that if fooo is invariant to the above transfor- 
mation it must be independent of z. We are thus led 


(34) 


PHYSICAL REVIEW VOLUME 


103, 


ROSEN 


to the familiar result* 
, md (0) 
log fooo= -f 
0 kRT+M(eE/m)?/6(v?+") 
Finally we use Eqs. (11a), (32), and (33) to obtain 





+const. (35) 


va 


” Afoo 
—sin(8z— of nm : 


Since j,=Re{o-Eye~*-*}, we obtain the familiar 
result given by Eq. (11b) for o.. We thus see that the 
conductivity is independent of position. 


ral (36) 
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Lead targets have been bombarded with protons of several 
energies between 0.6 and 3.0 Bev and formation cross sections 
have been determined for about 30 nuclides of A < 140 produced in 
these bombardments. The excitation functions, both for the light- 
est products studied (A <35) and for neutron-deficient barium 
isotopes, rise steeply with increasing energy. For intermediate- 
mass products (50<A<120), the changes in formation cross 
sections with increasing energy are much smaller and may largely 
be interpreted as a shift towards more neutron-deficient products 
and as a broadening of the yield-mass distribution. At 3 Bev the 
spallation and fission product regions have merged, and the cross 
sections for forming all mass numbers below the target mass are 
equal within an order of magnitude. The changes in yield pattern 


ADIOCHEMICAL studies of a wide variety of 
products resulting from the bombardment of 
bismuth with 340-Mev,' 480-Mev,? and 660-Mev’* pro- 


* Research performed under the auspices of the U. S. Atomic 
Energy Commission. 

t Now at Radiation Laboratory, 
Berkeley, California. 

1W. F. Biller, University of California Radiation Laboratory 
Report UCRL-2067 (unpublished). 

? Vinogradov, Alimarin, Baranov, Lavrukhina, Baranova, 
Pavlotskaya, Bragina, and Yakov lev, Conference of the Academy 
of Sciences, U.S.S.R., on Peaceful Uses of Atomic Energy, July 
1-5, 1955; Session of Division of Chemical Sciences, p. 07 and 
p. 132. (English translation by Consultants Bureau, New York, 


University of California, 


above about 0.4 Bev are shown to be associated with increasing 
probabilities of very large energy transfers (of the order of 1 Bev) 
from the incident proton to the struck nucleus, and this trend is 
explained in terms of an energy transfer mechanism involving the 
production, scattering, and reabsorption of pions. Besides the 
well-known modes of de-excitation—particle evaporation (spalla- 
tion) and fission—a new mode termed fragmentation is postulated 
to account for some of the observed products, especially the light 
fragments. Fragmentation is thought to be associated with the 
short mean free paths of pions in nuclear matter which cause 
local heating and can thus lead to dissociation of the nucleus into 
fragments in a time short compared to that required for equiparti- 
tion of energy. 


tons have been reported from other laboratories. At 
these energies the products fall quite distinctly into two 
mass regions, generally referred to as the spallation and 
fission regions, respectively. The so-called spallation 
products comprise nuclides within 30 or 40 units of A of 


U. S. Atomic Energy Commission Rept. TR-2435, Pt. 2, 1956, 
pp. 65 and 85.) 

3 Murin, Preobrazhensky, Yutlandov, and Yakimov, Confer- 
ence of the Academy of Sciences, U.S. S. R., on Peaceful Uses of 
Atomic Energy, July 1-5, 1955; Session of Division of Chemical 
Sciences, p. 160. (English translation by Consultants Bureau, 
New York, U. S. Atomic Energy Commission Rept. TR-2435, 
Pt. 2, 1956, p. 101.) 
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the target, and their formation cross sections decrease 
sharply with decreasing A. The fission region, separated 
from the spallation products by a region of very low 
yields, extends from about A =140 downward, with a 
single peak in the yield-vs-mass curve centered at about 
A=95 for E,=340 Mev and at about A=90 
for E,=660 Mev.’ The radiochemical investigations 
quoted’ indicate that fission accounts for approxi- 
mately 7 to 15% of the total inelastic cross section of 
bismuth for energies between 340 and 660 Mev; how- 
ever, they give somewhat conflicting evidence as to the 
absolute values and the energy dependence of the fission 
cross sections. By a more reliable direct fission-counting 
method, the ratio of fission to inelastic cross section for 
bismuth was shown‘ to increase monotonically from 
0.06 at 100 Mev to 0.13 at 340 Mev. More recent 
radiochemical data’ are in good agreement with this 
result and indicate that the fission cross section con- 
tinues to increase slowly to 450 Mev. 

Preliminary work in this laboratory on the inter- 
actions of 2.2-Bev protons with lead® and bismuth’ 
indicated that the distribution of radioactive products 
at the bombarding energy differs markedly from the 
distributions observed at the lower energies. The 
valley between the fission and spallation regions in the 
yield-vs-mass plot is completely absent. In fact, at 
2.2 Bev, the largest formation cross sections appeared 
to occur in the rare-earth region. Recently, marked 
increases in yields (up to factors of 4) in the range of 
A= 130 to A=180 have been reported? for increases in 
proton energy from 480 Mev to 660 Mev. When the 
proton energy is raised to 2.2 Bev, the formation cross 
sections for nuclides in this mass range are increased by 
about two orders of magnitude.’ 

In view of the qualitative differences in the yield 
distributions observed at 340- to 660-Mev and at 
2.2-Bev proton energy, it seemed of interest to obtain 
more detailed information on the energy dependence of 
formation cross sections of a variety of products from 
the bombardment of lead or bismuth with protons in 
the Cosmotron range. Lead rather than bismuth was 
chosen as the target material because of easier availabil- 
ity of lead target foils. The present paper reports excita- 
tion functions for the production of about 30 nuclides 
of A<140, formed in the interaction of lead with 
protons in the energy range 0.6 to 3.0 Bev. 


EXPERIMENTAL 


Irradiations were carried out in the circulating beam 
of the Brookhaven Cosmotron. Two lead foils, each 
approximately 90 mg/cm? thick, and a 21-mg/cm? 
aluminum monitor foil were lined up to superimpose 

4H. M. Steiner and J. A. Jungerman, Phys. Rev. 101, 807 
(1956). 

5L. G. Jodra and N. Sugarman, Phys. Rev. 99, 1470 (1955). 

6 J. M. Miller and G. Friedlander, Phys. Rev. 91, 485 (1953). 

7 Sugarman, Duffield, Friedlander, and Miller, Phys. Rev. 95, 
1704 (1954). 
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precisely in a standard target holder. This target, with 
the aluminum monitor on the upstream side was in- 
serted into the vacuum chamber from the inside of the 
accelerator doughnut. Because protons are lost out of 
the circulating beam during the acceleration cycle, it 
is necessary to protect the target from these low-energy 
particles. The usual method is to keep the target in a 
shielded position except at the end of each acceleration 
cycle, when a pneumatic ram propels it to an exposed 
position.’ With this system, however, the lead foils 
used in the present experiments were found to tear 
after a few minutes. Therefore a different scheme was 
devised in which the target was in the bombardment 
position throughout the run, but was protected from 
low-energy contamination by a thick block of alu- 
minum, 270° upstream from the target and radially one 
inch closer to the proton orbit. Near the end of the cycle 
this shadowing or “shutter” target was withdrawn by 
a pneumatic plunger, leaving the lead foils exposed to 
the full-energy beam as its orbit contracted after the 
end of rf acceleration. Bombardment energies were 
varied from 0.6 to 3.0 Bev by adjustment of the dura- 
tion of rf acceleration. In general a one-hour bombard- 
ment gave adequate activity levels for the longest-lived 
products investigated. 

After irradiation equal areas were cut out of the target 
foils. The Na™ produced in the aluminum was deter- 
mined by 6 counting of the foil in a standard geometry, 
and the yield of the Al’"(p,3pm)Na™ reaction was used 
as a measure of the beam intensity. The lead foils were 
dissolved in 6.V HNO; containing 2-10 mg of each of 
the appropriate carriers. Usually no more than four 
elements were isolated from a given foil. The foil 
adjacent to the aluminum monitor foil was never used 
to measure the yields of products with A <28, because 
of the possible contribution of recoil fragments originat- 
ing in the aluminum. The chemical separations carried 
out had to be capable of separating the desired element 
from all other known activities of atomic weight less 
than about 210. In general, adaptations of standard 
techniques were adequate for this purpose, but some 
new procedures were used and are described in the 
Appendix. The final precipitates mounted on small 
disks of filter paper were generally counted under 
end-window flow proportional counters of known 
geometry. In some cases these measurements were 
supplemented by y counting with scintillation counters 
and x-ray counting with a large gas-filled proportional 
counter and pulse-height analyzer. After the completion 
of decay measurements the samples were dissolved, and 
the chemical yield, that is the fraction of added carrier 
recovered, was determined for each sample by suitable 
analytical techniques. 

Decay curves were analyzed into their components, 
and for each radioactive species the disintegration rate 


8 Friedlander, Miller, Wolfgang, Hudis, and Baker, Phys. Rev. 
94, 727 (1954). 
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TaBe I. Formation cross section (in millibarns) for products of the interaction of protons with lead. 











Product 


Type of yield* 0.39 0.6 


Proton energy (in Bev) 
1.0 1.6 2.2 





Fis 0.005» 
Na” 
Na” 
Me" 
Mg 
p* 
Ca* 
Ca‘? 
Mn* 
Fe’? 
Fe® 
Cu® 
Cu® 
Cu? 
Zn® 
Zn®™™ 
Zn™ m 
Zn72 
Ga* 
Ga® 
Ga” 
Ga™ 
Mo*™ 
Mo” 
Cd" 
Cd's 
Cds» 
Cd'utm 
Bal28 
Ba!?9 


Ba!! 
Ba!33m™+ 135m 


0.03» 
<0.001° 
<0.01» 


<0.02> 
0.024 
~0.02° 


<0.6> 


<0.5 
0.07% 
0.47» 


' 


~ 


0.013% 
0.56% 
1.2» 


~ 


0.062» 
0.11» 

<0.1» 

< 0.05» 


: . PhP ADP LD bP LP LP LP LP AP LP PAP bP bh?) 
tig Ming 
~v 





0.039 0.18 0.39 
<2.2» <1,5> 
1.4> 2,3» 
0.27 0.48 
0.31 0.80 
~0.1° ~0).2° 
<0.3 
0.076» <0.1» 
1.3 1. 1.1 
<0.001° 
0.5 0.81 
0.08 0.22¢ 
0.71 ! 1.1 
0.74 0.65 
< 0.006" 
0.95 
0.6 


0.36 

0.075 

0.09 
~ 10 2 be 


0.70» 
0.21% 
1.3 
0.57 
<0.01» 
1.1» 
1.0% 
0.35 


0.95 
0.41%: 
0.37 0.28 
< 0.03 <0.1 
0.24¢ 56% 1.1° 
0.68° 0.89¢ 
0.57 0.81 
0.31» . 0.78 
2.6 Fk 1.6 
0.5% 0.82¢ 
0.25» 0.14 
0.5» 0.35 
0.07¢ 
5.4 
5.8 
6.1> 
<1.0> 
< 0.5» 


0.63% 
1,1» 
1,0b¢ 
0.11» 

~0.240 
0.03% 
6.0 
6.0 
7.7 

<1.2» 
<0.5% 


0.46 

0.32 

0.96" 
<0.1> 
<0.1> 











* C denotes cumulative yield of mass chain beta-decaying to given nuclide; J denotes independent yield of given nuclide; C-J denotes cases intermediate 
between C and J (half-life of precursor comparable to the time required for separation). 


» Value based on one run only. 
¢ Estimated error greater than +20%. See Appendix. 


for infinitely long bombardment was computed by 
corrections for length of bombardment, chemical yield, 
counting geometry, and intrinsic counting efficiency. 
For emitters of hard 8 rays the combined effects of 
window absorption, self-absorption, and self-scattering 
were found to be small enough to be neglected and 
back-scattering was assumed to be independent of 
8 energy. Those cases, in which absorption corrections 
were required and those in which the counting efficiency 
differed from unity, are discussed in the Appendix. 

To convert saturation disintegration rates to absolute 
cross sections a knowledge of the proton beam intensity 
in each run was required, and this was calculated from 
the yield of the Al(p,3pn)Na™ reaction in the monitor 
foil. The excitation function for this reaction has been 
reported in an earlier paper.’ It should be noted that all 
absolute cross section values in the present paper are 
subject to the +30% limit of error assigned® to the 
monitor cross section. A correction was applied for the 
small amount of Na™ produced in the monitor foil by 
secondary particles originating in the lead. In separate 
experiments the contribution of these secondaries to the 
Na™ production was found to be about 5% at proton 
energies between 1 and 3 Bev; in these experiments the 


* Friedlander, Hudis, and Wolfgang, Phys. Rev. 99, 263 (1955). 


ratio of the Al(p~,3pm) reaction to a reaction insensitive 
to particles below ~0.6 Bev—the production of the 
a-emitting Tb’ from gold'’—was measured with and 
without lead foils placed downstream from the monitors. 

A few excitation functions were extended below 600 
Mev by irradiations with 385-Mev protons in the Nevis 
cyclotron. 


RESULTS 


The cross sections obtained are given in Table I and 
most of them are also depicted graphically in Figs. 1-6. 
About half the values given are averages based on two 
or more runs. Errors arise from a number of sources. 
Relative monitoring by means of the aluminum foils 
is probably accurate within a few percent. Errors 
arising from counting statistics and from uncertainties 
in absorption, self-absorption, and back scattering may 
amount to about 15%. Analysis of complex decay curves 
resulted in uncertainties of about 10% in the yields of 
the shorter-lived activities. The chemical yield deter- 
minations were generally accurate to 5%. Altogether it 
is believed that the uncertainty of the reported cross 
sections is about +20%. Certain cases in which the 
estimated error is higher than 20% are indicated in 


1 Duffield, Friedlander, and Miller (to be published). 
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Table I and mentioned in the Appendix. This estimate 
of the errors in the individual cross sections is in 
addition to the previously mentioned systematic un- 
certainty in the absolute cross-section standard used. 

The excitation functions shown in Figs. 1 to 6 
exhibit trends which appear to be correlated with the 
mass numbers of the products. For the heaviest nuclides 
studied, the neutron-deficient barium isotopes, the cross 
sections rise steeply with increasing energy (Fig. 1). 
This is in accordance with the previous observation®.” 
that the valley between the fission and spallation regions 
fills in at Bev energies. At 340 to 660 Mev bombarding 
energies,'~*""_ approximately 90% of the interactions 
lead to products of A>180. With 2.2-Bev protons 
the largest product yields occur®’ in the region 
140< A < 200. 
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Fic. 1. Excitation functions for the production of neutron- 
deficient barium isotopes in proton bombardments of lead. The 
points in Figs. 1 through 6 labeled 1, 2, and 3 are from references 
1, 2, and 3, respectively, and refer to bismuth, rather than lead 
targets. 


The excitation functions for medium-mass products 
show quite a different behavior. The cross sections for 
producing the neutron-deficient nuclides observed 
(Cu®, Ga*’, Mo*™, Cd’) increase by factors of 3 to 
10 from 0.4 to 3 Bev (Fig. 2). On the other hand, the 
excitation functions of those neutron-excess nuclides 
which are produced in high yields by fission at the lower 
energies decrease with increasing energy (Fig. 3). 
Figures 4 and 5 show that cross sections for formation 
of neutron-excess products in the range 55<A<75 
remain fairly constant over the energy range studied ; 
these are the nuclides which form the low-mass wing of 
the fission-yield curve at the lower energies. 

The cross sections for producing the low-mass species 
(P®, Mg*s, Na™, F'8) exhibit the most interesting 


ul W. E. Bennett, Phys. Rev. 94, 997 (1954). 
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Fic. 2. Excitation functions for the production of some neutron- 
deficient nuclides in proton bombardments of lead. 


behavior (Fig. 6). They rise very steeply with increasing 
energy up to about 2 Bev and then remain fairly 
constant. 

Figure 7 gives a representation of the change in the 
over-all yield spectrum between 0.34 and 3 Bev. The 
data of Biller! on bismuth fission at 340 Mev, and those 
of Vinogradov et al.? on spallation and fission of bismuth 
at 480 Mev are compared with the 3-Bev lead data of 
the present paper. Experimental points are not shown; 
rather an attempt has been made to give an approxi- 
mate representation of the total formation cross section 
per mass number as a function of A. The interpolations 
are certainly crude, and the true mass-yield distribution 
at 3 Bev may well exhibit details of structure not shown 
in the figure. Above A~130, other published’ and 
unpublished data from this laboratory have been used 
to extend the 3-Bev curve. If there is a fission peak in 
the 3-Bev yield-mass curve, it certainly does not stand 
out very clearly. The absence of the deep valleys in the 
regions of A~150 and A~50 makes it difficult to 
attribute the formation of particular products to dif- 
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Fic. 3. Excitation functions for the production of some neutron- 
excess nuclides in proton bombardments of lead. 
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Fic. 4. Excitation functions for the production of some neutron- 
excess nuclides in proton bombardments of lead. 


ferent and clearly distinguishable mechanisms. It is a 
rather remarkable result that, at 3 Bev, the cross section 
for forming any mass number below the target mass is 
the same within an order of magnitude. 

The change in yield patterns between 0.6 and 3.0 
Bev is shown even more clearly in Fig. 8. This plot of 
the ratio of cross sections at these two energies 
empahsizes the great increase in yield of the lighter 
products. In addition it shows the diverging trend 
between neutron-excess and neutron-deficient species 
above mass 70. 


DISCUSSION 


The experimental results may be discussed in terms of 
mechanisms for the transfer of energy to the struck 
nuclei and subsequent dissipation of this energy leading 
to the observed products. 


Mesons as Vehicles for Energy Transfers 


The observation®’ that nuclides in the range 
120< A <180, such as Ba'*° and Tb, are produced 
with cross sections of several millibarns in the bombard- 
ment of lead or bismuth with 2.2-Bev protons led to an 
investigation of their recoil properties.’ The forward 
momenta of these product nuclei were found to be of 
such a magnitude as to require energy transfers of the 
order of 1 Bev from the incident proton to the struck 
nucleus. The barium excitation functions reported here 
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Fic. 5. Excitation functions for the production of some neutron- 
excess nuclides in proton bombardments of lead. 


12 Sugarman, Campos, and Wielgoz, Phys. Rev. 101, 388 (1956). 
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(Fig. 1) may then be considered as reflecting a steep 
increase with bombarding energy in the probability of 
such large energy transfers. Simultaneously the proba- 
bility of deposition of excitation energies in the 100-Mev 
range appears to decrease with increasing bombarding 
energy. This trend is indicated by the declining cross 
sections of neutron-excess fission products (Fig. 3). 
These nuclides are formed in high yield at a few hundred 
Mev bombarding energy and, even at 2.2 Bev, one of 
them, Sr”, has been shown” by recoil studies to be 
produced in events in which only little energy is trans- 
ferred. Such a shift in the energy deposition spectrum 
with incident energy has already been postulated® to 
account for the data of copper spallation with 2.2-Bev 
protons. 
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Fic. 6. Excitation functions for the production of light 
nuclei in proton bombardments of lead. 


According to the simple nucleon-nucleon knock-on 
model as developed to account for energy transfers from 
incident particles of a few hundred Mev,'*"* the 
amount of energy transferred increases only slowly as 
the energy of the projectile increases. However, above 
about 0.4 Bev creation of mesons in nucleon-nucleon 
collisions becomes significant, and it has been sug- 
gested'® that meson processes become important agents 
for energy transfers to struck nuclei. This notion will 
now be elaborated. 

The = mesons created in nucleon-nucleon collisions 


18.R. Serber, Phys. Rev. 72, 1114 (1947). 

144M. L. Goldberger, Phys. Rev. 74, 1269 (1948). 

18 Bernardini, Booth, and Lindenbaum, Phys. Rev. 85, 826 
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1 R. L. Wolfgang and G. Friedlander, Phys. Rev. 96, 190 
(1954). 
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have been shown!’ to have energy spectra which are 
quite sharply peaked at low energies (at ~ 100 Mev in 
the center-of-mass system) and which shift only slightly 
with incident nucleon energy in the range of 1 to 3 Bev. 
Thus, most of the pions produced inside a nucleus by 
incident protons in the Bev range have energies in the 
region of the large resonance peak'* in the pion-nucleon 
cross section and therefore have short mean free paths 
in nuclear matter. For example, for a + meson of 
200-Mev kinetic energy (near the peak of the reso- 
nance), the mean free path in a Pb nucleus is about one 
tenth the nuclear radius. The probability that a pion 
produced inside a heavy nucleus escapes without addi- 
tional scattering collisions is thus negligibly small, and 
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Fic. 7. Cross sections as a function of product mass number for 
the interaction of lead or bismuth with protons of various energies. 
An attempt has been made to represent total cross sections for 
each mass number. The 3-Bev curve is based on the data in the 
present paper up to A~130, and on references 6 and 7 and un- 
published bismuth data of R. B. Duffield for higher A. The 
480-Mev curve (for bismuth) is taken from the data of Vinogradov 
et al. (reference 2), the 340-Mev curve (also bismuth) is reproduced 
from Biller (reference 1). 


in most cases there will be several pion-nucleon scatter- 
ings. Because of the rather low kinetic energies of the 
pions, the energy transfer in any such scattering colli- 
sion will be small (generally <50 Mev) so that the 
struck nucleons will usually not escape but contribute to 
nuclear excitation. In addition to the large scattering 
cross section, pions in nuclear matter will also have 
appreciable cross sections for absorption by pairs of 
nucleons, and for this process too there appears” to be 


471, C. L. Yuan and S. J. Lindenbaum, Phys. Rev. 93, 1431 
(1954), and private communication. 
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Fic. 8. Ratios of formation cross sections at 3.0 Bev to those at 
0.6-Bev proton energy for various products. Solid circles represent 
neutron-excess nuclides, open circles neutron-deficient nuclides. 


a resonance at a pion energy of ~140 Mev. There is 
then a reasonable probability that the total energy of 
a pion created inside a large nucleus (including its rest 
energy) is converted into nuclear excitation. These 
considerations have found fairly direct.confirmation in 
emulsion work on the interaction of negative pions of 
500-Mev kinetic energy with silver and bromine 
nuclei”; in these studies relatively few pions were seen 
to leave nuclei struck by incident pions. 

Between 350 and 1000 Mev, the inelastic pp cross 
section increases from zero to 29 mb,”'* and the 
inelastic pn cross section also rises, although to a some- 
what smaller value. This increase in pion production 
coupled with the pion scattering and reabsorption just 
discussed supplies a qualitatively satisfactory explana- 
tion for the rapidly rising excitation functions for proc- 
esses requiring large excitation energies. The decrease 
in cross sections for reactions requiring smaller excita- 
tion is also accounted for. Above about 1 Bev the 
inelastic nucleon-nucleon cross sections vary only 
slowly. However, further increases in average energy 
transfers may still be expected because the multiplicity 
of pion production per inelastic collision increases!’ 
from one at 1 Bev to between two and three at 3 Bev. 
As already pointed out, the energy spectra of mesons 
produced are not strongly dependent on proton energy 
over this range, so that the energy transfer mechanisms 


20 M. Blau and M. Caulton, Phys. Rev. 96, 150 (1954) ; M. Blau 
(private communication). 

*t Shapiro, Leavitt, and Chen, Phys. Rev. 95, 663 (1954); 
Chen, Leavitt, and Shapiro, Phys. Rev. 103, 212 (1956). 

22 Smith, McReynolds, and Snow, Phys. Rev. 97, 1186 (1955). 

23 Fowler, Shutt, Thorndike, and Whittemore, Phys. Rev. 95, 
1026 (1954). 





400 WOLFGANG, BAKER, CARETTO, CUMMING, FRIEDLANDER, AND HUDIS 


discussed continue to apply. In addition to multiple 
pion production, plural production should also be of 
some importance at the highest proton energies. 

Although meson processes provide a mechanism for 
the transfer to a target nucleus of very large excitation 
energies, it is clear that there will actually be a very 
broad spectrum of energy transfers extending all the 
way down to zero. Glancing collisions at the periphery 
of the nucleus will lead to small energy transfers at all 
bombarding energies; but with increasing bombarding 
energy above the meson production threshold and up to 
2 or 3 Bev, the most probable value of energy deposition 
will shift to higher energies. Quantitative predictions of 
the energy deposition spectrum as a function of incident 
energy must await the results of a Monte Carlo calcula- 
tion now being carried out by N. Metropolis, A. 
Turkevich, and J. M. Miller. 


Processes Following Energy-Transfer Cascade 


The energy deposited in the nucleus may be dissipated 
in various ways. In this section the processes following 
the energy deposition cascade and leading to the final 
product distribution will be discussed in terms of three 
mechanisms: spallation, fission, and fragmentation. The 
first two of these are operative at lower bombarding 
energies also, the last is thought to be characteristic of 
the energy range above the meson production threshold 
and closely connected with the mesonic energy transfer 
mechanism discussed. 


1. Spallation 


Over the entire energy range studied, the formation 
of the most abundant products, those of A >~130, is 
thought to result largely from a spallation mechanism, 
that is evaporation of nucleons and other small frag- 
ments from the excited nucleus remaining after the 
knock-on and energy-transfer cascade. The trend to- 
wards increasing average energy transfers with increas- 
ing bombarding energy is clearly reflected in the change 
in yield patterns of these spallation products with 
proton energy: the peak of the spallation yields shifts 
from A ~ 200 to A ~ 180 as the proton energy goes from 
0.3 to 3 Bev (Fig. 7), and the formation cross sections of 
barium isotopes (Fig. 1) and rare earth nuclides’ rise 
steeply with energy. 

In other words, at 3-Bev bombarding energy, spalla- 
tion events involving the evaporation of as many as 
60 or 70 nucleons or their equivalent appear to be rather 
probable. However, as will be discussed below, products 
in the region of barium may not be entirely formed by 
spallation. Also as the excitation energy increases, the 
distinction between the knock-on and evaporation 
phases of a spallation reaction probably becomes rather 
fuzzy. At 1-Bev excitation, one presumably does not 
deal with a true evaporation mechanism in the sense 
that thermodynamic equilibrium is continually main- 
tained. Rather, there is likely to be a smooth transition 


as far as both time scale and energies of emitted 
particles are concerned, from emission by pure knock-on 
to an evaporation mechanism. The lightest nuclides 
produced may well be evaporated particles and in that 
sense can be considered complementary to the spallation 
products. The yields of H*,* He®° and Be’** from 
various target elements are probably consistent with 
this interpretation. 


2. Fission 


Most of the yields of products with mass numbers 
between about 10 and 120 certainly do not arise from 
spallation. With even the most efficient energy transfer 
mechanism, there is not enough energy available for 
spallation production of these lower-mass nuclides with 
the cross sections observed, say at 1 Bev. In looking 
for other mechanisms one is naturally led to consider 
fission as a possibility. In a sense the broad and flat 
yield spectrum in this mass range can be considered to 
be a culmination of trends already apparent at lower 
energies. The fission of bismuth with 15-22 Mev 
deuterons leads to a very narrow fission peak.?’ At 
340 Mev this peak has been broadened,! and at 480 
Mev? very small yields of products appear in the 
valley between the fission and spallation regions and 
in the light mass region (see Fig. 7). There is also an 
increasing trend with increasing energy towards greater 
neutron deficiency of fission products. This latter trend 
is fairly readily explained in terms of the increasing 
amount of energy which must be dissipated by particle 
emission, either before or after fission. Coulomb barrier 
considerations will favor the evaporation of neutrons 
with a consequent trend toward neutron deficiency at 
increasing energies in the medium mass region. 

At very low energies, one may probably consider 
fission as an adiabatic process with the formation of a 
compound nucleus. Time is available for the excitation 
energy to distribute itself and reach the specific states 
for which the fission threshold is lowest. It seems reason- 
able to suppose that, as the excitation energy goes up 
the number of accessible states from which fission may 
occur increases, with a consequent increase in the 
number of possible fission modes and a decreased 
specificity of products. Also, up to excitation energies 
of a few hundred Mev, increased energy deposition 
presumably leads, by prefission evaporation, to an 
increasing variety of fissionable nuclides (i.e., nuclides 
with favorable Z?/A). Both these trends combine to 
account for the observed broadening of the fission 
peak up to about 0.5-Bev bombarding energy. Once 
the evaporation cascade has reached nuclides so far on 
the neutron-deficient side that proton and neutron 
evaporation are about equally probable, further in- 
creases in excitation energy will not lead to large yields 

*% Currie, Libby, and Wolfgang, Phys. Rev. 101, 1557 (1956). 

2 F. S. Rowland and R. L. Wolfgang (unpublished data). 


26 Hudis, Baker, and Friedlander, Phys. Rev. 95, 612 (1954). 
27 A. W. Fairhall, Phys. Rev. 102, 1335 (1956). 
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of additional species with favorable Z?/A ratios. Thus 
a further increase in the variety of fissionable species 
is probably not an important factor at bombarding 
energies above about 0.5 Bev. The flat yield spectrum 
in the region 40 <A <120 observed at 3 Bev may largely 
be accounted for by the decreasing specificity of fission 
modes with increasing excitation of the fissioning nuclei. 
However, as will be discussed below, another mechanism 
probably contributes significantly to the yields in this 
mass range. 

The approximate yield-mass curve at 3 Bev (Fig. 7) 
corresponds to a cross section of about 0.2 barn for 
production of nuclides in the region 40<A <120. Since 
in binary fission two products are formed per nuclear 
interaction, the fission cross section of lead at 3 Bev is 
at most about 5% of the total inelastic cross section. As 
will be discussed below, another mechanism is thought 
to contribute to the yields in this “fission product” 
region, and thus the actual fission cross section is 
probably even smaller. This decrease in the relative 
abundance of fission processes with increasing bombard- 
ing energy above about 0.5 Bev is consistent with the 
shift of the energy deposition spectrum to higher values. 
The higher the excitation, the more effectively nucleon 
evaporation competes with fission, and for sufficiently 
high initial excitation, the evaporation cascade will 
continue until the Z?/A is no longer very favorable for 
fission. In addition, as will be discussed below, frag- 
mentation is also thought to be a competitive process 
at high excitation energies. 


3. Fragmentation 


With excitation energies of the same magnitude as 
the total binding energy of the nucleus, it seems un- 
likely that the nucleus will always retain its spatial 
integrity long enough for this energy to reach an 
equilibrium distribution. Furthermore, the proposed 
energy deposition mechanisms presumably lead to con- 
centration of large amounts of the available energy in 
relatively small zones of the nucleus. Under such con- 
ditions it seems very plausible that fragments of nuclear 
matter are emitted before anything like equipartition 
of energy can be established. Fragmentation of this sort 
would take place in a large variety of modes according 
to the spatial and momentum distribution of the 
nucleons participating in the energy-deposition cascade. 
The rather broad spectrum of fragment sizes (with 
some favoring of small fragments) which would be 
expected from such a fast fragmentation mechanism is 
consistent with the observed yield pattern at Bev 
bombarding energies. In particular, this mechanism is 
believed to account for most of the product yields in the 
range 10<A<40; but it presumably contributes at 
larger A values also. 

One might think of fragmentation as proceeding 
by knock-on cascades which break numbers of neigh- 
boring nucleon-nucleon bonds and thus produce con- 
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siderable local disturbances in the nucleus. Surface 
tension and Coulomb repulsion forces, as well as mo- 
mentum imparted by the knock-on cascade would tend 
to separate clumps of still cohering nucleons from each 
other. These are the progenitors of the final products. 
With increasing energy and extent of the initial cascade 
the suggested mechanism would presumably lead to 
increasing multiplicity and decreasing size of fragments. 
This trend may be reflected in the fact that the F!8/P® 
and Na™/P® ratios increase by factors of 3 and 5, 
respectively, as the bombarding energy increases from 
0.6 to 3.0 Bev. 

The essential characteristic distinguishing the sug- 
gested fragmentation mechanism from the more familiar 
fission process is that it is fast compared to the life of a 
compound nucleus.** The neutron-proton ratios in the 
initial fragments must then be essentially the same as 
in the excited nucleus before break-up. Thus light 
fragments (say A~30) will initially be very neutron- 
rich, whereas fragments in the rare-earth region will be 
near stability. The fragments are in general (although 
not always) highly excited and may therefore evaporate 
a sizeable number of nucleons after fragmentation. In 
the low-mass region the evaporation cascade is expected 
to tend first towards and then along the stability 
valley, since Coulomb barriers are low. Maximum 
yields for each mass number are to be expected along 
the stability line or slightly to the neutron excess side 
of it. The high yields of Na* and P® and the somewhat 
lower ones of Mg”* and P* can thus be accounted for. It 
is felt that the yield of neutron-deficient F'* represents 
only a small fraction of the cross section for producing 
mass number 18, and that the yield surface actually 
increases with decreasing A in this region (see Fig. 7). 
As mentioned earlier, products of still lower A (such as 
H*, He®, and Be’) are probably largely formed as 
evaporated particles, although in part their yields may 
well be due to fragmentation. In fact, there is un- 
doubtedly a continuous gradation, both in product mass 


*8 The interpretation of certain high-energy reactions in terms 
of fragmentation processes grew out of a suggestion by M. L. 


Perlman and out of discussions in 1953-1954 between R. B. 
Duffield, G. Friedlander, J. Hudis, J. M. Miller, R. Spence, 
N. Sugarman, A. Turkevich, and R. Wolfgang. Based on the same 
discussions, P. Kruger and N. Sugarman, Phys. Rev. 99, 1459 
(1955), used the term and concept of fragmentation to account 
for some observations on the charge distribution of the products 
of 450-Mev fission. An essential difference between their inter 
pretation and ours is that they define fragmentation as the emis 
sion of light fragments near stability. Such a process would require 
either a redistribution of neutrons and protons during partition, 
or the emission of the light fragment from a surface layer of 
approximately equal neutron and proton densities. We prefer to 
consider the speed of the process as the distinguishing characteris- 
tic of fragmentation. This would rule out any rearrangement of 
neutron-to-proton ratios during the process. It appears to us that 
Kruger and Sugarman’s experimental data can be accounted for 
by fast fragmentation leading to initial excited fragments of equal 
neutron-to-proton ratio which then evaporate nucleons to reach 
the observed products; the heavy fragments would have to have 
rather low excitation energies to account for Kruger and Sugar 
man’s observation of neutron-excess species 
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and in time scale, between slow evaporation and fast 
fragmentation. 

The larger entities produced in a fast fragmentation 
process are also expected to be excited and to emit 
nucleons. Here, however, the Coulomb barrier favors 
the emission of neutrons over protons, and the evapora- 
tion cascade will tend to cross the stability valley and 
produce neutron-deficient species. At least part of the 
yields of the neutron-deficient nuclides between copper 
and barium may thus be accounted for by fragmenta- 
tion processes. However, in the medium mass range the 
present data do not allow a clear-cut distinction between 
fragmentation and fission, and in the barium region it is 
not possible to separate the contributions of spallation 
and fragmentation. However, if fragmentation reactions 
account for the formation of the light products (A <35), 
there could be partners of these fragments in the region 
of A~120 to 160, and some of the observed barium 
yields may thus well be due to this mechanism. Prelimi- 
nary data on recoil ranges of barium isotopes’’” and 
sodium-24 from bismuth are consistent with this 
picture, although the recoil behavior of the barium 
isotopes can be accounted for equally well by a spalla- 
tion mechanism.” 
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APPENDIX 


In this appendix all the chemical procedures used and the 
counting efficiencies assumed for those nuclides not decaying by 
100% hard beta emission are discussed briefly. Except where 
otherwise noted the chemical separations were initiated by dis- 
solving the irradiated lead foils in 6N HNO; containing 2-10 mg 
amounts of each of the appropriate carriers. In general, the pro- 
cedures then followed are modifications of those given by the 
Los Alamos® and Berkeley groups.** Most of the data for the 
calculation of the counting efficiencies were taken from the com- 
pilations of Hollander, Perlman, and Seaborg® and Way et al.% 

#9 J. Hudis (unpublished results). 

* J. Kleinberg et al., U. S. Atomic Energy Commission Report 
LA 1566, February 1, 1953 (unpublished). 

3tW. W. Meinke, U. S. Atomic Energy Commission Report 
AECD 2738, 1949 (unpublished). 

® Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 
469 (1953). 

38 Way, Fuller, Hankins, King, Kundu, McGinnis, van Lieshout, 
and Wood, Nuclear Sci. Abstracts 7, No. 24B (1953); 8, No. 24B 
(1954) ; and 9, No. 24B (1955). 


CARETTO, CUMMING, FRIEDLANDER, 


AND HUDIS 


Fluorine 


The HNO; solution of the target was buffered with ammonium 
acetate and the fluorine precipitated with HCl as PbCIF. HCIO, 
was added to this precipitate and H2SiFs was steam distilled into 
acetate-buffered PbCl: solution. The ‘steam distillation was 
repeated and the H,SiFs caught in acetate-buffered Ca(NOs;)o. 
The CaF, obtained was mounted. 


Sodium 


Sodium was separated from a HNO; solution from which a 
number of elements had already been removed. Any remaining 
Pb was precipitated out as PbCle. The decontamination procedure 
followed was essentially that of reference 30 (page 29) with the 
additional step of removing K* as KCIO, just prior to the final 
precipitation of NaCl. 


Magnesium 


Magnesium was usually isolated after removal of phosphorus as 
zirconium phosphate. A sulfide precipitation of any Cd, Mo, and 
Pb was followed by two or three Fe(OH); scavenging precipita- 
tions. The last supernate was evaporated, taken up in 9N HCl, 
and passed through a Dowex 1 column. Scavenge precipitations of 
CuS in 0.3N HCl and of Fe(OH); were made. Evaporation to 
dryness, removal of NH, salts by fuming, and precipitation of 
MgCO; with (NH,)2CO; and ethyl] alcohol followed. The MgCO; 
was dissolved in HCI, and two or three precipitations of Ba and 
Sr carriers with fuming HNO; or with CrO,~ were carried out and 
followed by a CaC.O, precipitation. Finally the magnesium was 
precipitated and mounted as MgNH,PQ,. 

Because the product of the Mg** beta decay is the 2.3-min beta 
emitting Al’, a counting efficiency of 2.0 was assumed. 


Phosphorus 


Zirconium phosphate was isolated from the target solution by 
the addition of ZrO**. This precipitate was dissolved in HF and 
ammonium phosphomolybdate precipitated. This was dissolved 
in NH3;, a few drops H»O2 were added and zirconium phosphate 
was reprecipitated in 6N HCl. HF was added and AsS; and 
LaF; scavengings in 3N HCl were made. Ammonium phosphomol- 
ybdate was reprecipitated and dissolved in NH;. V** and excess 
citric acid were added and SO: passed in. The phosphorus was 
finally precipitated and mounted as MgNH,PO,. 

Due to the difficulty of decay curve analysis the cross sections 
reported for P* are expected to be accurate only to +50%. 


Manganese 


Mn was separated from the supernate after the initial PbCIF 
precipitation in the fluoring procedure. To avoid difficulties re- 
sulting from possible slow exchange between Mn oxidation states, 
the Mn II was oxidized to Mn VII with NaBiO; and reduced back 
to Mn II with H2Os. MnO: was precipitated by addition of 16N 
HNO; and KCIO;. This precipitate was dissolved in H2O. and 6N 
HNO, holdback carriers of elements with soluble hydroxides were 
added, and MnO: was reprecipitated with NaxOo. The MnO: was 
dissolved in fuming HNO; and Ti IV and Ta IV were added and 
precipitated by boiling. The cycle of alternating precipitations of 
MnOsz by KCIO; and Na2Os» was repeated three times. The Mn** 
resulting was oxidized to MnO, and an Fe(OH); scavenging 
precipitation was made. The MnO, was reduced with H2C.0, 
and an acid sulfide scavenging precipitation of Sb, Sn, and Te 
carried out. MnO: was again precipitated with acid KCIO; and 
mounted. 


Iron 


The Fe(OH); obtained from the ether extraction (as described 
in the Mo procedure) was decontaminated by the procedure given 
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in reference 30 (page 59). The final precipitate mounted was 
Fe(OH);. The counting efficiency of Fe® was taken as unity and 
that of Fe as 1.4. 


Copper 


After removal of Ba, Sr, Pb, and Mn the HNO; solution was 
evaporated to dryness. The residue was taken up in 1V HCl, CuS 
precipitated and then dissolved in HNO;. The scavenging pre- 
cipitations of Fe(OH); and BaCO; from NH; solution were then 
carried out. CuS was precipitated from 1N HCl and redissolved. 
The solution was made barely ammoniacal and scavenged twice 
with CdS in the presence of KCN. After boiling out the HCN, 
CuCNS was precipitated from 0.5N HCl by addition of NaHSO; 
and KCNS. The precipitate was dissolved in HNO; and CuCNS 
reprecipitated. This was redissolved and two AgCl scavengings 
were made. The Cu was finally precipitated and mounted as 
CuCNS. 

To correct for electron capture branching, counting efficiencies 
of 0.71 for Cu® and 0.60 for Cu“ were used. Owing to the difficulty 
in decay curve analysis arising from the low yield of Cu®, cross 
sections reported for this nuclide have an estimated error of 
+50%. 


Zinc 


Zinc was precipitated as the alkaline sulfide from the supernate 
of the first CuS precipitation in the copper procedure. The initial 
decontamination procedure was that given in reference 31 (page 
77, steps 1-5). The residue from the HBr evaporation was taken 
up in 2N HCl and run through a Dowex-1 column. After washing 
with additional 2N HCl the Zn was eluted with 1N NH; and pre- 
cipitated for mounting as ZnS. 

A counting efficiency of 2.5 was used fer the Zn” in equilibrium 
with Ga”. Owing to difficulty in decay curve analysis, an un- 
certainty of about +50% is assigned to the cross section of Zn™”™. 
The cross section values given for Zn® were obtained by chemically 
separating Cu® from a previously separated zinc sample. 


Gallium 


Gallium was separated from the supernate following precipita- 
tion of Mo with a-benzoin oxime (see Mo procedure). The solution 
was evaporated with HNO; and taken up in 8N HCl. The Ga was 
extracted into isopropyl ether, back extracted into water and 
precipitated as the ferrocyanide. The precipitate was digested 
with HNO; and taken up in 8N HCl containing Fe, Au, Tl 
carriers. SnCl, was added and the Ga was extracted into isopropyl 
ether and back extracted into water. Fe** was added and pre- 
cipitated with NaOH. The Ga was finally precipitated as the 
8-hydroxy quinolate at pH~6. 


SFTEUOPTES 
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The absolute disintegration rate of Ga®’ was determined using 
a cross-calibration of the counter used with an x-ray counter of 
known geometry. Because of poor checks in duplicate runs, the 
Ga*’ results are thought to be accurate to only a factor of 2 and 
the Ga” results within +40%. 


Molybdenum 


HCl was added to the supernate of the zirconium phosphate 
precipitation (see phosphorus procedure) and PbCl. removed. 
The supernate was evaporated, taken up in 6N HCl containing 
Bro, and extracted with ethyl ether. Water was added to the ether 
phase, the ether was evaporated, and the Fe present was precipi- 
tated as Fe(OH); with NaOH. Mo was precipitated by addition 
of HNO;, oxalic acid, and a-benzoin oxime. The organo-molyb- 
denum compound was destroyed with HCIO,, NH; was added, 
and Fe(OH); was precipitated. The supernate was acidified with 
H.SO, and the final AgeMoO, precipitation was carried out in 
acetate buffer. 

The counting efficiency of the isomeric transition of Mo*™ 
was taken to be 0.9 in accordance with the findings of Kundu 
et al. 


Cadmium 


Cadmium was isolated from the aqueous phase remaining after 
ether extraction of Mo, Fe, and Ga (see Mo procedure). The Cd 
in this solution was decontaminated by the procedure given in 
reference 31 (p. 138). The final precipitate mounted and counted 
was CdS. 

The counting efficiency of Cd"5™ is 1.0. From the published 
decay data the efficiency of the Cd in equilibrium with its 
In!" daughter was calculated to be 1.29. Cd? was counted 
through the 94-kev conversion electrons of its daughter Ag!’™™. 
The counting efficiency of 0.75 assumed for this radiation is 
approximate and an error of +40% is estimated for the cross 
sections given. Cd!’ in equilibrium with its daughters was taken 
to have a counting efficiency of 2. An error of +50% is assigned 
to these cross sections because of uncertainties arising from 
analysis of the complex decay curves. 


Barium 


Barium was decontaminated and separated by the procedure 
given in reference 31 (p. 173). 

The counting efficiency of the Ba!’ in equilibrium with Cs!*8 
was taken to be 1.0. Ba'*! was couuted on a scintillation counter. 
The product of the counting efficiency of Ba"! and of the geometry 
of the counter used was calculated using y and x-ray calibrations 
at various energies. The counting efficiency of Ba! was taken as 
~2 and that of Ba!” and Ba!" as ~0.7. 


* Kundu, Hult, and Pool, Phys. Rev. 77, 71 (1950). 
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Pion Production in H and Be by 1.0- and 2.3-Bev Protons* 
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The energy spectra of positive and negative pions produced in H and Be by 1.0- and 2.3-Bev protons have 
been observed at 32° in the laboratory system. A fast scintillation counter telescope, including a magnet to 
select momenta, was used to analyze the direct 32° beam of particles proceeding from a straight section of 
the Brookhaven Cosmotron. The pion spectra were transformed to the nucleon-nucleon center-of-mass 
system and were observed to be essentially similar in shape to the r*+-p interaction cross section as a function 
of energy in the center-of-mass system. It was concluded that this interaction, which is believed to be due 
to the formation of a nucleon isobar with angular momentum and isotopic spin= }, dominates the meson 
production process in the 1.0- to 2.3-Bev range. The assumption of a model, whereby meson production 
proceeds through excitation of one or both of the colliding nucleons to this isobar which subsequently decays 
by pion emission, resulted in a general qualitative explanation of the results, and also gave quantitative 
a*/x~ ratios in agreement with these experiments. The Fermi statistical theory was found, in general, to be 


contradicted by these results. 


i. INTRODUCTION 


HE production of pions in nucleon-nucleon and 

nucleon-nucleus collisions is one of the most 
fundamental of interactions and has been extensively 
studied in the past. After the discovery of the pion,' 
a considerable amount of generally qualitative in- 
formation has been obtained by many cosmic-ray 
research workers.” 

The production of pions at high cosmic-ray energies 
seemed to be generally consistent with the Fermi 
statistical theory.’ However, the most definitive meson 
experiments (scattering and production) were performed 
using the artificial sources of high-energy nucleons and 
photons (<440 Mev). The major conclusions drawn 
from these earlier scattering and production experiments 
were that the pion is a pseudoscalar particle and is 
coupled to the nucleon field through gradient coupling. 

The pion-hydrogen scattering results of Anderson 
and Fermi et al.‘ suggested the possibility of a resonance 
interaction through the intermediate state of a doubly 
charged nucleon isobar of isotopic spin 3.5 

An earlier preliminary investigation® by the present 
authors of the interaction of positive and negative 
pions with hydrogen from 150-750 Mev revealed a 
sharp peak in the cross section for positive pions on 
hydrogen at about 180-200 Mev and a sharp drop 
thereafter. The results for negative pions were essen- 
tially similar. These results were consistent with the 
original resonance parameters® with which we extended 
the calculations to beyond 500 Mev. 


*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1C. M. G. Lattes et al., Nature 159, 694 (1947). 

? Bruno Rossi, High-Energy Particles (Prentice Hall, Inc., New 
York, 1952), Chap. VIII. 

3 E. Fermi, Progr. Theoret. Phys. 5, 570 (1951). 
e8Ek L. Anderson et al., Phys. Rev. 85, 934 (1952) and 86, 793 

5K. A. Brueckner, Phys. Rev. 86, 106 (1952). 

6S. J. Lindenbaum and Luke C. L. Yuan, Phys. Rev. 92, 1578 
(1953) and 93, 917 (1954). The final and much more accurate 
results of this work are reported in Phys. Rev. 100, 306 (1955). 


It then appeared plausible to us that the existence 
of a nucleon isobar which could decay to the ground 
state with pion emission would greatly influence, if 
indeed not completely dominate, the nucleon-nucleon 
meson production process. It was thus of interest to 
see whether meson production in the Bev range could 
be explained by the simple Fermi statistical theory. 
Therefore, we began an extensive investigation with 
counter techniques of pion production, first in Be and 
later in hydrogen, by protons of energies from 0.5 to 
3.0 Bev. 

Some preliminary results of these investigations have 
already been reported’ and have established the 
apparent dominance in the production process of a 
nucleon isobaric state with isotopic spin } and with a 
peak excitation energy of ~300 Mev. 

Other meson production results have been obtained 
by cloud chamber techniques* and will be discussed. 

In this paper, we shall describe the preliminary 
results obtained for 1.0- and 2.3-Bev incident protons. 
A more detailed report will be published later. 


Il. EXPERIMENTAL ARRANGEMENT 
A. Meson Beam and Counter Geometry 


The Brookhaven 3.0-Bev Cosmotron’® was used for 
this investigation. The proton beam and counter 
geometry are illustrated in Fig. 1. 

A target (Be or C or CH2) was placed near the inside 
wall in the middle of a straight section. The beam was 
caused to spiral into the target at any desired energy by 
turning the rf off at the appropriate time and allowing 
the magnetic field to continue to rise. Practically all 


7S. J. Lindenbaum and L. C. L. Yuan, Phys. Rev. 93, 917(A), 
1431 (1954); Proceedings of the Fourth Rochester Conference on 
High-Energy Nuclear Physics (University of Rochester Press, 
Rochester, 1954), p. 140; Proceedings of the Fifth Rochester Con- 
ference on High-Energy Nuclear Physics (Interscience Publishers, 
Inc., New York, 1955), p. 53. 

8 Fowler, Shutt, Thorndike, and Whittemore, Phys. Rev. 91, 
758 (1953). 

9L. J. Haworth et al., Rev. Sci. Instr. 24, 723 (1953). 
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of the beam traversed the entire target length because 
of the use of a lip (thin foil) placed on the outside of 
the target. The lip thickness was such that the energy 
loss in the narrow lip was sufficient to cause the protons 
to spiral in sufficiently to strike the interior section of 
the target on the next revolution. 

A 3-in. diameter Pb collimator was aligned with the 
target at an angle of 32° from the beam forward 
direction. The beam particles defined by the collimator 
passed diagonally through a straight section in an 
essentialiy field-free region'® of the Cosmotron. 

The charged particle beam'! was defined and 
monitored by a fast double-coincidence (2-3 millimicro- 
seconds resolution) scintillation counter telescope (X, 
and X¢ in Fig. 1) which consisted of two 2}-in. diam- 
eter diphenylacetylene crystals. The monitored beam 
was then passed through an analyzing magnet. 

Behind the magnet were placed two counters along 
a true magnetic trajectory found by wire calibration. 
The analyzing magnet, 18 in. wide and 36 in. long, was 
such that the momentum interval of major interest 
(i.e., 100 Mev/c to ~1 Bev/c) could be obtained along 
one magnetic trajectory of 30° deflection. The magnet 
was used at currents well below the saturation values, 
and it was found experimentally (by wire measure- 
ments) that the magnetic trajectory and its relation to 
neighboring magnetic trajectories remained constant 
through this entire range. 

The two counters behind the magnet were placed 
in fast coincidence with the first two defining counters 
to form a momentum-selective quadruple telescope. 
Positive or negative particles could be selected by 
reversing the polarity of the current feed leads to 
the magnet. By varying the current any desired mean 
momentum could be selected for counting. The third 
plastic scintillation counter was 6 in. vertically by 
13 in. horizontally. The purpose of this rectangular 
shaped counter was to accept all flux in the vertical 
direction passing through the first two defining counters 
(preceding the magnet) which after analysis passes 
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10 The effects of the Cosmotron field were negligible. 
1 Conversion counts of photons and neutrons were negligible 
compared to the charged particle flux. 


PRODUCTION IN H 


AND Be 405 
through its horizontal limits. This procedure eliminates 
any sensitivity of the results to small geometrical 
vertical misalignment errors, and perhaps more im- 
portant, also eliminates any dependence of the relative 
counting rate on vertical defocusing or focusing 
effects of the magnet as the current is varied. The 
horizontal dimension was chosen to limit the resolution 
effect essentially to the shadow width of the front 
counters. 

The fourth scintillation counter was a circular 
counter of 6-in. diameter, and was placed 1 foot behind 
the third counter. Its purpose was only to reduce 
background. The real vertical limit in the system was 
the fourth counter, although this makes no practical 
difference, as a beam probe analysis using a small 
counter demonstrated that all the flux passing through 
the first two counters (before the magnet) was accepted 
in the vertical direction by both the third and fourth 
counters, 


B. Measurement of Momentum Spectrum of 
Pions Produced in Beryllium 


Protons and other heavy particles emanating from 
the target were rejected by time-of-flight discrimination. 
Hence, the counting rates observed were composed of 
pion, muon, electron, and positron counts. 

A momentum spectrum of the light particles produced 
in beryllium was obtained by simply varying the sign 
and magnitude of the current on the analyzing magnet 
and noting the front double monitor and the quadruple 
counts. The monitor counts are direct!y proportional 
to the beam actually converted in the target, and the 
quadruple counts are a measure of the number of light 
particles in a particular momentum interval. The 
monitor is not affected by the variation of analyzing 
magnet current since it precedes the magnet. The 
quadruple coincidence contained the monitor double 
coincidence as one of its requirements, so that any 
possible changes of monitor efficiency would auto- 
matically be corrected for in the ratio of quadruple 
coincidences to monitor counts, which determines the 
momentum spectrum. 

The electronics system was gated so that only 
particles emanating from the target at the correct 
time (i.e., the correct incident energy) were counted. 
This procedure completely assured that the incident 
energy was determined to +2.5%. 

The beam was analyzed by range curve techniques 
previously described” and the relative number of pions 
present in each momentum interval was determined. 
Then a correction for 7-4 decay from the target was 
applied using t=2.65X10~* as the mean life. This 
then yielded the relative pion momentum spectrum. 


22S. J. Lindenbaum and L. C. L. Yuan, Phys. Rev. 100, 306 
(1955). 





L. Cs: L. YUAN- AND 


wa 10? sec 


is2 fepne DOUBLE 
X2 SeTRBUTEDL 4 COINCIDENCE 
AMPLIFIER | LU 


AMPLIFIER 


“3x 10% sec 


DISTRIBUTED 


COINCIDENCE 


“3 x 10°? sec 


S. J. LINDENBAUM 


\STRIBUTED 
‘ SMPLIF ER 


weurIER |” 


DISTRIBUTED} 
AMPLIFIER 


I6BN6 DOUBLE 
COINCIDENCE 











|_ AMPLIFIER 


_|pisTRiBUTED|_| 6BN6 DOUBLE 
COINCIDENCE 


Fic. 2. A block dia- 
gram of the electronics 








-03 psec 
LINEAR AMP 
PLUS DISCRIMINATOR 








O34 sec 
LINEAR AMR } 
[PLUS _DISCRIMINATOR | 


eaten 
003 msec 
T 





-O3 usec 
LINEAR AMR 
[PLUS DISCRIMINATOR 


system. 





LINEAR AMP 
PLUS DISCRIMINATOR] 





0.1» sec 


ROSS! TYPE Xtal COINCIDENCE 














C. Measurement of Momentum Spectrum of 
Pions Produced in Hydrogen 


In this investigation, two targets, one polyethylene 
and the other carbon, both with the same number of 
carbon atoms, were used to obtain the pion production 
from hydrogen by the difference method. Both targets 
were mounted on an internal rotator in the same 
position as the beryllium target. Selsyn controls 
located in our laboratory permitted us to alternate the 
targets by merely pushing a button. 

The internal beam striking the targets was monitored 
by a pair of electrostatic pickup plates,'* the induced 
voltage on which was sampled just prior to the time 
the beam impinged on the target. The relative accuracy 
of the monitoring is estimated to be about 1%. Sev- 
eral alternate cycles were run for each point and the 
results were found to be internally consistent within 
statistics. 

The same experimental procedure as in the case of 
Be was used to measure the quadruple rate at each 
momentum interval for both the C and CH, targets. 
The beam monitoring, however, was obtained from 
the internal beam monitor. 


D. Electronics System 


A block diagram of the electronics system used is 
given in Fig. 2. It is generally similar to the one de- 
scribed in great detail in a previous publication.” 

The time resolution of the telescope was effectively 


13 C. E, Swartz, Rev. Sci. Instr. 24, 851 (1953). 
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2-3 millimicroseconds, and the efficiency of each 
doublet was greater than 95 percent. The dead time 
of the entire slow part of the system is only ~0.1 usec, 
which is fast enough to make dead-time and pile-up 
errors negligible. 


III. RESULTS 
A. Meson Production in Beryllium 


The relative momentum spectrum of positive and 
negative pions produced in Be by 2.3-Bev protons and 
observed at 32° from the forward direction is plotted 
in Fig. 3. The results have already been corrected for 
beam contamination, and a correction for m-4 decay 
in flight from the target has been applied. 

The measurement from low momentum to 1 Bev/c 
were performed along a magnetic trajectory 30° 
deflected from the incident beam direction. The 
magnetic resolution was found both by wire measure- 
ments and by range curve analysis to be +5%. 

The most striking feature of these results is the 
relatively low momentum peak (~400 Mev/c) in both 
the positive and negative pion spectrum. The ratio of 
positive to negative pion production is on the average 
about 2 (see Fig. 3). There seems to be a systematic 
increase from about 1.8 at the low end to about 2.2 
at the high end. Although we believe this is a real 
effect, this systematic difference could possibly at least 
partially be accounted for by the uncertainties in the 
large electron contamination (~20%) at the low- 
momentum end of the negative-pion spectrum. This 
is due to the fact that equal numbers of positrons and 
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electrons are formed from the conversion of gammas 
emanating from the target (mostly from 7s), and 
since less negative pions are produced there is a richer 
electron mixture. Because of the similarity of positive- 
and negative-pion spectra shapes, the » contamination 
is expected to be the same percentage of the pions in 
both cases and indeed is observed to be. 

Preliminary results for the relative momentum 
spectrum of positive and negative pions produced in 
beryllium by 1.0-Bev protons and observed at a 
32° lab angle are plotted in Fig. 4. 

The 1.0-Bev positive pion spectrum shape is generally 
similar to the 2.3-Bev data, exhibiting a peak at 
~300 Mev/c, but the peak is sharper and drops 
considerably faster on the high-momentum side. 

The results for the negative spectrum are at present 
of a preliminary nature, and in particular the r+/a- 
ratio should only be considered at this time as an 
approximate result. The r+/x~ ratio varies from ~4 
at the low-momentum end to ~5 at the peak and 
increases to ~8 at the high-momentum end. Additional 
work will have to be done to obtain accurate t/a 
ratio values; however, it is clear that they are large 
compared to the 2.3-Bev result and increase consider- 
ably toward the high-momentum end. 

The background in the quadruple coincidence 
measurements was only about 1 percent and had a 
negligible effect on these results. The background in 
the front double monitor was about 5%. However, the 
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Fic. 3. Relative momentum spectrum of pions produced in 
hydrogen and beryllium by 2.3-Bev protons, observed at 32° in the 
lab system. The errors are rms errors compounded of statistical 
and relative systematic errors. 
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Fic. 4. Relative momentum spectrum cf pions produced in 
hydrogen and beryllium by 1.0-Bev protons observed at 32° in the 
lab system. The errors are rms errors compounded of statistical 
and relative systematic errors. 


data runs were taken under very steady beam conditions 
and it is probable that the variation in this background 
rate is quite small, and hence the background errors 
are small (~1%). 

A major source of possible systematic error is the 
change in time of flight of the pions as the momentum 
accepted is changed. The necessary corrections (at low 
momenta) for the change in time of flight of pions were 
of the order of the resolution in our high-resolution 
system. Although these corrections were carefully made 
and checked by taking complete delay curves at one of 
the points to find the center value for each channel, 
systematic errors of the order of 3-5% cannot be 
ruled out, as a result of the cumulative effect of the 
four high-resolution double coincidences. 

Another major source of systematic errors in the 
spectra is the uncertainty in the beam contaminations 
(muons and electrons) which became quite high 
(~30-40%) at the low end of the spectra. 

The beam dynamics were such that the lip deposited 
practically all of the beam within about } in. from the 
edge of the target facing the counter system. Therefore, 
the effects of secondary interactions or scattering of 
the produced mesons and other particles proceeding 
in the direction of the counter telescope were negligible. 

However, the interaction of secondaries proceeding 
toward the forward direction and away from the 
counter telescope could be appreciable. Assuming a 
reasonable cross section for secondary interaction, it is 
estimated that for 2.3 Bev a small percentage of the 
secondaries resulting from incident protons which 
interacted inelastically once could produce a second 
meson. This would tend to include an admixture of 
mesons produced by lower energy protons. The effect 
on the observed spectra is not expected to be important 
due to similarity of the 1.0- and 2.3-Bev spectra and 
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the small percentage involved. In the 1.0-Bev case this 
effect is entirely negligible. The x+/x~ ratios might be 
somewhat more affected in the 2.3-Bev case, but not 
very much in the 1.0-Bev case. The elastically scattered 
primaries which subsequently create mesons and the 
elastically scattered mesons lead to some errors which 
are less important than the previously mentioned effects. 

Another source of systematic error is due to the 
possibility of both elastic and inelastic scattering from 
the collimator walls. 

The collimator consists of the two sections, one at 
each end of the concrete shield wall. Each section is 
20 in. long with a hole in a 5 in.X5 in. lead block 
embedded in the 15-foot thick concrete shield wall. 
The hole diameter of the collimator section nearest our 
telescope was always 3 in. The diameter of the other 
section was varied in tests from 3 in. to 13 in. With 
the back section at 1} in., all beam passing through 
the first section automatically clears the second section. 
The beam scattered at the first section contributes a 
negligible amount to the telescope counting rate due 
to the small solid angle subtended by the telescope. 
In fact, even with both sections the same size the 
foregoing is true. In any event we observed no differ- 
ences in the results due to the varying of the collimator 
size. 

In addition, we replaced the front 2}-in. telescope 
counters with 1-in. counters. In this arrangement the 
front collimator is not seen by the counter system and 
much less of the back collimator is seen. Within the 
errors, this also had no observable effect on the results. 
Hence, it appears safe to assume that the collimator 
effects are small. 

It is our conclusion that near relative points should 
be considered to have possible systematic errors of 
~5% and far relative points could have systematic 
errors ~10%. 


B. Meson Production in Hydrogen 


Some preliminary results have been obtained for 
the production of positive pions in hydrogen by 1.0- and 
2.3-Bev protons, using the C—CH)e difference method 
described in Sec. (II,C) on p. 9. The resulting 
momentum spectra are plotted in Figs. 3 and 4. It is 
quite evident that within the errors the hydrogen 
results agree with the beryllium data. 


IV. ANALYSIS OF RESULTS 


The agreement of the hydrogen and beryllium 
results for the positive pion spectrum is what one would 
expect if the following were true. 

(1) Beryllium is a light enough nucleus so that one is 
essentially observing single nucleon-nucleon meson 
production, and that the effect on the positive pion 
momentum spectrum shape of subsequent interactions 
of the pions and secondaries leaving the beryllium 
is small. 
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(2) The momentum spectrum shape of positive 
pions produced in n-p and p-p collisions is generally 
similar. 

(3) The effects of Fermi motion of the nucleons in 
beryllium on the shape of the produced pion momentum 
spectrum is small. 

An analysis of these effects (1), (2), and (3) generally 
supports the above assumptions. However, the best 
evidence for their probable validity is the observed 
agreement of the hydrogen and beryllium positive 
pion shape. Therefore, we will assume (1), (2), and 
(3) above in analyzing the Be data. 

Following the above assumptions, the observed pion 
momentum spectra from Be were transformed to the 
corresponding energy spectra in the nucleon-nucleon 
center-of-mass system. The hydrogen pion spectra 
were also transformed to the corresponding energy 
spectrum in the #-p center-of-mass system. These 
results are given in Fig. 5. The scales at the top of the 
graphs list the corresponding angle of emission in the 
center-of-mass system for the 1.0- and 2.3-Bev incident 
proton production. 

The angular range in the center-of-mass (c.m.) 
system is 61° to 73° for 1.0-Bev production, and 74° to 
106° for the 2.3-Bev production. Of course, for the Be 
results, the Fermi motion spreads this angular range a 
few degrees in either direction. In general, these results 
can be considered characteristic of rather large-angle 
(~60-106°) meson production in the c.m. system. 
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Fic. 5. Relative energy spectrum in the c.m. system of pions 
produced in hydrogen and beryllium by 2.3- and 1.0-Bev protons. 
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For comparison purposes the x+— total interaction 
cross section (determined by the present authors and 
others) as a function of energy in the c.m. system is 
also plotted on the same graph. The observed r++) 
curve has been transformed to correspond to that which 
would be observed with an energy resolution approxi- 
mately that of the present experiment. 

The general similarity of the positive and negative 
pion energy spectra in the c.m. system produced by 
1.0- and 2.3-Bev protons to each other and to the 
m*—p total interaction cross section is the most 
striking feature of these results, and definitely suggests 
a very intimate relationship between the production 
and scattering processes. 

The strong-coupling theory of the meson-nucleon 
system predicts a possible series of nucleon isobaric 
levels above the nucleon ground state. In such a picture 
one would expect the pion-nucleon scattering cross 
section to exhibit resonant energy level characteristics. 
Similarly the production of mesons would be expected 
to proceed by the excitation of one or both nucleons 
to a resonant level as a result of their mutual interaction. 
This level would then decay by meson emission to the 
ground state. Hence, the produced meson spectrum 
characteristics would intimately reflect the properties 
of the isobaric level involved, provided of course that 
its lifetime were long enough to separate the isobars 
from the other particle in the collision before its decay. 
In particular, if the same or levels of similar charac- 
teristics were involved as intermediate states in the 
scattering and production one would expect similarities 
of the type observed. 

An analysis of the pion-hydrogen scattering inter- 
action cross sections’: support the view that such an 
isobar exists in the 7=J=% state. Furthermore, it 
appears that for pion kinetic energies in the c.m. 
system of < 200-300 Mev the T=J=}3 state isobar 
essentially predominates in the pion-nucleon interaction. 
The presently reported observed pion spectra are 
mostly concentrated in this energy region in the c.m. 
system. Therefore, one can perhaps expect to explain 
the major features of these pion-producing interactions 
by assuming that in a nucleon-nucleon collision one or 
both nucleons are excited to the 7=/J=# isobar 
previously observed in the pion-nucleon scattering 
experiments. Furthermore, one can assume that these 
isobars are sufficiently long-lived to separate before 
decaying. This latter assumption is rather questionable 
since a calculation of the order of magnitude of the 
observed lifetime'® gives 10~% sec, which means that 
the isobar could still be within the interaction volume 
(~10-" cm) at the time of decay. Obviously the 
agreement or lack of agreement of the model with 


4 De Hoffman, Metropolis, Alei, and Bethe, Phys. Rev. 95, 
1586 (1954). 

15 This is based on application of the uncertainty principle to the 
observed width. 
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experiment will be a test of the usefulness of this 
concept. 

In order to compare the expected characteristics of 
nucleon-nucleon pion production and _ pion-nucleon 
scattering assuming that both proceed through the 
same intermediate state of isotopic spin and angular 
momentum= 4, we must investigate the details of the 
process in each case. 

One can now consider that the r++ interaction cross 
section as a function of pion energy in the c.m. system 
phenomenologically gives us the square of the over-all 
matrix element for formation of the isobar | Misobar|?, 
multiplied by the density of final states per unit total 
isobar energy (E,), where E;,=u,+y,+KE,+KE,, up 
and yu, being the rest mass of a proton and a meson 
respectively and KE, and KE, being their respective 
kinetic energies. Therefore, (++ p)=const| Misobar |? 
(density of final states/unit energy). Of course, there 
is an exact one-to-one correspondence between FE; and 
KE,. 

In a nucleon-nucleon collision process which leads to 
meson production we can then postulate that there is a 
mechanism for transfer of a variable excitation energy 
E*=a(E;—p), where a<1, to one or both nucleons. 
Obviously, E* must be 2 u, and is limited at the high- 
energy end by requirements of conservation of energy 
and momentum. The exact detailed mechanism for 
transferring this energy is obviously quite complicated 
and will depend on phase space factors for the final 
two-body problem, and perhaps on many other factors. 

A proposed detailed model for these processes will 
be published at a later date. However, one can consider 
that if the available range of E* is large enough to 
essentially cover the large peak region of o(m*+p)), 
that the most important contributions to the production 
will come from this region. Furthermore, over this 
region one can assume that the relative probability of 
transferring an excitation energy to a nucleon which 
is in the range between E* and E*+dE* is approxi- 
mately proportional to (++ p)dE*,'® and that all the 
other factors involved are slowly varying compared to 
the rapid variation of o(r++) with E;. Hence the 
dominant features of the interaction will be controlled 
primarily by this latter factor. 

Therefore, if the nucleon isobaric states were formed 
in the production process at rest!’ in the nucleon- 
nucleon c.m. system, and decayed separately without 
mutual interaction, we would expect all the pion energy 
spectrum curves in Fig. 6 to be exactly identical to 


16 Note that o(x++ )=const|Misobar|?XdQ/dE* and hence 
o(x*+-+ p)dE*=const | M isobar|2dQ. The right-hand side of the last 
equation is the square of the matrix element for isobar formation 
multiplied by dQ, the number of final states available in the energy 
range dE*. Therefore, it is dimensionally of a form which is 
proportional to the fractional probability for formation of the 
isobar over the interval of final states dQ or equivalently the range 
of excitation energy dE*. 

17 One is also implicitly assuming here that the decay is essen- 
tially isotropic and unpolarized. 
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the x++> interaction cross section as a function of 
energy in the c.m. system. The general similarity of 
all the pion spectra to the r++ interaction curve is a 
rather encouraging indication of the probable validity 
of this line of reasoning. 

However, it is obvious that our assumptions are a 
drastic oversimplification of the processes involved. 
Hence, it is fruitful to investigate the probable 
differences of the actual situation from these assump- 
tions and to try and account for the observed differences 
in this way. 

In the 2.3-Bev production the major difference of 
the pion production spectra from the +++ interaction 
cross section curve is a broadening of the production 
curves. In this case E,.m, is 940 Mev, and hence E* can 
be as large as ~800 Mev and can adequately cover the 
necessary energy interval (~400-Mev total energy) for 
one or even two excited isobars. However, the assumed 
creation of the isobars at rest is not justified since the 
nucleon isobars can be and probably are'® created with 
appreciable velocity in the c.m. system. This velocity 
effect would tend to broaden the curve. An estimate 
of the expected order of magnitude of this effect yielded 
results not too different from those observed. 

In the 1.0-Bev production E,.».=440 Mev. In this 
case, it is obvious that the total available excitation 
energy is rather low, and therefore the assumption of 
the availability of a sufficiently large range of excitation 
energy £* is not justified. Hence, as a result one would 
expect a discrimination against the high-energy end of 
the spectrum and a general shift toward lower energies. 
On the other hand, the assumption of isobars created 
near rest should be much better, and hence one would 
expect a sharper curve more closely related to the 


18 Cloud-chamber data of reference 8 as well as theoretical 
estimates were used. 
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++ cross section. These two effects were indeed 
observed. 

The agreement of the results within these crude 
considerations is, if anything, much better than one 
could reasonably expect, and therefore it appears that 
this general picture is a useful model for these 
interactions. 

From the observed pion spectra, the mean pion total 
energy can be computed in each case. In order to do 
this, the low-momentum ends were extrapolated to 
zero, and the high-momentum ends were extrapolated 
to cutoff. The results for the mean total pion energy are 
300 Mev and 260 Mev for the 2.3-Bev and 1.0-Bev 
cases, respectively. 

A crude estimate of the mean nucleon energies was 
made using cloud chamber data.* In the 2.3-Bev case, 
the average kinetic energy of each of the nucleon 
recoils in the c.m. system was estimated to be ~100 
Mev which is much less than the available energy 
(940 Mev). In the 1.0-Bev case, the average kinetic 
energies of the nucleon recoils is estimated to be 
~50 Mev, which is also considerably less than the 
available energy of 440 Mev in the c.m. system. 

Applying the conservation of energy to these results, 
one can make a crude estimate of the multiplicity. 
For the 1.0-Bev production it appears that single 
production is predominant. For the 2.3-Bev production 
double production appears to be predominant. 

The assumption of the isobar with isotopic spin and 
angular momentum=4 as the only one which is im- 
portant, together with the consequences of isotopic 
spin conservation, allows an estimation of the r+/x- 
ratio for Be which depends mainly on whether single 
or double production is dominant. An estimate of the 
expected ratios for our results was recently published,'® 
and gives r+/x~ ratio ~1.0-1.8 for double production 
and ~9 for single production. The range of ratios 
depends upon the amount of T=0 state assumed in the 
n-p production. 

The observed ratio for 2.3-Bev production, which we 
find is mostly double, varies from 1.80.2 to 2.2+0.2 
from the low- to the high-momentum end and clearly 
is in reasonable agreement with the expected low ratio 
for mostly double production. It should be noted that 
any single production present tends to raise this ratio 
considerably. 

In the 1.0-Bev production the preliminary values 
for the x+/z~ ratio vary from ~4 at the low-momentum 
end to 26-8 at the high-momentum end. This is 
generally in agreement with the prediction for mostly 
single production, although some double production 
would be indicated at the low-momentum end. The 
predicted ratios for the state with isotopic spin } and 
for other states are quite different; hence, this result 
represents additional confirming evidence for the 


™D. C. Peaslee, Phys. Rev. 94, 1085 (1954) and 95, 1580 
(1954). 
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dominance of the isobaric state of isotopic spin $ in 
these reactions. 

It should be further noted that these nucleon-nucleon 
production reactions tend to be highly inelastic and 
utilize practically all the available energy in meson 
production. For example, in the production by 2.3-Bev 
protons, the available energy in the c.m. system is 
940 Mev. The evidence indicates that two mesons are 
produced on the average. The average mean total 
energy per meson is estimated to be about 300 Mev. 
Hence ~600 Mev out of a total of 940 Mev available 
is inelastically dissipated in meson production. 

In the meson production by 1.0-Bev protons, the 
available energy in the c.m. system is 440 Mev. The 
mean meson total energy in the c.m. system is ~260 
Mev, and hence in this case also most of the available 
energy is utilized in meson production. 


V. COMPARISONS WITH THE PREDICTIONS OF 
THE FERMI STATISTICAL THEORY 


It is obvious that the compatibility of the observed 
meson production with the idea of the excitation of an 
isobaric nucleon level as the intermediate state strongly 
implies a contradiction of the predictions of the simple 
statistical theory.* This is indeed the case. However, 
it is perhaps instructive to compare the experimental 
results with the predictions of the statistical theory in 
order to determine the exact nature of the disagreement. 

Christian and Yang” and also recently Block” have 
calculated the predictions of the Fermi statistical 
theory for these processes. Their results for the 2.3-Bev 
production in beryllium are compared to our experi- 
mental results in Fig. 6. The ** momentum spectrum 
produced in hydrogen would also be similar to that 
shown but the x~ would be different. It is evident that 
the experimental results are quite different from the 
predictions of the statistical theory. However, the 
statistical theory prediction is composed of the weighted 
results for single, double, and higher meson multi- 
plicities. The spectrum shape predicted for each 
multiplicity depends only on the phase space factors 
and not on the radius of the interaction volume assumed. 
The multiplicity, on the other hand, depends on the 
interaction volume radius assumed, and hence can 
perhaps be arbitrarily adjusted. 

The results shown in Fig. 6 are for an interaction 
volume radius of #/uc. The spectrum shape for each 
multiplicity in 2.3-Bev production is compared to the 
experimental result in Fig. 7. It is clear that, by 
assuming a mixture of mostly double and some triple 
meson production, a reasonable fit to the experimental 
spectrum shape could be obtained. 

The predicted ratio of +/x- computed from Fermi’s 
branching ratios would be 3.5 for single production and 


*C. N. Yang and R. H. Christian, Brookhaven Cosmotron 
Department Report, December 29, 1954 (unpublished). 
1M. M. Block, Phys. Rev. 101, 796 (1956). 
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Fic. 7. The pion momentum spectrum predicted by the statis- 
tical theory for 2.3-Bev incident energy is shown for single, 
double, and triple production. The experimental results are also 
plotted. The predicted single-production pion spectrum for 1.0-Bev 
incident energy is shown. Double production is expected and 
observed to be quite small at 1.0 Bev. 


1.7 for double production. This latter value is in 
reasonable agreement with the observed ratio of 
~2.0+0.2. 

Hence, it follows that the 2.3-Bev production could 
be explained by the Fermi statistical theory if one 
arbitrarily adjusted the interaction volume to give 
mostly double production instead of the calculated 
mostly single production corresponding to the usual 
assumption for the interaction radius of R=h/uc. 

However, in the 1.0-Bev production it is clear from 
requirements of conservation of energy (see Sec. IV) 
that the production must be mostly single. Hence, there 
is no longer much freedom left in adjusting the multi- 
plicity. The theoretical prediction for single meson 
production at 1.0 Bev is also shown in Fig. 7. It is 
evident that the experimental 1.0-Bev spectra (see 
Fig. 5) which are generally similar to the 2.3-Bev 
spectra shown in this figure are quite different from 
the statistical theory predictions. Hence, it is probable 
that the arbitrary adjustment of the multiplicity for 
the 2.3-Bev production leads to a coincidental agree- 
ment good only for that particular energy. Therefore, 
we conclude that the Fermi statistical theory, is in 
general, contradicted by these results. 

Of course, one might argue that at the higher energy 
of 2.3 Bev the statistical theory might work better, 
and that, perhaps, the lower energy of 1.0 Bev is not 
so favorable for its application. However, the large 
compilation of evidence for the usefulness of the 
alternate explanation of an excited nucleon isobaric 
level which seems to explain most of the characteristics 
of the nucleon-nucleon meson production and the 
meson-nucleon scattering previously discussed makes 
it the most attractive explanation. 

This concept of an excited nucleon isobaric level is 
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entirely alien to the basic assumptions of the Fermi- 


statistical theory that all possible final states have 
relative probabilities directly proportional to their 
phase space factor. 

One can, of course, consider a statistical theory 
modified” to take into account the observed variation 
of the cross section for interaction of pions and nucleons 
as a weighing factor for the relative probabilities of 
various final states. This procedure would, of course, 
tend to considerably improve the statistical theory 
predictions in the right direction since #t would essen- 
tially include the resonance interaction in the final 
state. However, there would still be a considerable 
difference in the dynamical correlations predicted for 
particular meson-nucleon pairs which together might 
form the isobar. 

Secondly, the angular distributions and energy 
spectra of both pions and nucleons would be expected 
to vary differently as a function of energy than one 
would expect from the isobar model. 

A complete program for investigation of these 
meson production processes is in progress and should 
yield sufficient results to test these models critically. 


VI. COMPARISON WITH OTHER RESULTS OF 
A SIMILAR NATURE 


A study of meson production by neutrons of 1.7-Bev 
median energy incident on a hydrogen-filled diffusion 
cloud chamber has been made by Fowler, Shutt, 


87. S. Kovacs, 
(unpublished). 


thesis, Indiana University, June, 1955 
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Thorndike, and Whittemore.’ Their results are also 
not consistent with the Fermi statistical theory, and 
where comparisons have been made the results are 
consistent with the results here reported, within 
reasonable limits of experimental error. Furthermore, 
their results are also explainable at least qualitatively 
by the assumption of excited nucleon isobars, with 
T=J= 4 as the intermediate state in production. A 
recent calculation by Kovacs” of a modified statistical 
theory to take into account final-state interactions has 
yielded some results on the ratio of various modes of 
meson production which agrees with these experiments. 

Meson production by #~+ interactions at 1.4 Bev 
has been studied by the same cloud chamber group” 
and an emulsion group.* In both cases, it is not at 
present clear whether the data are or are not consistent 
with the excited nucleon isobar model. 
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The cross section for the reaction C'*(p,pn)C" has been measured at a proton energy of 461 Mev; the 


result iso= 


31 mb with an associated error of 3 percent. Because of some disagreement among earlier experi- 


ments by several laboratories, a detailed discussion of the errors involved in those measurements is given, 
and in particular, a discussion of the techniques used for positron counting in a 4% proportional counter. 
A summary of the present state of knowledge of this reaction is presented. 


I. INTRODUCTION 


HE reaction C”(p,pn)C" has been studied by 
several investigators because of its use as a 
monitor for proton beams at energies above the 19.5- 
Mev threshold. There has been some lack of agreement 
between the several groups that have reported values 
for this cross section, especially in the energy region 
about 350 Mev.' We, too, have contributed to the 
confusion by reporting cross sections at 300 and 400 
Mev which we now believe to be too large. This does 
not affect our conclusion that the “dip” reported by 
Aamodt ef al. does not exist ; we doubt only the absolute 
values. We have therefore repeated the measurement 
with more conventional techniques made possible by 
the availability of a much more intense external proton 
beam at The University of Chicago synchrocyclotron* 
and we wish to withdraw the previously reported value.’ 
In addition to describing our own work, we will 
discuss in this article the reasons for the discrepant 
results. The errors that seem to have plagued the earlier 
experiments are of two kinds. (1) C" activity was pro- 
duced by secondaries originating in absorbers stacked 
in front of the target foil. Aamodt ef al. in particular 
used this stacked foil technique to obtain the excitation 
curve for the reaction, getting points at several energies 
in the same run. This resulted in the dip mentioned 
above, which we eliminated by keeping several feet 
between our absorber and our target foil in the earlier 
measurement.! (2) The absolute beta counting has 
been subject to significant errors in the self-absorption 


t Research supported by a joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

* Now at Radiation Laboratory, University of California, 
Berkeley, California. 

t National Science Foundation Predoctoral Fellow 1952-1955. 

§ Now at Department of Physics, Hebrew University of 
Jerusalem. 

1 Aamodt, Peterson, and Phillips, Phys. Rev. 88, 739 (1952); 
Warshaw, Swanson, and Rosenfeld, Phys. Rev. 95, 649 (1954); 
R. L. Wolfgang and G. Friedlander, Phys. Rev. 96, 190 (1954); 
Birnbaum, Crandall, Millburn, and Pyle, University of Cali- 
fornia Radiation Laboratory Report UCRL-2756 (unpublished) ; 
Crandall, Millburn, Pyle, and Birnbaum, Phys. Rev. 101, 329 
(1956); earlier references are given in the above papers. 

. Rosenfeld and S. D. Warshaw (unpublished); S. D. 
Wandion and S. C. Wright, Rev. Sci. Instr. (to be published). 
3 A. H. Rosenfeld, Phys. Rev. 96, 1714 (1954). 


correction. It apparently has not been realized that 
there may be a different self-absorption for positrons 
and electrons of the same maximum energy. Beta- 
counting techniques have improved since the earlier 
experiments, and it seemed desirable to use this advance 
to better the accuracy of the cross-section measurement. 

At about the same time that we measured our 
single point, Crandall e/ al. used the proton beam at 
Berkeley to investigate a series of reactions of the type 
C®(x,an)C" and Al? (*,«2pn)Na™ from 350 Mev down 
to 170 Mev. Because of their careful measurements we 
saw no point in reducing the energy of our beam to 
verify the excitation curve. However, a discrepancy in 
the absolute value of the cross section of up to 10 
percent may still exist because of some disagreement on 
the self-absorption correction. 

In the following discussion, we will emphasize the 
techniques for beam calibration that we developed for 
this measurement, but are so satisfactory and relatively 
simple that we hope they will find wider application in 
other accelerator work. Again, the positron counting 
technique will be discussed in detail because this was 
where most of the earlier experiments seem most 
questionable, because it is interesting and useful in its 
own right, and because there is still some disagreement 
between the Chicago and the Berkeley groups. 

Sections II and III of this paper concern our own 
work ; Sec. IV will be a critical discussion of errors in 
older experiments, and a short summary of the present 
experimental situation. 


II. METHOD 
A. General 


The external (spill-out) proton beam? at Chicago 
has an intensity of about 5X 10* protons/cm?/sec and 
an energy of 461+3 Mev estimated from the impact 
parameter of the escape orbit and from the range in 
copper. With this beam we can activate thin (4 mg/cm’) 
polyethylene foils to an easily countable level. The 
beam, after collimation carefully designed to minimize 
the neutron background produced when stray protons 
strike collimating material,‘ was allowed to pass through 


“A check with a liquid-scintillator neutron counter gave less 
than one neutron in 10000 beam protons capable of making C"’. 
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a thin ionization chamber. This consisted of 14 inches 
of air at atmospheric conditions, enclosed between the 
collector and polarizing plates, each a 7-inch-thick 
Lucite sheet made conducting with Aquadag. Just in 
front of the chamber, mounted to a rigid, machined 
fixture, was the foil or, alternatively, an Ilford G5 
plate to calibrate the chamber. Both foil and emulsion 
were normal to the beam direction. After exposure to 
the beam, with the total charge produced in the 
chamber recorded, the foil was counted in a 4x counter. 
Then the cross section is given by 


T; exp(T2/T) 
*” T[1—exp(—T./T) [1—exp(—T,/T)] 





nsayVx nsayVx 


in which 7; is the exposure time, 7, is the interval 
between the end of the exposure and the beginning of 
the count, and 7; is the total counting time; T= 29.6 
minutes is the mean life of C; NV is the total number of 
events counted in the 4x counter with efficiency » and 
self-absorption coefficient s; a is a correction for fluctua- 
tion of beam intensity during the run; s, 7, a, are of 
order unity ; y (protons through foil/volt) is the calibra- 
tion factor for the ionization chamber-electrometer com- 
bination, which gives a deflection of V volts at the end 
of a run; and x is the number of carbon atoms/cm? in 
the foil. We have ignored the presence of 1.1 percent 
C® in natural carbon. 

An auxiliary ionization chamber was placed in the 
beam behind the experiment and its signal (v) fed to a 
recording potentiometer. We used this record to com- 
pute numerically the fluctuation correction 


l T1 T1 
a= rs f vexp/That / f vit f exp(t/T)dt. 
0 0 0 


In no case did this correction differ from unity by more 
than 8 percent. 

In actual practice, the beam passed through a “guard 
foil” first, in contact with the foil which was counted. 
The guard served as a source of recoil C" nuclei, to 
compensate for recoils lost through the back of the 
counted foil. 

We used a 4m counter designed to take foils of 
diameter not more than 2 cm; in the experiment, the 
foils were, in fact 1.8 cm in diameter, and (see below) 
cut off about 30 percent of the beam. Of course, for 
this purpose it would have been simpler to collimate 
the beam to, say, 1 cm, but we were trying to measure 
the Al’?(p,3pn)Na™ reaction at the same time; a 1 cm 
beam would have resulted in an inconveniently small 
Na™ activity. Unfortunately, difficulties with the chemi- 
cal separation of the Na™ prevent us from reporting 
that cross section. 
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B. Ionization Chamber Calibration 


An Ilford G5 nuclear track plate was placed in front 
of the chamber in exactly the same position as the foil 
to be activated. The plate was then exposed to about 
10° protons/cm?, and the electrometer deflection noted. 
After processing, the appropriate area of the plate (the 
same diameter as the foil) was scanned for proton 
tracks. We obtained a statistical accuracy of 2 percent 
for each plate by scanning at 100 positions and finding 
about 25 tracks passing through a known area of the 
field of view at each position. For scanning, a recipro- 
cating arm driven by a motor was tied to the fine focus 
control of the microscope, so as to rack the stage 
rapidly up and down. Under such conditions, the back- 
ground (consisting of electrons, star products and 
scattered protons) blurs and it is very easy to identify 
the beam tracks normal to the plane of the emulsion. 
In this way, one can count® about one proton per 
second with an efficiency greater than 99 percent.® 

This technique has, of course, the disadvantage that 
there is some delay while the emulsion is processed. The 
best compromise between scanning convenience and 
processing time is reached with 200-u plates, which 
take one day to process; for quicker checks, however, 
we used 50-u plates and these were ready to scan in 
less than an hour after exposure. A secondary advantage 
of this method (other than its accuracy, simplicity, and 
economy of cyclotron time) is that it gives as a by- 
product some information on the spatial and angular 
distribution of the beam. Any track making an angle 
of as much as 1° with the beam direction, stands out 
clearly, and this excellent angular resolution eliminates 
any worries about counting knock-on electrons made by 
the beam as it passes through the emulsion.’ 

The ionization current was integrated in a low-loss 
polystyrene capacitor placed in the feed-back loop of an 
Applied Physics Corporation vibrating reed electrom- 
eter. By using an extended range recorder, the voltage 
V, developed across the capacitor at the end of the run, 
could be read to better than one percent, even for the 
short calibration runs, and including the small drift in 
the electrometer. We used about 10° protons/cm? when 
irradiating the G5 plate, whereas we wanted about 
10° protons/cm? to activate the foils. The well-cali- 
brated range switch and the extended range recorder 
of the electrometer allowed us to handle this factor of 
1000 in charge with ease. However, if we were to repeat 
the measurement, we would use thicker foils for some 


5 We would like to thank Mr. W. Slater for rigging up the 
microscope drive and for doing a large part of the scanning. 

6 This efficiency determination is not based on statistical argu- 
ments of the sort that require checking 10000 tracks to get 1 
percent accuracy. A spot-checker merely scans the same 100 
protons in a field of view that has just been tallied by another 
scanner; any discrepancies can then be individually discussed. 
Actually, hundreds of proton tracks were spot-checked and no 
discrepancy ever found. 

7M. G. Meshcheryakov et al., Doklady Akad. Nauk, U,S,S,R, 
99, 995 (1954), 
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or all of the activations. For example, we would have 
needed only 10* protons/cm? for 40-mg/cm? foils (only 
a one-minute cyclotron bombardment) and the neces- 
sary electrometer range would only have been 100. The 
disadvantage of the thicker foils is that the self- 
absorption corrections become large (about 1.3 at 40 
mg/cm*) and we were reluctant to make such large 
corrections before we gained confidence in the positron 
counting. 

Table I gives the data on the calibration and the 
result 


y= 3.30 (41.9 percent) X 10° protons/millivolt, 


where the error is the standard error of the mean. 

An incidental measurement of the beam fraction that 
was contained within the foil circle was made separately 
by activating a large-area 60-mg/cm? polyethylene foil 
and counting the activity of the inside circle relative 
to the whole piece. An average of two runs gave the 
result that a fraction f=0.323 of the whole beam (which 
was collimated to 14 inches) was contained in the 
0.72-inch circle. Using this fraction f we get, as a by- 
product, a chamber calibration for future use of 1.86 
X 10° protons/microcoulomb. (The integrating capaci- 
tor had a value of 0.55 microfarad.) The same f was 
obtained from the nuclear track plates used for ion 
chamber calibration. This ensures that the calibration 
is independent of beam intensity. 

A misalignment error, i.e., from improperly placing 
the circle on the emulsion, was checked by counting the 
flux of tracks through a slightly displaced circle. This 
showed that we could get of the order of 2 percent 
change in the calibration constant per millimeter dis- 
placement (varying somewhat with the direction of 
displacement) ; since the plate, chamber, and foil holder 
were securely mounted in a reproducible way to a 
machined fixture, we feel satisfied that errors of this 
kind could not produce an effect of even as much as 
1 percent. 


C. Alternative Beam Calibration 


It should be noted in passing that we also tried to 
monitor the beam with a purely electronic counting 
method. When the fastest available scaling equipment 
was used, however, the duty cycle of the cyclotron 
beam resulted in an effective dead-time of about 22 
microseconds (i.e., a proton current of about 10’ per 


TABLE I. Calibration of ion chamber with nuclear track plates. 








Emulsion 
thickness 
in microns 


Estimated 
error> 


Protons/millivolt* 
X106 


Plate 


1 50 3.10 
2 50 3.31 
3 600° 3.26 
+ 600 3.41 











® Through area (0.72 inch in diameter) corresponding to foil. 
> Statistics of track count and reading error of electrometer. 
© 600 uw plates were unnecessarily thick, but we ran out of 200 u plates, 
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second, at 60 pulses per second each 70 microseconds 
long). This meant that the beam intensity was about 
10‘ times greater than it would have to be for, say, 
1 percent counting losses. A “‘bootstrap” method was 
used to count the beam. First, the beam was passed 
through a small aperture in an 8-inch steel block which 
reduced the current to be counted by a factor of around 
500; this count, made with a conventional large area 
plastic scintillator telescope, designate A. At the same 
time, a two-counter telescope was placed off-axis well 
upstream of the eventual foil position, and looked, at 
an angle of about 40°, at the scattered radiation from 
a polyethylene target 1 inch thick which had already 
been set permanently in place on the beam axis. 
Designate this count by 7. With the cyclotron intensity 
set to give negligible losses in the telescope A, the ratio 
of counts 7/A was obtained. Another counter telescope, 
B, had already been placed in position in the beam, 
but in front of the small aperture; during the T/A 
determination, this counter was not used. Now the 
ratio B/A was determined by reducing the cyclotron 
intensity by another large factor (500) to give negligible 
losses in B. The off-axis telescope was used as a monitor 
during a run: if Cr was this count, then the number 
of beam protons during a foil activation run was 
C7r(A/T)(B/A), and when one uses the fraction f de- 
fined in Sec. IIB above as data, the number V in the 
expression for the cross section is to be replaced by 
fC1(A/T)(B/A). The appropriate checks on the counter 
voltage plateaus, and delay curves were made to ensure 
that they were counting with 100 percent efficiency. 

The above procedure, while yielding an ion chamber 
calibration equal to that obtained using nuclear track 
plates, was considered unsuitable for routine calibra- 
tions because (a) about 8 hours of cyclotron time were 
required per calibration, and (b) an additional measure- 
ment of the ratio of total beam to beam through the 
sample was required for each run. The procedure is of 
interest because it constitutes an independent check of 
our monitoring procedure. 


D. Positron Counting 
1. The 4x Counter 


The C" activity was counted in a 47 proportional 
counter continuously flushed with methane at atmos- 
pheric pressure. The samples were held in place be- 
tween two pairs of 5-mil wires in a plane perpendicular 
to the plane of the two wire loops 1 cm in diameter 
which served as collecting electrodes. The plateau for 
this counter was 600 volts long and rose 1.2 percent 
from one end to the other. 

We standardized this counter with P® or Na* sources. 
These were prepared by depositing a measured volume 
of the solutions on 0.7-mg/cm? rubber hydrochloride 
films, evaporating to dryness, and then rendering 


® We are indebted to V. L. Telegdi for the loan of this counter, 
*R, C, Koch (to be published), 
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them conducting with Aquadag. The sources were then 
counted in our proportional counter and under an end- 
window counter whose calibration had been determined 
for sources of this thickness and energy to within 1 per- 
cent.’ This method gave an efficiency of 0.984+-0.015, 
where the error comes from the end-window counter 
calibration and the estimate of absorption in the sup- 
porting film when counting in the 4x counter.” A cali- 
bration using P® and Na*™ sources standardized by the 
National Bureau of Standards, gave the same result 
with a slightly greater error. 

We explored the relative efficiency in the median 
plane of the counter by moving a 1.2-mm? source (Na”) 
along a radius. At 1.0 cm from the center, the efficiency 
was 0.988+0.004 of that at the center; since the poly- 
ethylene foils used in the experiment were 0.91 cm in 
radius and about the same size as the calibration 
sources, the correction for source area was negligible. 
At larger radii the efficiency dropped—to 0.77 at a 
radius of 1.2 cm. The counter cathode is a cylinder of 
radius 1.3 cm, and this drop-off indicates that some 
electrons strike the counter wall before producing 
enough ion pairs to count. If one assumes that the 
shape of the radial sensitivity curve is entirely due to 
this effect, then the mean electron path needed to 
produce enough ion pairs to count is less than 0.20 cm; 
this leads us to believe that the efficiency for counting 
at the center is greater than 0.995 for C"™ decay elec- 
trons. If one also notes that the absorption due to the 
foil supporting wires is less than 0.003, then the 
measured efficiency seems to be consistent with the 
efficiency estimated from plateau, relative radial effi- 
ciency, and support wire absorption. 


2. Self-Absorption 


Since the efficiency of the 44 counter was determined 
for weightless sources, it was necessary to determine 
the self-absorption correction for our nominally 3.7- 
mg/cm? foils. Foils of thickness 0.75+0.05 mg/cm? 
were prepared by dropping an ethyl acetate solution 
of polystyrene onto a distilled water surface. One of 
these foils was activated in the internal beam of the 
cyclotron and counted in the 4 counter. The active 
foil was then placed in a stack with four identical but 
nonactive foils, and a count was made with the active 
foil in each of the five possible positions in the stack. 
All exposed surfaces were covered with thin Aquadag 
films ; cohesion was sufficient to give a good representa- 
tion of a single thicker foil. It should be noted that any 
gaps in the stack are regions from which ions cannot be 
collected ; they also increase stack thickness which tends 
to produce a region of low electric field between the 
edge of the stack and the counter wall. Such regions of 
poor ion collection can make the “‘self-absorption” in a 
stack anomalously high. 

After corrections for background and decay were 


0 B, D, Pate and L. Yaffe, Can. J. Chem. 33, 929 (1955). 
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made, the ratio of average stack count to single foil 
count was 0.994+0.003; the error is counting statistics. 
Similar measurements with thicker foils were made up 
to a thickness of 29.2 mg/cm’, resulting in the empirical 
curve of Fig. 1. Our correction is less than 1 percent up 
to 4 mg/cm? and then increases by about 0.8 percent/ 
mg/cm’. The nonlinear behavior at low thicknesses is 
thought to result from the shape of the positron spec- 
trum and a tendency for electrons to scatter out before 
stopping. One expects much greater corrections for 
electron emitters of comparable maximum energy be- 
cause of the markedly different spectral shape at low 
energy. 

Crandall ef al.1 have measured a 4-counter self- 
absorption curve using a technique which simulates 
thick foils by successive foldings of a thin active foil. 
Their results are also plotted in Fig. 1 for comparison ; 
neither we nor they understand the marked difference 
at small thicknesses. We have used their technique in 
the region 0.9 mg/cm? to 3.6 mg/cm? but only reproduce 
our original curve. On the other hand, their curve is 
supported by a beta-gamma coincidence calibration. 
The existence of a common self-absorption curve is not 
likely to change our results by more than 3 percent or 
the Berkeley results by more than 5 percent, the 
difference arising because the Berkeley group used 
13-mg/cm? foils where we used 3.7-mg/cm? foils. 


Ill. RESULTS 


Data for each of the six separate runs are given in 
Table II. The mean of the six values for the cross 
section is 31.1 mb. From the internal consistency of 
these six runs, we can calculate the standard deviation 
to be 2.2 percent, in good agreement with the tabulated 
estimated error of each run computed from statistics 
and other known uncertainties. The standard deviation 
of the mean= 2.2 percent/,/6=0.9 percent. We believe 
that the uncertainty in the calibration of the 4 counter 
for “weightless” samples is about 1.5 percent. The 
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calibration of the ion chamber has a standard deviation 
of about 2 percent (see Table I). Our estimate of the 
self-absorption error is 1 percent. 

Our final result is then 


o(C") =31.1+1 mb, at 46143 Mev. 


IV. OLDER EXPERIMENTS 
A. Effect of Secondary Activity 


Figure 2 is a sketch of the stacked-foil arrangement 
of Aamodt ef al.'; the 0.01-inch polystyrene foils are 
shown being activated behind Cu absorber plates. The 
initial beam of 340-Mev protons passed through 
the first foil and then was moderated to 313 Mev in 
about 12 g/cm? of Cu before hitting the second foil. 
Now, in this much copper, about 10 percent of the 
protons undergo nuclear collisions, most of them pro- 
ducing a secondary proton and a secondary neutron of 
more than 30 Mev," nearly half of them producing a 
secondary proton or neutron of more than 100 Mev. 


TABLE IT. C?(p,pn)C" data. The notation is that of Eq. (1). 








a =Fluc- 
Foil tuation 
weight correc- 
Run (mg) N’ =C# count> tion 


9.8 3.16 X10° 
5.53 X109 
4.81 X10° 
3.76 X109 
11.12 X109 
5.21 X10 


7V =protons® @ (mb) 





1,00 
0.985 
1.043 
0.922 
1.05 


30.9 42.8% 
30.2 +2.4% 
30.4 2.2% 
31.7 42.2%, 
31.2+2.0% 
31.92.1% 


Mean 31.05 


3604 +2.2% 
7038 +1.6% 
6471 +1.7% 
4314+2.0% 
15 174+0.9% 
6773 +1,.4% 








* Protons =3.30 X10 X (millivolts from electrometer). 

> (Count —background)/s+ (standard error of counting). 

¢ The uncertainty is the estimated error due to counting statistics com- 
—— with the assigned error of 1% to electrometer reading, foil weight, 
and a. 


The average range of these secondary protons is about 
the thickness of the copper absorber. If the secondaries 
were no more effective than beam protons in producing 
C", then neither the foil nor the Faraday cup monitor 
could distinguish them from beam protons and no harm 
would be done. However, protons in the range 30-80 
Mev are nearly twice as effective in producing C" as 
the 200-Mev or more beam protons (Fig. 3). Secondary 
neutrons produce additional activation by the reaction 
C®(n,2n)C" with a relatively constant cross section of 
about 20 mb.” Apparently, this secondary flux was 
sufficient to raise by 15 percent the activity of those 
foils of Aamodt that were embedded in the low-energy 
end of their stacks. In fact, Crandall e¢ al.' have actually 
reproduced the “dip” of Aamodt using the arrangement 


1 Bernardini, Booth, and Lindenbaum, Phys. Rev. 85, 826 
(1952). 

2R. L. Mather and H. F. York, quoted by Aamodt ef al. 
(reference 1), using 90-Mev neutron spectrum; Warshaw ef al. 
(reference 1) give 18 mb+1.4 mb for the spectrum peaked at 
300 Mev, and maximum energy 430 Mev at Chicago; K. O. 
Oganesan, quoted by P. S. Baranov and V. I. Goldansky, J. Exptl. 
Theoret. Phys. U.S.S.R. 28, 621 (1955) gives 21 mb for a 380-Mev 
neutron beam. 
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sketched in Fig. 2. They used a different diameter for 
their beam and foils, and a lighter absorber (carbon). 
The sketches are drawn to scale and it is clear from 
them that a larger proportion of secondaries can escape 
from the stack of Crandall than from that of Aamodt. 
Even with this less compact stack, Crandall found that 
foils embedded in the stack were 7 percent more 
active than the front foil. Not only does the activation 
by secondaries depend on stack geometry, but it is also 
some unknown function of beam energy. Actually, for 
a beam energy initially below 100 Mev, the secondaries 
produced above the threshold no longer have a cross 
section much larger than that of the beam protons; at 
these energies the troubles from activation by second- 
aries should be small and due mainly to neutrons. It is 
not worthwhile to investigate the problem experi- 
mentally—the time would be better spent in measuring 
the cross section correctly with improved techniques. 
In making a first order correction to the published 
excitation function of Aamodt et al., we have arbitrarily 
assumed that the secondary activity is directly pro- 
portional to the energy of the beam passing through 
the foil concerned. The error in doing this is probably 
not more than a factor of two in a correction which is 
15 percent at 300 Mev. 

It should be pointed out that a determination of the 
cross section of the other popular monitor reaction 
[Al??(p,3pn)Na™] is subject to troubles from a rela- 
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tively much more probable neutron-induced reaction: 
Al’"(n,a)Na™. This has an almost geometrical cross 
section for neutrons of only a few million volts. Crandall 
et al.! have demonstrated that the error attributable 
to the (,a) reaction is less than 1 percent for a stack 
of CH and Al about } g/cm? thick but thicker stacks 
should be used only with caution. Not only is the cross 
section for (m,a) large but the neutrons are produced 
almost isotropically so that the presence of spurious 


activity is not as easy_to detect as it was in the 
C"(p,pn)C™ case. 


B. Positron Counting 


The high-energy (340-Mev) point of Aamodt ef al. 
was not affected by secondary activation; it was re- 
ported as 41.2 mb with an attached standard error of 
11 percent because of uncertainty about the calibration 
of the end-window counter they used to count positrons. 
At the same energy, the newer work of Crandall et al. 
gives a cross section of 360.7 mb. Thus, Aamodt’s 
result is 1.3 standard deviations above that of Crandall. 

Since, evidently, the discrepancy cannot all be put 
into the error of the counter calibration, we have given 
some thought to the problem of calibrating an end- 
window counter for C" positrons. Standard sources are 
usually negative electron emitters and one is often 
tempted to assume that the counter calibration depends 
only on the geometry and maximum energy and not on 
the charge of the radiation. Aamodt et al., for example, 
assumed in their calibration procedure that the effi- 
ciency for counting RaE in a polystyrene sandwich was 
the same as that for counting C" in a uniformly irradi- 
ated foil of the same total thickness. We therefore pre- 
pared a 13-mg/cm? polyethylene foil of known activity 
(known by using the 4r counter and our measured 
self-absorption correction) and also a weightless RaDEF 
source of known activity sandwiched between two 
6.5-mg/cm? polyethylene foils. When counted in the 
same geometry, the apparent counter efficiency was 
7 percent higher for the positron emitter. 

Since the geometry used was quite similar to that of 
Aamodt et al., we feel that their cross sections should be 
reduced by of the order of 7 percent, although without 
changing the 11 percent calibration uncertainty, which 
was independent of positron-electron difference. This 
brings their 41 mb cross section down, and well within 
one standard deviation from Crandall’s 36 mb. 

In the above case, the ratio of negatron efficiency to 
positron efficiency is presumably due to the absorption 
of the greater number of low-energy electrons in a 
typical electron spectrum. For very thin samples placed 
on backing sheets, Seliger’® has shown that backscatter- 
ing is the predominant effect and has the effect of 
making a counter more efficient for negatrons than for 
positrons. In intermediate cases (say 5-mg/cm? samples 
on backscatterers) one can expect that the measured 


18H. H. Seliger, Phys. Rev. 88, 408 (1952). 
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efficiency difference will have either sign; it is therefore 
evident that calibration of end-window counters should 
be done with sources of the same charge as the isotope 
of interest. Otherwise, errors of the order of 10 percent 
can be expected. 


C. Other Experiments : Summary of Data 
1. C®(p,pn)C" 


Figure 3 gives a compilation of published and un- 
published cross sections for C"(p,pn)C". 

The squares, between threshold and 341 Mev, are 
taken from Aamodt et al.,! who have in turn reproduced 
the data of Hintz and Ramsey." These early results 
have been normalized to agree with Crandall e al. in 
the energy range 300-350 Mev and have been crudely 
corrected for secondary activity as explained in Sec. 
IVA. The triangles and circles are, respectively, the 
“poor” and “good” geometry results of Crandall e¢ al. 
The error on the recent Berkeley points is about 1 mb, 
as is indicated by the consistency of the points. The 
fact that the “corrected” excitation curve of Aamodt 
does not agree with the new results of Crandall illus- 
trates that the low-energy points should be remeasured. 
The Chicago contribution is plotted without a symbol 
at 461 Mev. 

The crosses represent the cross sections of Burcham 
et al.!® The main uncertainty in this experiment is that 
there was a large neutron flux around the Birmingham 
synchrotron. This may have led to an overestimate of 
the (p,pn) cross section, and is suggested by the arrow 
heads instead of tags at the bottom of the indicated 
errors. 

Quantitatively the uncertainty in the cross section 
reported by Burcham can be considered as follows: 
They monitored the neutron flux by exposing G5 
nuclear track plates and comparing the number of 
stars with two or more prongs induced by beam protons 
with the number of similar stars induced by neutrons— 
the ratio turns out to be 2.4:1. The uncertainty enters 
in that protons are more likely to make such stars than 
are neutrons. In the absence of any information on this 
matter, Burcham ef al. have to assume that this relative 
probability is unity. Secondly, Burcham ef al. have 
assumed that the ratio of the (p,pm) to the (m,2n) cross 
sections is 2.4:1, independent of energy. We doubt that 
the ratio is this large. Let us assume that at 400 Mev 
o(p,pn) is known to be about 34 mb. Then calling the 
(n,2n) cross sections given in reference 12 equal to 
20 mb, we compute a ratio of 1.7 or considerably smaller 
than 2.4. It seems plausible that this ratio should get 
even smaller at high energies. Burcham e al. used a 
self-absorption correction of 3 percent for 5-mg/cm 
foils counted in 4 geometry. This is half way between 
the corrections used by Crandall and by us, and the 

144N, M. Hintz and N. F. Ramsey, Phys. Rev. 88, 19 (1952). 


18 Burcham, Symonds, and Young, Proc. Roy. Soc. (to be 
published). 
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uncertainty seems small compared with the uncertainty 
in activation by neutrons. 


2. Al?"(p,34n)Na* 


An alternative monitoring reaction is Al?"(p,3pn) Na, 
whose cross section is usually determined relative to 
that of C?(p,pn)C". 

Figure 4 shows the results of measurements of the 
ratio of of C"(p,pn)C™ ]/o[ AP" (p,3pn)Na*] below 1 
Bev known to date.'® 

The Birmingham and Brookhaven points include a 
12 percent correction for the difference in backscattering 
between electrons and positrons. There is no such 
correction for the Columbia ratio, where the counting 
was done on cardboard backings for which the difference 
was expected to be small, or for the Chicago ratio whose 
geometry was chosen to minimize the need for this 
correction. Since the errors in the measurement of this 
ratio come largely from the determination of the relative 
counter efficiency for electrons and positrons, the experi- 
mental data seem to indicate that these efficiencies are 
not measured properly for end-window counters. We 
thus are of the opinion that C™ is to be preferred as a 
monitor reaction for proton beams until this matter of 
relative counter efficiencies is better understood. This 
criticism does not apply to the absolute measurements 
of Marquez" and Crandall et al. 


Vv. CONCLUSIONS 


We have measured the cross section for C?(p,pn)C" 
at 461+3 Mev and find o=31.1+1 mb. The eventual 
resolution of a controversy (see Sec. IID2) on self- 
absorption corrections in 4% counting may raise this 
3 percent, but at present, we see no reason to change 
our result. 

The recent changes in the C”(p,pm)C™ cross section 
will, of course, affect those experiments in which C" 

16R. L. Wolfgang and G. Friedlander, Phys. Rev. 96, 190 
(1954); Chackett, Chackett, Reasbeck, Symonds, and Warren 


(to be published). 
17L, Marquez, Phys. Rev. 86, 405 (1952). 
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has been used as a monitor. Crandall ef al.! have 
discussed these changes for p-p scattering and have 
given references for a number of other experiments with 
the exception of pion production, which will be covered 
in a paper on pion production by Hildebrand et al.'8 

We have found our technique of ion chamber calibra- 
tion with nuclear track plates to be accurate and 
economical of accelerator time. Until the counting of 
C" positrons is sufficiently well understood to permit 
carbon-monitoring, we prefer the track plate method 
to any other for accurate calibration. The commonly 
used Faraday cup becomes unduly cumbersome and 
expensive at high energy, in addition to being subject 
to uncertain corrections for secondary emission from 
the vacuum window and cup face. 
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Formal Theory of Nuclear Models* 
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The formal theory of nuclear model operators discussed by Eden and Francis is presented from a some- 
what different point of view. Our way of approach is, first, to introduce the model space I of arbitrary 
dimension which is composed of simple known wave functions; second, to transform the original Schrédinger 
equation into that in the model space, the model wave function and the model Hamiltonian being defined 
in an unambiguous way; third, to obtain the integral equation for the model operator which also determines 
the model Hamiltonian. This equation no longer contains the exact eigenvalues as in the work of Eden and 
Francis and is shown to have a unique solution in some cases. The formal relation of this theory to the 


nuclear scattering problem is discussed. 





1. INTRODUCTION 


S is well known, quantum mechanical many-body 

problems are so complicated that it is generally 
very difficult to obtain even reliable approximate 
solutions, let alone exact ones. Especially in the theory 
of the nucleus, conventional approximation methods 
may not work well, since the nuclear forces are very 
strong and singular and this necessarily causes strong 
correlation effects in the nuclear wave functions. 
However, in recent years, a number of nuclear models 
have been developed which successfully describe many 
aspects of nuclear structure, and the complicated 
nuclear problems have been replaced by some simpler 
ones. The most striking successes have been obtained 
by the Mayer-Jensen' shell model and by the Bohr- 
Mottelson? collective model, and it is clear that for low 
energies there must be a close correspondence between 
these models and the actual nucleus. It seems quite 
surprising that these models, though rather contradic- 
tory to each other in many cases, are successful in 
reproducing the nucleus itself in some respects. 

It is usually accepted that the nucleus can be de- 
scribed in terms of a nonrelativistic many-body 
Schrédinger equation including some appropriate 
static potentials, insofar as the low-energy phenomena 
are concerned. Whether these potentials will be given 
by the sum of the ordinary two-body potentials, or 
whether many-body forces play a role in the heavy 
nucleus, is quite open to question at this stage, but the 
recent success of meson theory seems to suggest that 
the latter forces may be safely neglected, at least at 
low energies.’ In fact, the properties of the nuclear 


* This work was in part supported by a grant from the National 
Science Foundation. 

t On leave of absence from the Tokyo University of Education. 

1M. Goeppert-Mayer, Phys. Rev. 75, 1969 (1949); Haxel, 
Jensen, and Suess, Phys. Rev. 75, 1766 (1949). 

2A. Bohr, Phys. Rev. 81, 134 (1951); A. Bohr and B. R. 
Mottelson, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
27, No. 16 (1953). 

%It is shown by S. D. Drell and K. Huang [Phys. Rev. 91, 
1527 (1953) ] that the many-body forces will play an important 
role for the saturation problem, if one applies the pseudoscalar 
meson theory with pseudoscalar coupling in perturbation theory, 
but this theory clearly contradicts experiment, giving rise to a 
strong S-wave meson scattering. If one assumes phenomeno- 


forces are intimately connected with the success of 
nuclear models, and will play an essential role in 
deriving the models in a deductive way from many-body 
nuclear problems. 

Brueckner and co-workers‘ have tried to derive the 
weak-coupling nuclear models (the optical model and 
the shell model) by applying the coherent approximation 
developed by Watson and Francis,® but it has been 
pointed out recently by the author and Newton® that 
a serious difficulty arises in connection with the bound- 
ary condition on the scattering equation they derived. 
Tomonaga’ and Coester® have succeeded in separating 
the Hamiltonian of the collective, surface oscillations 
of the nucleus from the internal motion, but the 
stability of these oscillations has never been theo- 
retically demonstrated. 

Eden and Francis’ have taken a quite different 
approach and present a formal theory of nuclear 
models, in which they assume that the wave functions 
for different nuclear models are in general different 
from the actual nuclear wave functions and that the 
former will be obtained by transformations applied to 
the latter wave functions. Thus they provided a 
basis for explaining the success of weak-coupling 
nuclear models and showing that they are not in 
conflict with the assumption that nucleons have very 
strong mutual interactions. They investigated the 
properties which transformation operators (model 
operators) must have to change a model wave function 
into the nuclear wave function, and obtained the 
integral equation to determine the model operator. 


logically that the S-wave interaction is sufficiently small so as to 
fit experiment, the many-body forces turn out to be negligibly 
small. See Brueckner, Levinson, and Mahmoud, Phys. Rev. 95, 
217 (1954). 

4 Brueckner, Levinson, and Mahmoud, reference 3. K. A. 
Brueckner, Phys. Rev. 96, 508 (1954); 97, 1353 (1955). K. A. 
Brueckner and C. A. Levinson, Phys. Rev. 97, 1344 (1955). 

5K. M. Watson, Phys. Rev. 89, 115 (1953); N. C. Francis and 
K. M. Watson, Phys. Rev. 92, 291 (1953). 

®N. Fukuda, Progr. Theoret. Phys. (to be published); N. 
Fukuda and R. Newton, (to be published). 

7S. Tomonaga, Progr. Theoret. Phys. 13, 467 (1955); 13, 482 
(1955). 

8 F. Coester, Phys. Rev. 99, 170 (1955). 

9R. J. Eden and N. C. Francis, Phys. Rev. 97, 1366 (1955). 
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FORMAL THEORY 
They also set up self-consistent equations for a model 
having a product wave function in the particle variables 
and discussed their approximate solutions. However, 
there seems to be no justification for the existence or 
the uniqueness of the solution of these equations. 
Furthermore, the integral equation for the model 
operator contains the total energy of the nucleus to be 
determined, which will make it difficult to treat the 
excited states of the nucleus. 

The purpose of the present paper is to consider a 
formal construction of model operators and model 
Hamiltonians which is independent of the nature of 
nuclear forces. We do not intend to justify any special 
nuclear model, but to reduce the complicated nuclear 
problems to the formally simpler ones in the model 
space, which may be chosen quite arbitrarily at the 
beginning according to the type of the model to be 
considered. Since our methods are quite general and 
apply to any nuclear model, a complete presentation 
of this theory would require detailed consideration of 
various aspects of the relation of nuclear models to 
experiment. Our theory has some formal advantages 
over that of Eden and Francis in that the exact energy 
level or other quantities related directly to the real 
nuclear wave function have been completely eliminated 
from the integral equations to determine model 
operators and model Hamiltonians, and that the 
excited states of the nucleus may be equally well 
treated in this formalism. 

In Sec. 2, a mathematical demonstration is given to 
show that there may exist various kinds of models 
which will duplicate some properties of the nucleus, 
especially the level structure. However, the model 
wave function may be, in general, quite different from 
the real nuclear wave function. Therefore it is necessary 
to know the transformation, namely, the model 
operator, which connects the model functions and 
real functions to each other in order to calculate 
properties of the nucleus such as magnetic or quadrupole 
moments. In Sec. 3, the integral equation to determine 
the model operator is given and the uniqueness of the 
solution is discussed. In Sec. 4, it is shown that this 
equation is formally identical with that of the wave 
matrix in the scattering problem where there occur 
finite shifts of the energy levels during the scattering 
process,’ as discussed by Gell-Mann and Goldberger"! 
and by Tanaka.” The boundary condition is, however, 
entirely different. In Sec. 5 the independent-particle 
model is considered as an illustration and the con- 
ventional approximation method is re-examined from 

10 In scattering by a potential of finite range, the energy shifts 
are always infinitesimal, going over to zero as 1/R, as R, the 
radius of the normalization volume, tends to infinity, and are 
usually neglected. However, these shifts should be taken seriously 
in connection with the problem of boundary conditions, when one 
considers the scattering in a finite volume such as a nucleus. 
See reference 6. 

1M. Gell-Mann and M. L. Goldberger, Phys. Rev. 91, 398 


(1953). 
12H. Tanaka, Progr. Theoret. Phys. 13, 497 (1955). 
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this standpoint. The self-consistent problem, applicable 
even to excited states, is set up. 


2. NUCLEAR MODELS AND MODEL OPERATORS 


In this section we shall consider some subset of the 
eigenstates of the nucleus, e.g., the ground states and 
some excited states, and introduce another subspace 
which has the same dimensionality as this subset. 
This subspace may be chosen according to the model 
with which we are concerned (say some combination 
of specified product functions if we are going to discuss 
the independent-particle model) and will be denoted as 
the model space Yt in the following. We will discuss 
how to find a linear operator, or its inverse, which 
transforms the above subset of eigenstates into the 
model space such that scalar products are invariant. 
Then the model Hamiltonian which is Hermitian in the 
model space is defined by operating with this trans- 
formation on the total Hamiltonian of the nucleus. 

Denoting the total Hamiltonian of the nucleus by 
H, its eigenvalues by E£,, and the corresponding 
eigenfunctions by ¥, (which are assumed to be ortho- 
normal), the Schrédinger equation is given by 


(E.— H)v.=0. (2.1) 


What we actually want to know about the nucleus is 
not all the eigenstates, but for instance, the ground 
state or several excited states. Assuming the number 
of states to be m, we consider only those states {Wa} 
with a=1,2,---,m. These states span an m-dimensional 
linear subspace St in the whole Hilbert space of the 
nucleus. 

Next, we consider another m-dimensional subspace, 
the model space Jt, in this Hilbert space. A variety of 
models may occur according to the choice of this 
model space, which is quite arbitrary in principle as 
long as the condition imposed just below is satisfied. 
Denoting the projection operator to the model space 
IM by P, we put 


Pha = Xa, 


Here we assume that the x,’s are linearly independent. 
This is the only condition which the model space Jt 
should satisfy. Then the x,’s span the whole model 
space, so that there exists a linear operator J which 
transforms Jt into such that 


Ya= J Xa, 


Denoting the Hermitian conjugate to J by J', it follows 
that Jt/ is a positive definite Hermitian operator in the 
model space and so it has an inverse operator (J'/)~ in 
the model space. It is also convenient to generalize J 
to the operator in the whole Hilbert space such that it 
leads to 0 when operating on any vectors orthogonal to 
the model space. Then we may write 


J=JP. 


a=1,2,---,m. (2.2) 


a=1,2,---,m. (2.3) 


(2.4) 
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Operating with P from the left on Eq. (2.1), we get 
(E.—(HJ))x.=0, (2.5) 
where we used the bracket in the sense 


(HJ)=PHJP. (2.6) 


Equation (2.5) seems at first sight to be an eigenvalue 
problem in the model space which gives the same 
energy-level structure as Eq. (2.1), but this is not the 
case, since the operator (HJ) is not Hermitian in 
general and the x,’s do not form an orthogonal set. 

However, if we perform the transformation” in the 


model space, 
Xa— ¢a= (Jt) *xa, (2.7) 


the ¢,’s still remain in the model space and are ortho- 
normal since 


(Ga, 4) = ((ItI) xa;(JtI) x0) = (xa,J tI x0) 
= (Jxa,J xo) = (Xa) =San. 


Then Eq. (2.5) is transformed into 


(Ea—H) ¢a=0, 


(2.8 


(2.9) 
where 


Hy=(JtI)KHI)(It). (2.10) 


We may call Hy and ¢, the model Hamiltonian and 
the model wave function, respectively. The model 
operator M which transforms the model wave function 
¢a into the real nuclear wave function y, is given by 


ve=Me,, M=J(JU). (2.11) 


We shall show in the next section that Hy can be 
obtained directly by transforming H by means of the 
model operator. 

It should be noted here that there is still some 
ambiguity in the definition of y, and Hy, since one may 
further apply any kind of unitary transformation to 
Eq. (2.7) through Eq. (2.10) without losing the 
Hermitian character of Hy. This ambiguity will be 
reduced by imposing the additional condition on the 
model operator that it should commute with the total 
angular momentum, the total isotopic spin, and the 
parity." 


3. INTEGRAL EQUATION FOR THE 
MODEL OPERATOR 


Next, we shall set up the integral equation to deter- 
mine the model operator and the model Hamiltonian. 
To this end, it is more convenient to consider the 
operator J, Eq. (2.3), than to directly treat the model 
operator. While Eden and Francis derived the integral 


1%3Such a transformation was first considered by Fukuda, 
Sawada, and Taketani in connection with the nuclear forces in 
meson theory. See Progr. Theoret. Phys. 12, 156 (1954). See also 
S. Okubo, Progr. Theoret. Phys. 12, 603 (1954). 

14 See reference 8. This condition may be weakened in this case 
so that [J:,M]P=0, where J; is any component of the angular 
momentum or the isotopic spin. 
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equation of the model operator using the self-consistency 
requirement, in which the total energy of the system 
appears explicitly, our equation is exact and all quanti- 
ties related to the eigensubspace $k are completely 
eliminated. 

Operating with J from the left on Eq. (2.5), we get 


EWe=J(HI)xo. (3.1) 


When we compare this equation with Eq. (2.1) and 


use Eq. (2.3), it follows that 
(HJ—J(HJ))xa=0. (3.2) 


Since the x,’s are assumed to form a complete set in 
the model space, Eq. (3.2) is equivalent to 


(HAJ —J(HJ))P=0. 
On the other hand, using Eqs. (2.2) and (2.3), 
PJ=P, 


(3.3) 


(3.4) 
so that the operator J must have the following form: 
J=P+(1—P)JP. (3.5) 


Equation (3.5) may be considered as the boundary 
condition for the operator J which satisfies Eq. (3.3). 
If we take into account this boundary condition, we 
may omit the bracket and the projection operator in 
Eq. (3.3); thus it may be written as 

HJ—JHJ=0. (3.6) 


In order to obtain the symmetric form of Hy, we 
have only to multiply by /t from the left on Eq. (3.3), 
and then divide it by J'J. Then 


(3.7) 


1 
(HJ)=—(JtHJ). 
It 


Inserting this into Eq. (2.10), we get 


Hy=(JtJ)-\(JtHJ) (Jt) = Mt, (3.8) 


which clearly shows that Hy is an Hermitian operator. 
It is convenient in actual applications to define the 
model space in terms of some eigenstates of a prescribed 
Hamiltonian Ho which is generally different from the 
model Hamiltonian Hy. In this case P commutes 
with Ho: 
[P,Ho]=0. (3.9) 
If we write 


H=H.+W, (3.10) 


then Eq. (3.6) becomes, when we use the boundary 
condition (3.5), 

WJ+[Ho,J ]—J(WJ)=0. 
Since the diagonal part of Eq. (3.6) or (3.11) is auto- 
matically satisfied, we have only to consider its non- 
diagonal part.!® 


(3.11) 


18 The diagonal part of an arbitrary operator of A is here 
defined by PAP and the nondiagonal part by (1—P)AP. 
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If we assume that the solution of (3.11) can be 
obtained by a power series of W, we may write 


J= DI, 


n= 


(3.12) 


where J‘ are of mth order in W and 


J =P (3.13) 


since in the limit W — 0, J necessarily becomes equal 
to P. All J™ with n>0 have zero diagonal part on 
account of the boundary condition (3.6). Inserting Eq. 
(3.12) into Eq. (3.11), we obtain the following re- 
currence formula for J‘ : 


[HoJ™ =F (JM,.+. Fev), 


where F™ is a function of the J“ with 7<m. Since it 
is sufficient to consider only the nondiagonal part of 
this equation, we can obtain the unique solution of 
J™ in terms of J“ (with i<m) only if the eigenvalues 
of Hy belonging to the model space are different from 
the eigenvalues belonging to eigenfunctions outside the 
model space. This seems to suggest the uniqueness of 
the solution of Eq. (3.6) under the boundary condition 
(3.5). 


4, FORMAL RELATION TO THE SCATTERING 
PROBLEM 


(3.14) 


Here we shall discuss the relation of the integral 
equation derived in the last section to the scattering 
problem. Let us assume that the total Hamiltonian of 
the nucleus is divided into two parts just as in Eq. 
(3.10) and that the eigenvalues and eigenfunctions of 
the “unperturbed” Hamiltonian Ho are denoted by 
€q and ¢aq, respectively. If we enclose the whole system 
in a sphere of radius R, the unperturbed energy levels 
are always shifted compared to the exact eigenvalues 
by some amount in the scattering states. 

If A, is defined by 


Aa= Ea— €a, (4.1) 
and the operator A by 
A= Di aAcPa, 
where P, is the projection operator to ¢a, then 
Ewba= (Hot A)ga. 
We may now write 
H=(Ho+4)+(W—A), 


and applying the general method of Lippmann and 
Schwinger,!® we obtain the outgoing wave solution 
as follows: 


ya? =o,+ saan —(W- A)y.. 
E,— Ho—A+in 


16B, A. Lippmann and J. Schwinger, Phys. Rev. 79, 469 
(1950). 


(4.2) 


(4.3) 


(4.4) 


(4.5) 
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If we define the wave matrix 2 as 


va? =a, (4.6) 


and operate with © from the left on Eq. (4.3), we have 
Ewa =Q2(Hot+ A) = da. (4.7) 
Comparing this with the original Schrédinger equation 
Ewa ={ (Hot A)+ (W—A)}0¢a, (4.8) 

we get the following integral equation for Q: 


(W—A)Q+[ (H.+A),2]=0, 


W2Q+[Ho,Q)]—-2A=0, (4.9) 


since {¢,} may be assumed to be complete. 

On the other hand, if we take the scalar products of 
Eqs. (4.7) and (4.8) with ¢, and subtract the equations, 
we have 


Aa($a,2a) = (Ga, WG.) 


The diagonal elements of the wave matrix can be 
estimated from (4.5) and are shown to be equal to 1, 
if one disregards the terms of the order of 1/R? which 
come from the second term.!” Therefore,!8 


A= aAePa= DL aP WOP,=(WO). 


It should be noted that Eqs. (4.9) and (4.11) were 
first derived by Tanaka” from the time-dependent 
formulation of scattering theory. 

In actual application the left-hand side of Eq. (4.9) 
may be assumed to operate on a particular state ga, 
so that the one term of A corresponding to this state 
contributes to the integral equation. Alternatively, we 
may omit the bracket in the expression (4.11) for A 
in Eq. (4.9) since the bracket automatically follows 
from the boundary condition on 2. Thus it is shown 
that the integral equation (3.11) is formally equivalent 
to the scattering Eq. (4.9), though different boundary 
conditions are specified in each case. 


(4.10) 


(4.11) 


5. INDEPENDENT-PARTICLE MODEL 


As an illustration of our formalism, we will consider 
a generalization of the Hartree-Fock approximation. 
The model space Jt is defined in this case by the 
m-dimensional eigensubspace which belongs to the 
lowest m eigenvalues of the Hamiltonian 


A A 
Hy=T+U, T=Z7T;, UV=XUi, (5.1) 
i=] =1 


where A denotes the number of nucleons present, 7; 


17 As is well known, the asymptotic form of the second term of 
Eq. (4.5) is [exp(ikr)/r]/(0,¢), which is sufficient to determine 
the R dependence of its scalar product with ¢a. 

18 Tf we note that Q'2=1 and operate with 0 from the left on 
Eq. (4.9), we get A=(Q'HQ)—Ho, which clearly shows the 
Hermitian character of the self-energy operator. 
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and U,, the kinetic and potential energy of the ith 
particle, respectively ; the form of U; being common to 
all particles. This potential energy may be specified 
arbitrarily; for instance, we may use the phenomeno- 
logical one which is associated with the shell model. 
This is in contrast to the Hartree-Fock approximation 
where the potential must be determined in a self- 
consistent way by applying the variational principle. 

We denote the eigenvalues and orthonormal eigen- 
functions of Ho by €, and ¢<, respectively, which lie in 
the model space, i.e., 


(€a—Ho)da=0, a=1,2,---,m, (5.2) 
where ¢, is given by a Slater determinant of single- 
particle wave functions, or some linear combination 
of them so as to be an eigenstate of the total angular 
momentum and isotopic spin. Then the xq defined by 


Eq. (2.2) may be expanded as'® 


(5.3) 


m 
Xeo= >. aves, a=1,2,---,m 
b=1 


with expansion coefficients ay. Substituting Eq. (5.3) 
into Eq. (2.5) and taking the scalar product with 
¢o, we have 


Ewva— >, 4b| HI | Caca=0. (5.4) 


If m tends to infinity and the model space coincides 
with the whole Hilbert space, then J becomes neces- 
sarily equal to 1. We may get, therefore, a good approxi- 
mation by putting J equal to P, if we choose m sufhi- 
ciently large. In this case Eq. (5.4) may be written as 


Erva— > Ab| | chaca=0, (5.5) 
which is nothing but the equation of perturbation 
theory for the degenerate case. Note in particular that 
if we choose m equal to 1 (ground state problem) and 
replace J by P, the diagonal element of H gives the 
usual perturbed energy. This approximation appears 
to be poor. We can, however, improve the situation by 
choosing the most appropriate H» (or corresponding 
wave function @) by minimizing the expectation value 
of H, i.e., by applying the variational principle 


ste) _ 
($,9) 


0, (5.6) 


with @ being an arbitrary antisymmetrized product 
function. This is nothing but the conventional Hartree- 
Foch approximation. Eden” obtained a generalized 
Hartree-Foch approximation by applying this principle 
to the model Hamiltonian; however, it was not the 


Tt should be noted that only those terms will appear in 
Eq. (5.3) which have the same transformation property as ¥_ with 
respect to rotations in ordinary space and isotopic spin space. 

” R. J. Eden, Phys. Rev. 99, 1418 (1955). 


NOBUYKI 


FUKUDA 


Hy of Eq. (2.10) or Eq. (3.8), but corresponds to 
(HJ) of Eq. (2.6) which is not Hermitian in general. 
Great simplification is attained if (H/) turns out to 
be Hermitian, which is equivalent to the condition that 
J'J commutes with (JtHJ), as is clear from Eq. (3.7). 
This is always the case if, for instance, the model space 
is one-dimensional. Then (HJ) is equal to Hy and 
Eq. (3.6) may be written as 
H.J+WJ—JHy=0. (5.7) 
H x is in general different from Ho, but if we impose the 
condition Hy=Hpo, the following self-consistent equa- 
tion is obtained : 


(HoJ]+Ws=0, (WJ)=0. (5.8) 


The second equation follows from the first, since 


W is also written as 


W=V-DWUi, 


(5.9) 


(5.10) 


where we use the real nuclear potential V, so that Eq. 
(5.8) may be taken as a generalization of the self- 
consistent equation of Eden and Francis.° 

If J operates on a particular state xa, Eq. (5.7) may be 
written in the form 


1 
J=1+———_((1-P)WJ, 
E-file 


(5.11) 


which is always correct if m is equal to 1. Thus it is 
shown that the theory of Eden and Francis is a special 
case of ours. 


6. CONCLUDING REMARKS 


A formal theory of nuclear model operators has been 
presented which makes no explicit use of any quantities 
connected with the real nuclear wave functions. The 
model space may be chosen arbitrarily, depending on 
the model we wish to consider. However, it seems to be 
convenient in actual applications to define this space 
in terms of a phenomenological Hamiltonian which is 
well established in the corresponding nuclear model. 
The difference between this Hamiltonian and the exact 
model Hamiltonian may be treated by perturbation 
theory, as long as this model works well with respect 
to the level structure of the nucleus. 

It was also shown that the theory of Eden and 
Francis is derived as a special case, i.e., when the model 
space is one dimensional. Their theory will not be 
suitable, however, for dealing with the excited states 
of the nucleus, since the self-consistent formulation 
usually depends on the variational principle which is 
applicable only to the ground state. In our theory the 
model wave function is always simple, whereas the 
model Hamiltonian may be of a complicated form in 
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order to reproduce the level structure of the real 
nucleus; in our opinion, nuclear models should thus be 
described in terms of the wave function. 

A concrete calculation has not been made in this 
paper, since our primary concern was how to define 
and construct the model operators in various nuclear 
models. Such a calculation will be done at another 
opportunity. 
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A covariant form of the polarization formalism of Wolfenstein and Ashkin is developed. After the hole- 
theory boundary conditions are incorporated, the theory may be transformed into a form in which the 
positive- and negative-energy components are separated. This form involves two-by-two matrices of the 
Pauli type and its similarity to the form of the nonrelativistic equations allows the relativistic contributions 
to be extracted. It is concluded that, with suitable interpretations, the nonrelativistic formalism may be used 
if an additional rotation of the polarization vector is added at each scattering. The relativistic forms of the 
Wolfenstein equations for various polarization parameters are then derived. 


INTRODUCTION 


N recent experiments at Berkeley! and elsewhere,’ 
the spin dependence of the nucleon-nucleon inter- 
action has been investigated by scattering beams of 
nucleons in which the spin directions have been partially 
aligned by means of previous scattering processes. The 
analysis of these polarization experiments has been dis- 
cussed by several authors,>~> and the more recent of 
these discussions are based on the polarization formalism 
introduced by Wolfenstein and Ashkin. Except for a 
brief note by Michel and Wightman’ and the early work 
of Mott’ on the double scattering of electrons by fixed 
source centers, the treatments have been based upon the 
nonrelativistic Pauli approximation. However, since the 
present cyclotron energies are within the relativistic 
range and because of the increased energies now be- 
coming available, it is of importance to extend the 


1 Chamberlain, Segre, Tripp, Wiegand, and Ypsilantis, Phys. 
Rev. 93, 1430 (1954); 95, 1105 (1954); 96, 807 (1954); 98, 840 
(1955). 

2 Oxley, Cartwright, and Rouvina, Phys. Rev. 93, 806 (1954). 
Marshall, Marshall, and deCarvalho, Phys. Rev. 93, 1431 (1954) ; 
96, 1081 (1954). Heiberg, Kruse, Marshall, Marshall, and Solmitz, 
Phys. Rev. 97, 250 (1955). Kane, Stallwood, Sutton, Fields, and 
Fox, Phys. Rev. 95, 1694 (1954). J. A. Dickson and D. C. Salter, 
Nature 173, 946 (1954) ; Proc. Phys. Soc. (London) 86, 361 (1955). 

3 Lincoln Wolfenstein, Phys. Rev. 75, 1664 (1949). 

4L. Wolfenstein and J. Ashkin, Phys. Rev. 85, 947 (1952). 

5 Lincoln Wolfenstein, Phys. Rev. 96, 1654 (1954). Reinhard 
Oehme, Phys. Rev. 98, 147, 216 (1955). H. P. Stapp, University of 
California Radiation Laboratory Reports No. 2825, 1954 and No. 
3098, 1955 (unpublished). 

6. Michel and A. S. Wightman, Phys. Rev. 98, 1190 (1955). 

7N. F. Mott, Proc. Roy. Soc. (London) A124, 425 (1929) and 
135, 429 (1932). 


polarization formalism into the relativistic region. Such 
an extension is the object of this paper, and a completely 
covariant formalism for the description of polarization 
phenomena in the collisions of relativistic particles is 
developed. 

In the first two sections, the covariant forms of the S 
matrix and the density matrix for the collision of a 
Dirac particle with a finite-mass spin-zero particle are 
obtained and the restrictions upon these forms implied 
by the hole-theory boundary conditions are imposed. In 
the third section, these forms are used in the manner 
developed by Wolfenstein and Ashkin for the non- 
relativistic treatment of polarization phenomena and a 
covariant polarization formalism is obtained. This 
formalism may be transformed into a relativistic but 
noncovariant form which separates the scattering of 
positive and negative energy particles into two distinct 
parts, each of which is expressed in terms of a form which 
involves two-by-two matrices and which is quite similar 
to that obtained in the nonrelativistic treatment. The 
relativistic effects may be extracted by comparing the 
theory in this form to the nonrelativistic theory. It is 
shown that the relativistic effects modify the non- 
relativistic formulas by the effects of an additional 
rotation of the polarization vector, a rotation whose 
magnitude depends upon the scattering angle in a 
manner which is explicitly exhibited. The effects are of 
order (y—1), where y is the relativistic contraction 
factor for the Dirac particle as seen in the center-of- 
mass frame. 

In the fourth section the method is extended to the 
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collision of two Dirac particles and similar results are 
obtained. Special attention is paid to the triple-scat- 
tering and correlation experiments and the relativistic 
generalizations of the nonrelativistic formulas are 
derived. 


I. COVARIANT S-MATRIX 


In this first section, the covariant form of the S 
matrix for the collision of a Dirac particle with a spin- 
zero particle is developed. Relativistic invariance re- 
quires that the element of the S matrix which trans- 
forms the spinor in the initial state into the spinor in the 
final state be of the form 


Sp(k’,t,k) =A+Byypt3C pro ue t+Dylivevs)+Eys, (1) 


where A, B,, Cy», D,, and £ are respectively scalar, 
vector, antisymmetric tensor, pseudovector, and pseudo- 
scalar functions of the three independent four-momenta 
k, k’, and t. The k and k’ denote the relative four- 
momenta in the initial and final states respectively, 
while ¢ is the total four-momentum of the system, the 
sum of the initial or the final four-momenta of the two 
particles. The general matrix of this form is not con- 
sistent, however, with the requirements of hole theory. 
This interpretation of the Dirac equation requires that a 
Dirac particle which is in a plane wave state at both 
T=+« and T=— © must have the sign of its energy 
the same at these two times. To state this in physical 
terms: the Dirac particle cannot be changed from an 
ordinary particle at T=—© to an antiparticle at 
T=+, or vice versa.® Before this condition is ex- 
pressed in mathematical form, some notation must be 
introduced. If the incident Dirac particle is in a positive- 
energy state, then its wave function may be expressed 
as!0 


Wine=exp(if-x)LA 1U\(f) +A 2U2(f) ], 
while for a negative-energy state 
Vinc= exp(— if: x)[A sU3(f)+A WU(f)]. 


Here fis the four-momentum representing the physically 
measured energy and momentum of the Dirac particle. 
Thus fo>0; and the space part of f has the same direc- 
tion and sense as the incident velocity. Notice that f is 
not the relative momentum, like k, but rather the 
momentum in the basic reference frame. The four 


8 §,(k’,t,k) is a matrix element in momentum space and a matrix 
in spinor space. The subscript / distinguishes it from a symbol to 
be defined later. 

® Cases in which real particles are created during a collision may 
be treated by an extension of the S-matrix formalism, but will not 
be considered here. 

10 Lower case italic letters without Greek subscripts will repre- 
sent four-vectors. The dot product f-x represents f,«, where re- 
peated indices are to be summed from one to four if they are Greek 
and from one to three if italic. As usual, f4=ifo, etc. Italic or 
numerical subscripts other than zero on lower case italic letters 
usually denote special four-vectors and not components of the 
four-vector. (The subscript four in this footnote is the sole ex- 
ception.) Three-vectors will be in boldface type [viz., p] and 
scalars will be capitalized, as will most other nonvector quantities. 
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spinors U;(f) each have four components U,;(f) which 
are given by" 


Vail f) = (Fif-ves+M)[2M (fo+M) $3. 


Here, and in what follows, the upper sign refers to 
indices i=1, 2 (positive-energy states) and the lower 
sign refers to i=3, 4 (negative-energy states). The 
covariant normalization condition, 


Us (f)U(f)=UF(P)BU(f)=555, 


is satisfied by these spinors. In this relativistic treatment 
an asterisk is used to denote complex conjugate trans- 
pose and U;t denotes U;*8, the adjoint of U;. The U;(f) 
introduced above are easily seen to be solutions of the 
Dirac equation 


(Lif-y+M)U(f)=0. 


It is now convenient to introduce for any four-vector » 
the symbol 


¥(2)= (y-2)/(0-0)4, (2) 


where the square root in the denominator is to be taken 
as positive or positive imaginary. The Dirac equation 
then becomes 


V(P)UMf)=+Ui(f). (3) 


When this relation is used, the hole-theory condition 
may be expressed by the equation 


S(PALN= VP ISP Aff), (4) 


where 8(/’,t,f) denotes the S-matrix element between 
states in which the Dirac particle has the physical 
momenta f and f’ in the initial and final states re- 
spectively. It will prove convenient, however, to cast the 
condition expressed by Eq. (4) into the form of a 
commutation relation. This may be done with the help 
of the operator 


(uw) = (ul u-u|—'+-w| w-w|-4) « [y(u)+y(w)], 


where the proportionality is valid if « and w are both 
timelike or both spacelike. Using the equations 


y(u)y(u)=1=7(w)y(w), 
one finds that 


-y (16) (1,20) =" (t00) (w). (5) 


With the aid of this equation and §,(k’,t,k) defined by 
SP LN= (FOS a(R Lk v(tf), (6) 

the hole-theory condition may be expressed as 
8 o(k’,t,.k) = (t)8 o(k',t,k)y (0). (7) 


Since the S matrix and the y(“,w) have covariant forms, 
the $,(k’,t,k) must also be covariant and it may be 
written in the form given by Eq. (1) with the subscript p 


A%=c=1; M=proton rest mass. The lower case Greek y will 
represent the matrix four-vector {—i8a,8}, and the Roman 
subscripts on it select a particular matrix element. 
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replaced now by g. The commutation relation, Eq. (7), 
may be used to restrict the coefficients in this expression 
for $, to the forms 


B,=—iN p(Bt,), 
(M?— M") 

jee] 
X[tu(he’— ke) —ty(ky’— hy) If, 


Cww=NeC} kk,’ — kk,’ — 


D,=N pD(—i)kyk,'te€urxpo=Dn,, 
E=0. 


Here the coefficients B, C, and D are scalar functions, 
M’ is the rest mass of the second particle, and the 
normalization factors Vz, Nc, and Np are chosen so 
that 

B,B,=B, C,Xw~=2C?, D,D,=D*. (9) 


The €yrp¢ is the antisymmetric symbol and » is a unit 
pseudovector which satisfies 


(k-n)= (k’-n) = (t-n)=(1—n-n)=0. 


This pseudovector m is the four-dimensional generaliza- 
tion of n, the three-dimensional vector normal to the 
plane of scattering. The auxiliary operator $,(k’,t,k), 
which has just been introduced, has a rather simple 
interpretation. To see this let Eq. (7) be substituted 
into Eq. (6) to give 


Sf’ t= VC Dr ())8 o(R' tk) (yO (t,f)). 


The operator (y(t)y(t,f)) is closely related to the 
Lorentz transformation between the center-of-mass 
frame and the rest frame of the incident Dirac particle, 
and the operator (y(/’,/)y(t)) is similarly related to the 
rest frame of the scattered particle. This may be seen by 
reducing the Lorentz transformation 


L(f)=exp[—20(a-f)|f|-"] 


(10) 


(6’) 


to form 


L(f)=B(—iy: f+MB)[2M(fo+M)} 3. (11) 


In the center-of-mass frame, in which y(/)=8, one may 
immediately identify terms to obtain 


v(th)y(ifi)=L(fr), 
Vfl tdv(t)=L7(f), 


where the subscript one indicates the center-of-mass 
value. Thus 


8(fi' jt, f1) =[7 (fi')8 g(Fa' ta, RL (fi). 


This equation has the following interpretation: the S 
matrix in the center-of-mass frame may be decomposed 
into a product of two Lorentz transformations and a 
scattering matrix $,. The first factor is a Lorentz 
transformation which converts the spinors of the inci- 
dent-wave function from their values in the center-of- 


(12) 
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mass frame to their values in a rest frame of the incident 
Dirac particle. It converts the spinors to their “proper” 
values, one might say. Then the unitary operator 8, 
gives the effect of the scattering upon the “proper” 
spinors, and finally a Lorentz transformation converts 
the “proper” spinors of the scattered particle back to 
their value as seen in the center-of-mass frame. 

The form of §, in the center-of-mass frame is particu- 
larly simple. Equations (8) give in this case 


Byyu= BB, 
bCyury=CoiNi, 
D,tysv.= DBo;N i, 
E=0. 


(i=1, 2, 3), P 
(13) 


Here the o; are the usual four-by-four Dirac matrices 


a; O 
as 
0 «o; 


and N is the three-vector which is normal to the scat- 
tering plane in the center-of-mass frame. Combining 
these, one obtains 


(F++Gtoy) 0 
), (14) 
0 (F-—Gey) 


where oy is the Pauli o;V; and 


F+=A+B, Gt=D+C. 


8 (byt) =( 


(15) 


The F’s and G’s are scalar functions which completely 
describe the scattering. The upper two-by-two matrix 
operates only on the positive-energy “proper” spinors 
and the lower matrix operates only on negative-energy 
parts. 

In the general frame, also, the $, may be put into a 
form which clearly separates the parts referring to 
positive- and negative-energy states. The desired form 
is obtained by first writing 

BC wv we=4C wo(—4/2) (Yu¥»— Vn) 
=e (i/2)CurvuY> 
eines (4/4) Cuv¥o¥ p€ pour (16) 
The condition that $C,,o,, commutes with y(¢) requires 
that 
tyC y= —Coyt,p=0. (17) 
Using this relation, Eq. (16) may be written 


AC yO w= ty (bsy°C, (18) 
where 
Co=4(— tle) Epon pr| tt * (19) 


If the expression for C,, from Eq. (8) is put into Eq. (19) 
and the definition of m from Eq. (8) is used, one obtains 


c=Cn. (20) 
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Equations (1), (8), and (18) now combine to give 
$ q(k’,t,k) = A+ By(t)+D(iysy-n)+Cy(t)(iysy-n). (21) 


With the introduction of the covariant projection 
operators 


At+()=3[1+y(0)], (22) 


this reduces to 
S$ ,(k’ tk) =o A*+(DLF*+Gtiysy-n]. 


In this form of $,, the o,, type of term has been elimi- 
nated in favor of projection operators and terms of the 
iysy, type. Alternatively the iysy, may be eliminated in 
favor of projection operators and ¢,,’s. The form of the 
S matrix obtained by substituting Eq. (23) into Eq. (6’) 
is covariant and clearly separates the parts referring to 
the positive- and negative-energy states. This form will 
be used in the analysis of the polarization experiments 
in the third section. In the next section, the covariant 
form of the density matrix will be introduced and re- 
duced in a manner quite similar to the reduction of the S 
matrix in this section. 


(23) 


II. COVARIANT DENSITY MATRIX 


In the treatment of polarization phenomena it is 
necessary to consider mixtures of states, and a density 
matrix formulation is convenient. The expectation value 
of an operator A in the incident beam is expressed in 
terms of the density matrix p(/) by the equation 


(A) ;=Trp(f)A/Trp(f). 
For the scattered beam the corresponding equation is 
(A) p=Trp’(f’)A/Trp’(f’). (25) 
The differential cross section is 
I=Trp’(f’)/Trp(f), 


where the density matrices before and after the scat- 
tering are related by” 


e(P)=SSP LN ANS(S 4 /). 


The adjoint At of an operator A is defined by the 
equation 


(24) 


(26) 


(27) 


(AU)t=UtA}, 
and thus 
Si=BS*B, 


where the asterisk denotes complex conjugate transpose. 
The covariant density matrices p(f) and p’(f’) may be 
expressed in the forms 


e(f)=LE Tro(f) Kit dvr t 25 u» 
+iysyuputl ys} ’ 
Trp’(f’) i 1+Ay Yet bSur Tur 
t+iysyupy +J'ys}, 


(28) 
ef =2 


12 See Appendix for a discussion of the covariant density matrix 
used here. 
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where Ax, Su», Py, and J are respectively vector, antisym- 
metric tensor, pseudovector, and pseudoscalar, and 
similarly for the primed quantities. The condition that 
the Dirac particle must be definitely in a positive-energy 
state or definitely in a negative-energy state in the 
asymptotic region may be expressed by the equations 


e(f)=r(fre(fy(f), 
e' (fF )=r(f)e' (f)v(f). 
By a treatment very similar to the reduction of the form 


of $, in Sec. 1, the density matrices may now be reduced 
to the forms® 


e(f)=(4 Tro(f) {4 A*(f)A*+(1+ i757: p*)}, (30) 
p'(f’)=(5 Trp'(f’) Hs A*(f)r'*(1t+ivey: p'*)}, 


where 


(29) 


p-f=p'-f'=0 (31) 


A+=Tr[p(f)A*(f) ]/Tre(f) =(A*(f)), 
ie _ Tre(/A*(f)ivsy] 
Tr[p(f) ] 


and similarly for the primed variables. 

The value of A* specifies the energy state. For a 
positive-energy particle A‘=1 and \~=0, whereas for 
the negative-energy particle \*=0 and \~=1. The 
pseudovectors p* are the relativistic generalizations of 
the polarization vectors of the nonrelativistic treatment 
and describe the spin of the particle and antiparticle. 

This form of the density matrix, used in conjunction 
with the form of the S matrix developed in Sec. 1, will 
give a covariant description of polarization phenomena. 
In the following section, this covariant treatment is 
applied to double- and triple-scattering experiments and 
relativistic corrections are obtained. 


and 


=(A*tysy), 


III, COVARIANT POLARIZATION FORMALISM 


To find the state of polarization of a nucleon after a 
single scattering, one may put the expressions for 
S(f’,t,f), p(f), and p’(f’) given in Eqs. (6’), (23), and 
(30) into Eq. (27), which relates p(f) and p’(f’). With 
the help of the relations y(u)=y'(u) and y(u,w) 
=-y'(u,w) for timelike u and w, one then obtains 
Tre'(s’) 

{54 AHN (1b ivsy: P'*)) 

Trp(f) 


= (y(f' Dv) Xia A*(O) (Ft+iG*ysy-n)} 
X Orv bAMXs A*(P)r+(1+ivey: p*)} 
X (v( fv) {dia A*(0 (FA*§+i1G**Fysy-n)} 


X(vOr(f)). (32) 


13 This form has been used by L. Michel and A. S. Wightman. 
See reference 6. 
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By reducing the right-hand side of this equation to the 
form appearing on the left, one may obtain the polariza- 
tion p’* of the final beam in terms of p+, the initial 
polarization, and F* and G+, the scattering parameters. 
At the same time the differential cross section 


1=Trp'(f’)/Trp(f) 


will be obtained. Before performing this reduction, how- 
ever, it is convenient to transform the equation into a 
simpler form. In particular the equation may be sepa- 
rated into two equations, each of which involves only 
two-by-two matrices and refers to a single type of 
particle. This not only simplifies computations but 
allows a more direct comparison to the nonrelativistic 
formulation. 
To obtain this simplification, the relations 


y(u)y (u) = (u,w)y (uw) =1 
may be used to first transform Eq. (32) into 


TyOv( PDL APN (At+ivsy: PG (P5070) 
={> A(t)(F+iGysy-n)} 
X Ov SLOKX APA +s P)} (LO) 
X {> A(t) (F*+iG*ysy-n)}, (33) 
where the + signs are now to be understood. Using the 
Lorentz transformations L(t) and L'(t)= L~'(¢), we may 
write this 
IL( (Orv OX ACP )N (ltivsy: p)} 
xX (y(f’ Dy) )L" (0) 
= L(t){X A(t)(F+iGysy-n)}L" (0) 
XL Orv (AD) ACPA +iys7- p)} 
X (V(fOvO)IL'O 
XL({S A(t) (F*+iG* ysy-n)}L' (0). 


The L(t) has the property that 
L(t)y,L" (1)=Ly(Oy,, 


(34) 


(35) 
where £,,(¢) satisfies 


XpL v(t) = (x1)», 


uu Lyr(t) (x1), ta 


(x;), being the components of any arbitrary vector «x in 
the center-of-mass frame. Using Eqs. (35), (36), and 
(12), one finds 


L(t) (y (Oy (2,0) LL (0) = y (hy (21,01) 


= L(x;), (37) 


where x may be f or f’. Equation (34) may then be 
written 


TL )LOMX ACP AA + ivy: pI CL'OL(f’)) 
= L(t){X A(t) (F+iGysy-n)}L"(t) 
X(L(AILOKE ACP) +ivsy: p)} (L'OL (fi) 
XL(){L AC) (F*+iG* ysy-n)} L(t). (38) 
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With the introduction of the pure space-rotation 
transformation 


R(x) =L(*)L()L* (x), (39) 


one obtains 


IR(AY LP )VX ACP (1+ iver pL) Rf’) 
= L(t){X A(t) (F+iGysy-n)L* (0) 
XRF LAX ACP) 1 t+ivsy: pL (f)R(f) 


XL(){E A()(F*+iG*yey-n)} L(t). (40) 


Defining 
p= PL (f), 
Pu =pr'L£r(f"), 
N22 #,Ly,(8), 
A+(0)=3(1+ 8), 


and using equations similar to Eqs. (35) and (36), one 
obtains 


IR(f){0 A(O)N (1+iyey <p’) Rf’) 
= {2 A(0)(F+iGysy-n)} 
XR(fi)(X AO)AA+iysy-p)} Rf) 

X{X0 A(O)(F*+iG*ysy-n)}. 

According to their definitions the », p’, and n are the 

values of p, p’, and m in the Lorentz frame where f, [’, 

and #, respectively, are purely timelike. Thus from the 

conditions 


(41) 


p f=" f'=n-t=0 
the four-vectors p, p’, and 1 must have vanishing fourth 
components. Considered as three-vectors, the vectors p 
and )’ are, in fact, just the proper polarizations of the 
incident and final beams, and n is the normal to the 
scattering plane as measured in the center-of-mass 
frame. With the definition 


R(x1)y:R' (a1) = 73 ;(a)y;, 
Eq. (41) reduces to 
Ids A*(O)N'*(1+iysp’ ri; (fi')y,) 
= {504 A+(0)(F*+iG*ysy in,)} 
x {Ds A*(O)A £(1+iysp; Er ili yi} 

X {204 A*+(0) (F**+iG+* yey n,)}, 
where 7 and j need be summed only from 1 to 3. Since 
(i= 
this equation splits into two parts, each of which is an 
equation in two-by-two matrices which refers to a single 
type of particle. 

For the cases \+=1 or A~=1, the equations may be 
written 
I*+(1+ P,'*0,;)= (F*4G*#N jo 3) 
X (14 P +0 ;)(FA*+G+*N ;-0,), 


(42) 


(43) 


tYsyi= Bo; 


thereby defining 7+. The o,; are now the two-by-two 
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Pauli matrices and the vectors P and P’ are defined by 
Pi=pailfi) Pi =pj'ri(fr’). (44) 


These equations are, except for a sign change in o; for 
the negative energy states, identical with the equations 
obtained from the nonrelativistic treatment, except that 
the vectors P and P’ replace the polarization vectors of 
the nonrelativistic treatment. In the analysis of double- 
and triple-scattering experiments one may proceed 
much as in the nonrelativistic case, remembering, how- 
ever, that it is the proper polarization vector p, rather 
than P, which is the same in the outgoing beam of one 
scattering as in the incoming beam for the next. The 
connection between the P of one scattering and the P’ 
of the preceding scattering is 


PM= Pj Vy 9' (for rei( fa); 


where Eq. (44) has been used in conjunction with the 
identity p,;“=p,""». The superscript (#) will denote 
the quantities referring to the mth scattering and the 
subscript m on the four-momenta denotes their center- 
of-mass values. The rotations appearing on the left of 
Eq. (45) will introduce certain differences between the 
relativistic and nonrelativistic treatments. These will be 
called the rotational corrections. 

A second type of correction comes from the use of the 
relativistic transformation of momenta between the 
successive frames. Thus the relation between the in- 
coming momentum for the mth scattering and the 
outgoing momentum for the preceding scattering as 
measured in their respective center-of-mass frames is 


(fadp™ (fa—a' )r£rng *(F*) £,, (6). (46) 


(45) 


The major portion of the transformation appearing here 
will, except for extreme relativistic cases, be given by 
the nonrelativistic Galilean transformation. The re- 
mainder will be called the kinematical corrections. 

To analyze double- and triple-scattering experiments, 
it appears most convenient to choose the laboratory 
system as the basic reference frame. Assuming the target 
particles to be at rest in the laboratory system, one 
notices that 


pro= PO, 


since the three Lorentz transformations that give the 


rotation 
Py fn) SL yy! (f™) Lear) Lre( fa) (47) 


will be colinear and their product will be unity. For the 
scattered beam, however, the p’ and P’ will differ. The 
formal manipulations in the relativistic treatment will, 
therefore, be identical with those of the nonrelativistic 
treatment except for the following two modifications: 
first, the connection between the momenta in the suc- 
cessive center-of-mass frames is given by Eq. (46); the 
second, an extra rotation r,,'(f;') is applied to the 
polarization vector in the outgoing beam before it is 
interpreted as the incident polarization of the next 
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scattering, or as the proper polarization. The rotation 
ryv '(fi') is the effect of the three successive Lorentz 
transformations, which take a vector from its value in a 
rest frame of the scattered particle to the center-of-mass 
frame; then from center-of-mass to laboratory system ; 
and finally from laboratory system back to a (new) rest 
frame of the scattered particle. This rotation may be 
specified by an axial vector Q, whose magnitude is given 
by the equation 


sin|Q|=|V.XV,| 
1+ (y)§+ (y) + (y) 
[1+ (y)@T1+ (T+ (oy 


where (y)‘®, (vy), and (vy) are the Lorentz contrac- 
tion factors associated’ with the three transformations 
listed above and V,, V;, and V, are the space parts of the 
three relative relativistic velocities, respectively. The 
transformations and the corresponding rotation are 
schematically represented in Fig. 1, where 6” and 6, are 
the laboratory and center-of-mass scattering angles re- 
spectively. Since the rotation is about an axis perpen- 
dicular to the plane of scattering it may be neglected in 
the simple double-scattering experiments and in the 
depolarization experiments; in these experiments the 
polarization vector is always perpendicular to the scat- 
tering plane and the rotation will not affect it. 

In triple-scattering experiments of the rotation cate- 
gory the polarization vector will have components in the 
plane of the second scattering. The asymmetry in the 
differential cross section after the third scattering will 
measure the component of proper polarization which is 
in the plane of the second scattering and which is 
perpendicular to the laboratory direction of the scat- 
tered beam. Both the kinematical and rotational effects 
will play a role. As an example, the important case in 
which the masses of the Dirac particle and the second 
target particle are equal will be treated. The considera- 
tions of the next section show that the results obtained 
here will be applicable to the case in which the second 
target is a Dirac particle. 

Because of the kinematical corrections the second 
laboratory scattering angle # is not 62/2. The difference 
may be defined as 


g= 36,.—9® — 366.m.— Piab- 


RF 
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Fic. 1. Diagram show- 
ing the sense of rota- 
tion of the polarization 
vector caused by the 
relativistic effect. The 
vectors represent sche- 
matically the relative 
velocities of the center- 
of-mass frame, the labo- 
ratory frame, and the 
rest frame of the 
scattered particle. 
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Since it is the component of polarization perpendicular 
to the laboratory direction of the scattered beam that is 
measured, there will, for a fixed 62, be a kinematical 
correction of the direction that specifies the component 
of polarization which is measured by the angle a. There 
will also be a rotational correction which changes the 
direction of the polarization vector by the angle 6= | Q]|. 
The effect of this second correction may be accounted 
for by letting the polarization vector remain fixed but 
rotating the direction of the component which is in 
effect measured, by the angle —6. Taking the various 
senses into account, one finds that the net effect of the 
two corrections is to rotate the direction of the effective 
component by (6—a) about the normal vector V. A 
calculation shows that 6=2a, and the rotational effect 
just reverses the kinematical correction. This has the 
simple physical consequence that the direction of the 
effective component makes an angle 6 with the normal 
to the center-of-mass velocity. The relativistic expres- 
sion for the rotation parameter’ R in the P—P system, 
therefore, takes the relatively simple form'® 


I)>R= ( | a | 2 | m | 3) COS(8c.m.—4 tab) —4 Re[_gh* cos (6 jab) | 
+2 Re[ic(a*— m*) sin (Oc.m.—9 tab) |, (49) 


where 6... and 6), are the center-of-mass and labora- 
tory angles at the second scattering. To obtain this last 
equation it was assumed that the prescription for ex- 
tending the nonrelativistic formulas into the relativistic 
domain will continue to be valid when the target 
particle has internal coordinates. In the next section, the 
case in which the target is another Dirac particle is 
considered and this assumption is validated. 


IV. POLARIZATION FORMALISM FOR 
TWO DIRAC PARTICLES 


In the developments in the preceding sections, it was 
assumed that the target particle had no internal coordi- 
nates. The form of the results suggests that the rela- 
tivistic corrections involving the spin state of the first 
particle would not be changed if the second particle 
were to possess internal coordinates. Indeed, one finds 
that the manipulations involving the first-particle spin 
state may be carried out almost unchanged if the second 
particle possesses spin. In this section, the important 
case in which the second particle is also a Dirac particle 
is considered and the expected generalization is obtained. 
In this treatment, it will be assumed that the two 
particles are distinguishable. Indistinguishable particles 
may then be treated by an appropriate antisym- 
metrization of the results. 

The S matrix for the system of two Dirac particles 


14 This is the R parameter which is measured in experiments in 
which magnetic fields are not used to rotate the directions of 
polarization vectors. See reference 5. 

15 In the notation, used elsewhere by this author, where the M 
matrix is written M=a+c(oin+o2n)+m(oinow) +8 (oipo2p 
+o1xo2x)+h(oipo2p—o1Ko2K), with the vectors NV, P, and K as 
defined by Wolfenstein and Ashkin. 
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may be expressed as a sum of terms, each of which is a 
product of an operator in the first spin space times an 
operator in the second spin space. Thus one may take all 
possible bilinear combinations of the matrices 


ql) 


(1) 1). 
Yu 75° ’ 


(2) (2) 1 (2) 
I » Yu » 20 yy ’ 


(1%, 1"; top, 176 
is? yu, v5), 
which are linear in the first and in the second subsets. 
In exact analogy to the case treated above, the matrix 
$,(k’,t,k) may be defined by 
SPA’ tS A)= (fy OG? Hh’ Dy? 0) 
X 8a (k’ tk) (y® (Oy (h,1)) 

Ky Oy (f,9), 
where / and A’ are the initial and final momenta of the 
second Dirac particle. The hole-theory condition may be 
introduced and used in a manner analogous to the 
reduction to Eq. (7), with the results that 

(AS q(R’,t,k)y™ (t)=S 9k’), 
y (t)8 q(R’t.k)y (t)=S4(R',t,k). 


(50) 


Consider now the term in §,(k’,t,k) of the form 
Cuvep( Fone) (S009). 


The condition that this term commute with y(¢) re- 
quires, in analogy to Eq. (17), that 


tC prep = —bwC rep =O. 


Now, applying the arguments that led to Eq. (18), one 
obtains 


‘ . hae * . 
Cyveo(3o pu») = (t) (tvs ya)Cd; o5 
where 4,C);¢,=0. The dependence on a,,” 
similarly transformed to give 
. (3 2) 
¢ prep (20 ur) (S009 ) 


=Cyay™ (8) (ts yr y® (6) (tvs? '¥,), 


may be 


where C),t,=¢,C),=0. Eliminating all terms containing 
Oy S in a similar manner, one obtains 
8 q(k’ tk) = FE FOY® (1) FOy® (2) 

HFG (F589, )+-G, (ts? yn) 

Qe yO. )AQ? 7? (OP Nn) 

FG (tysyn™) (ts 7.) 

FO ney () (ty yr yy (8) (ty 7, 

+ FOy™ (ty (t) 

FEM Y® (1) (ts yr) 

FEY (1) (ts yn.) 

FDO Y® (t)y® () (HOM) 

+ Diy (Dy i760) 

+ Hay Fy r0)7 (1) (i67,) 

+ Ay, (trys yn )y™ (t) (tvs 7). 

The coefficients appearing here are functions of k’, ¢, k 
and are pseudovectors and tensors which are orthogonal 
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to ¢ on all indices. Thus, for example, 4,H,’=1,H),’=0. 
Now the first two terms may be transformed into a more 
suitable form: 


FF, ()=S5 4 1+y (1) ]F+, 
where 


M(Ft+F-)=F, }(Ft—F-)=F%, 


In the same way, the rest of the terms may be grouped 
in pairs to give 
8 6(R 8) =Da MIL QUFET GO Hy5 

+ FOty® (t)4+-G)*(ty5 7.) 

$C, (P16) 

+Gy p> (ys ya) (775? yr.) 

FA * (580 )y® () (t18 70) 

PEO Ay? (1) (475). 


Performing the analogous grouping relative to y®?(/), 
one obtains 


So(k’.k)= Das lSllty® O BOl+y? ()])} 
x { F22=+G, 02 (ty5P7,) 
+G,?+ £(try5?y,) 
+G),4 £ (is 7,) (i752 1° a 
where 


hG t= hG,®++=hG,,++=G),+4#t,=0. (51) 
The G,“++ and G,++ must be pseudovectors and may 
therefore be written 


G,Ytt=GU+tn), G) 4 t= G@tty), 


where m) are the components of the only available unit 
pseudovector, that is, 


ny = ky’ Rel y€ peur 


The tensors G,,*+ are, on the other hand, not restricted 
to a single type of term. The classification of possible 
tensor terms is facilitated by introducing the normalized 
vectors 


sx= N [Ra thy’ —fft,(k,+R,')} (t-0-, 
d)= Nal ki— ky’ ]. 


The vectors ¢, 2, s, d form an orthogonal set. The condi- 
tion in Eq. (51) limits the possible terms in the G,,*+* to 
those bilinear in the components of n, s, and d. If the 
requirement of invariance under spatial reflections is 
invoked, the G,,++* reduce to the form 


Gy,** = C++nyn,+ Dt*s)s,4+ Et++*d,d, 
+G't*(s,d,+d)s,)+G* . (s\d,—d)s,). 


Just as in the nonrelativistic case, the required invari- 
ance under time inversion removes the last two terms, 
since d) retains its sign under time inversion, whereas 5) 
changes sign. Thus the $,(&’,/,&) finally takes the form 
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8 q(h’ tk) = Das (AP*()A*(2)) 
X [Ft+4+GOstsiy sy -n4+-GOttiyg?y® -n 
+ (C+*+mn,+ Dt*sys,+ E+*dyd,) 
X (F570) (ts 70) J. 
In a very similar way, the density matrix is reduced to 
the form 


e( f,h)=% Tre( fh) Dae (AP*(f)A*(h) At* 
« [I iys yy pyOtt+ iy6? yp py t 
+ (i870) (F874 Jerg** J, 
where p, ++, p, ++, and c,,** are the polarization and 


correlation parameters for the four types of systems, and 
satisfy 


put f= p,*+h,=cxpt*h,= frcrpt+=0. 


(52) 


(53) 


These forms for p and §, may now be substituted into 


ef h')=S(f Wtf Ae fA)S' (PW fh). 


The transformations carried out in Sec. 3 may then be 
performed upon the matrices in the two spin spaces 
independently and the equation will split into four 
equations in the two-by-two matrices, each of which is 
identical in form to the nonrelativistic equations. The 
quantities appearing in the places of the nonrelativistic 
polarization and correlation components will be 


PM=piPrji( fr), 
P= pir ji(hi), 
P{M=p/r;,(fr'), 
P/M=p/r;(hy’), 
C= Cem® ki f1)%mj(A1), 
Ci! = Cum'tei( fr’) mj(hr’), 


where now the superscripts refer to the first or second 
particle and the 7,,(x,) is defined as 


Tu»(1) _ Lu (x) Lar(A)Ly,(%1). (56) 
The modifications of the nonrelativistic formulas which 
the relativistic effects introduce are seen, now, to be 
completely parallel to those obtained when the target 
had no spin, and the assumption used at the end of 
Sec. 3 is valid. 

In the treatment of the correlation experiments the 
relativistic effects on both particles must be considered. 
In the Cyw type of correlation experiment, where the 
components of polarization perpendicular to the scat- 
tering plane are measured, the rotations will again play 
no role. In the Cxp experiment the relativistic correc- 
tions will not vanish. The application of Eqs. (55) and 
(56) shows that the expression for the quantity meas- 
ured in these experiments is, in the relativistic region, 


T0Cxp=4 Re(ich*) 


—2 Re[g(a*—m*) sin(6..m.— 261») ]. (57) 
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CONCLUSIONS 


It has been shown that the covariant treatment of the 
polarization effects may be transformed into a form 
which separates the positive and negative energy states. 
The formulas for either energy state are in terms of 
two-by-two matrices and the theory is very similar in 
appearance to the nonrelativistic theory. The three- 
dimensional vector, which in these relativistic equations 
takes the place of the polarization vector of the Pauli 
treatment, is the proper polarization vector. The proper 
polarization vector is defined as the axial three-vector 
whose components are equal to the space components of 
the four-dimensional pseudovector p, (which specifies 
the polarization in the relativistic theory) when these 
components are measured in a particular rest frame of 
the particle in question. This particular rest frame is the 
one generated by transforming the basic reference frame 
(which is conveniently taken as the laboratory frame) 
by means of a single timelike Lorentz transformation 
into a frame in which the particle is at rest. (A timelike 
Lorentz transformation is defined to be one involving 
the time axis and only a single space direction. It is 
important to recognize that the rest frame which would 
be generated by a succession of timelike Lorentz trans- 
formations would in general have a different orientation 
of its spatial axes.) Except for a rotational effect to be 
described below, the manipulations in the relativistic 
case may be carried through exactly as in the non- 
relativistic case; as in that case the successive collisions 
are described in their resecptive center-of-mass frames. 
The spatial orientations of these center-of-mass frames 
are again to be determined by transforming the basic 
reference frame to the appropriate velocity by means of 
a single timelike Lorentz transformation. Thus the 
transformation of the outgoing momentum vector for 
one collision into the incoming momentum of the next 
collision involves transforming from the value in the 
first center-of-mass frame to the laboratory frame and 
then to the second center-of-mass frame. 

The relativistic treatment differs, however, in one 
important way from the nonrelativistic treatment. In a 
particular collision, rotations must be applied to the 
incident and final proper polarization vectors to trans- 
form them from those rest frames of the incident and 
final particles which are associated with the basic 
reference frame, by means of single timelike Lorentz 
transformations, to those rest frames which are as- 
sociated with the center-of-mass frame in the same way ; 
it is these Jatter three-vectors which are transformed 
from initial to final values by means of the two-by-two 
form of the S matrix. Thus, in a sequence of collisions, 
one must take into account the rotations induced by 
changing between the various rest frames. In the labo- 
ratory frame, the rotations associated with the incident 
beam vanish if the targets are at rest in the laboratory 
system, and the rotational effect reduces to an addi- 
tional rotation of the polarization vector which must be 


POLARIZATION PHENOMENA 433 
added after each scattering. This rotation gives the 
effect on the components of a vector which is induced by 
transforming the coordinate system from a frame in 
which the particle is at rest to a frame in which the 
center-of-mass is at rest, then next transforming to a 
coordinate system in which the laboratory is at rest, and 
then finally transforming this coordinate system to the 
new coordinate system in which the particle is at rest. 
Each of these transformations is supposed to take place 
by means of a Lorentz transformation which involves 
the time axis and a single space direction. The effects of 
these transformations of coordinate systems upon the 
coordinates of the polarization vector may be expressed 
as the effect of a rotation of this vector with respect to a 
fixed frame. It is this rotation of the polarization vector 
whose magnitude and sense are given by Eq. (48) and 
the accompanying diagram. This is the additional rota- 
tion of the polarization vector which must be added 
after each scattering if the relativistic results are to be 
obtained from the nonrelativistic formalism. 
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APPENDIX. COVARIANT DENSITY MATRIX 


In situations in which statistical mixtures of states are 
considered, it is convenient to introduce the density 
matrix p, which in an appropriate representation may be 
written 


P= Dalva>Wa<val, 
where W, is the probability that the system is in the 
state a, so that }> W.=1. The probability of finding the 
system in a region R may be written 

w(R)=Spp0, 

where Sp is the trace over both coordinate and spin 
variables, and @ is the operator that projects onto the 
region R. If R is taken as the three-dimensional mo- 
mentum region (df)=d fd fod fs, then 

w (df) = (df) Trps(f), 
where Tr is the trace in spin space and 

ps(f)=> «| @a(f)|?{|Ua(f) Wa(Ua*(f)! }. 

The amplitude @,(f) is a function of the three-momen- 


tum f defined in terms of W.(f), the momentum-space 
wave function, by 


Va(f)= @a(f)| Ua(f)). 


The U.(f) are spinors which can be expressed as linear 
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combinations of the U;(f) of Sec. 1, and like the U ;(f) 
they may be defined in terms of their values in the frame 
in which f=0 by the equation 


U.(f)=L“(f)U.(0). 
Then 


w(df) = (df) | @(f) |*(y)/= (d{ Wa] @a(f)|*}(y)/, 


where (y)/ is the Lorentz contraction factor. Since 
df/(y)’ is an invariant, the required invariance of 
w(df) requires that | @(f)(y)/|? is unchanged in a 
Lorentz transformation. 

Notice that the density matrix and the volume ele- 
ment are not invariants separately. If, however, the 
particle is definitely in a positive energy state or 
definitely in a negative energy state one may write 
(dropping now the summation signs), 


ps(f)= | @a(f)|?| Va(f) )WaUa*(f)| 
=| @.(f)|?| Va(f) Wa(Ua*(f) | Va(f))(+) (al (f)| 
= | (y)/@a(F)|*| Ua(f))(+Wa) (at (f) | /(y)! 
=p(f)/(y)/. 

The [(y)/}" may now be put with the (df) to form 

an invariant. The matrix p(/) defined by the foregoing 


equation will be called the covariant density matrix. 
Since its matrix elements 


pis( f= (UF (f)lo(f)|Usf)) 
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are invariants, it must be of the form 


p(f) - (3 Tro(f) JI1+Ayyut 3S uO uw ttY5VuPutS 76], 


where the coefficients Ay, Su», py, and J transform in the 
evident manner. 

The expectation value of the operator A over meas- 
urements in the region R= (df) is 


(A)an =SppAP/SppP 
CO) @ Tro(f)A 
Civ) (df) Tre(f) 


If the region R restricts also the three-momentum h of 
the second particle, then the element (dh) will also 
appear in the invariant combination dh/(y)". 

For the final state the matrix p’(f’) is defined in the 
analogous way. It is related to p(f) by the equation 


P(P)=SF tb No(s (f'4,f). 


Here the invariant elements dkdh/(y)*(y)' and 
dt/(y)* have been incorporated into the definitions of 
p(f) and p’(f’) respectively and the trivial integration 
over t and k performed, allowing these variables to be 
considered as fixed and discrete. The condition Spp=1 
becomes then Trp(f)=1, and the differential cross 


section is 
I(f’)}=| @)(y)/|?=Trp’(f’). 
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Neutron-Electron Interaction in Cutoff Theory* 


S. B. TREIMAN AND R. G. Sacust 
Palmer Physical Laboratory, Princeton University, Princeton, New Jersey 


(Received April 2, 1956) 


The perturbation-theoretic result for the neutron-electron interaction, as calculated by Salzman in the 
Chew no-recoil theory, is in serious disagreement with experiment. The main part of the experimental 
interaction (~4.2 kev) is accounted for by the Foldy term (4.08 kev). But the latter is not included in the 
no-recoil approximation, where one calculates only the electron interaction with the static pion cloud of the 
physical neutron. For this part of the interaction the no-recoil perturbation result is too large by a factor of 
at least twenty. We investigate here the possibility that higher order corrections drastically alter the pion 
cloud charge distribution. Using the techniques developed by Miyazawa, one can express the higher order 
corrections in terms of weighted integrals over the pion-nucleon interaction cross sections. It is found that 
the higher order effects indeed reduce the pion cloud contribution, but only by 20 percent. Because of cer- 
tain ambiguities involved in treating the cutoff function, it cannot be stated that this represents the true 
content of Chew’s theory; but it seems unlikely that any reasonable treatment of the cutoff could reduce 


the discrepancy much further. 


I. INTRODUCTION 


HE neutron-electron interaction has been calcu- 
lated by a number of workers using the weak- 
coupling approximation to relativistic pseudoscalar 
meson theory'; and recently the problem has also been 
investigated in the no-recoil, extended-source approxi- 
mation.?* The approach taken by Sachs along the 
latter lines is phenomenological, whereas Salzman* has 
carried out a perturbation calculation using specifically 
the Chew version of the extended-source theory.‘ In 
both cases the quantity which is calculated is the 
interaction of the electrostatic field of the electron with 
the charged pion cloud surrounding the nucleon core. 
In effect this amounts to calculating the second moment 
of the pion cloud charge distribution. We refer to this 
as the static charge-cloud part of the neutron-electron 
interaction. 

As Salzman has shown, in this no-recoil approxima- 
tion one completely omits a second contribution to the 
neutron-electron interaction. This is the Foldy term.°® 
The coupling of the neutron magnetic moment with 
external magnetic fields implies, for reasons of rela- 
tivistic covariance, an added coupling with external 
electric fields. The latter term is inversely proportional 
to the neutron mass and therefore does not appear in 
the no-recoil approximation (neutron mass— ©). 
Nevertheless, it can be written down exactly in terms 


* Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission, and in part 
by the University of Wisconsin Research Committee by means 
of funds provided by the Wisconsin Alumni Research Foundation. 

t On leave of absence from the University of Wisconsin. 

1B. D. Fried, Phys. Rev. 88, 1142 (1952). This paper contains 
a very lucid application of the weak-coupling approximation, as 
well as a list of references to the earlier literature on the neutron- 
electron interaction. 

2 R. G. Sachs, Phys. Rev. 87, 1100 (1952). 

3G. Salzman, Phys. Rev. 99, 973 (1955). 

4G. F. Chew, Phys. Rev. 95, 1669 (1954); and references 
therein. See also the review article by G. C. Wick, Revs. Modern 
Phys. 27, 339 (1955). 

5 L. L. Foldy, Phys. Rev. 83, 688 (1951); 87, 688 (1952); 87, 
693 (1952). 


of the known anomalous magnetic moment and known 
(finite) mass of the neutron; and in fact this contribu- 
tion to the neutron-electron interaction accounts for 
the bulk of the experimental effect. When expressed in 
the conventional way, the Foldy interaction has the 
value 4.08 kev, whereas the experimental value— 
according to the most recent measurements—is 4.165 
+0.265 kev.® The static charge-cloud term obtained in 
the no-recoil approximation should therefore contribute 
an interaction of 0.08+0.27 kev. Instead, Salzman’s 
perturbation calculation leads to a value of ~7.1-8.6 
kev (the result depends on the choice of source function 
and on the coupling constant /; as for the latter, Salz- 
man used f?=0.058). 

One way to account for this discrepancy has been 
suggested by Salzman.’ This is to attribute a finite 
extension to the charge distribution of the core itself. 
If the charge distribution of the core is assumed to be 
proportional to the source function employed in the 
extended-source theory, one can arrange for a con- 
siderable cancellation of charge between the (negative) 
pion cloud and the (positive) core. There is of course no 
mathematical basis for this assumption in the present 
form of the extended-source theory, although the idea 
is perhaps attractive on physical grounds. 

Another possibility, which is the subject of the 
present investigation, is that the perturbation approxi- 
mation is inadequate and that higher order mesonic 
corrections drastically alter the pion cloud charge dis- 
tribution. To study this, we make use of the elegant 
techniques developed by Miyazawa’ in connection with 
a similar calculation, in the framework of Chew’s 
theory, of higher order contributions to the magnetic 
moments of nucleons. The higher order terms are in 
effect expressed in terms of weighted integrals over the 
pion-nucleon interaction cross sections. 

It turns out that the higher order corrections indeed 


6 Melkonian, Rustad, and Havens, Bull. Am. Phys. Soc. Ser. II, 
1, 62 (1956). For earlier measurements, see reference 1. 
7H. Miyazawa, Phys. Rev. 101, 1564 (1956). 
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reduce the pion cloud contribution to the neutron- 
electron interaction; but for a cutoff in the vicinity of 
5 or 6u (u=meson mass) the reduction amounts to only 
~20 percent. Because of ambiguities related to the 
handling of the cutoff, or source function, it cannot be 
stated that this result represents the true content of 
the Chew version of the extended-source theory; but 
it seems unlikely that any reasonable treatment of the 
cutoff function would serve to appreciably reduce the 
large discrepancy with experiment—unless, as sug- 
gested by Salzman, one amends the theory so as to 
include a finite extension of the core charge.” 


II. NO-RECOIL APPROXIMATION 


Insofar as one considers only lowest order (Born 
approximation) interactions with an external electro- 
magnetic field, one may write the effective Hamiltonian 
for a Dirac particle in the form® 


H=Hot+V; 


x 
V=-ind (en "A yyy oD "Ferd; (1) 
n=O 
where Hp is the free-particle Hamiltonian, A, are the 
electromagnetic potentials, y, are the Dirac matrices, 
and F,,= (0A,/dx,—0A,/0x,) ; 0 is the D’Alembertian 
operator, and the numbers e, and yu, are parameters 
which characterize the internal structure of the particle. 
This result is based on general Lorentz and gauge in- 
variance considerations. Clearly €) and yuo represent 
respectively the static charge and static magnetic 
moment. The remaining parameters represent higher 
moments of the internal charge and current distribu- 
tions of the structured particle. 

To describe the interaction of a slow neutron with a 
quasi-static, weak external field, we need retain only 
the lowest nonvanishing moments (€; and yo). Passing, 
furthermore, to the nonrelativistic limit in which the 
neutron is represented by a two-component wave 
function, we find for the effective interaction potential! 


V = —H-e—[po/2M+e,]v-E (2) 


(in units where #=c=1; terms which are irrelevant to 
the present discussion have been freely dropped’). 
Consider now the case where H=0 and where the 
electric field has as source a static electron charge dis- 
tribution p.(r), with fp,.(r)d’r=—e. Then, since 
v-E=4zp., 

V= —4rp[ uo 2M+« |. 


Customarily, this is expressed in terms of an equivalent 
square well potential — Vo of radius ro= e*/mc*. Thus 


Vo= hate (3e, ‘73)[ wo, /2M+ €: }. (3) 


The first term is the Foldy interaction which, since it 
involves known quantities, can be calculated exactly. 
It is the second term which is calculated in the no- 


te For an alternative see G. Sandri, Phys. Rev. 101, 1616 (1956). 
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recoil theory where one considers the interaction of a 
slow electron with the static charge cloud of the physical 
neutron. If‘p(r) represents the charge density in the 
cloud, assumed to be spherically symmetric, then as 
Sachs’ and Salzman® have shown, 


«= (1/6) J rp (1)d'= — (e/6)R°. (4) 


We shall assume that the core charge has no appreciable 
extension, so that R? is determined solely by the pion 
charge cloud. The corresponding contribution to the 
neutron-electron interaction is denoted by (Vo);: 


(Vo)e= (€/2ro) (R/10)?. (9) 


III. MESON CHARGE DENSITY 


The charge density p(r) required for Eq. (4) is ob- 
tained by taking the expectation value, for the ground 
state of the physical neutron, of the pion charge density 
operator o(r). Let |N) be the state vector of the 
physical neutron. Then 


R= — f erry o(r)|.V), (6) 


where 
o(r) =ie(x*y*—m). (7) 


In a spherical wave representation,” 


y=> diim(2w)*Lakim+ (— 1)"bi1-m* |, (8) 


klm 


r=1 > Pktm* (w/2)'Lakim*— \~ 1)"i1-m ], (9) 


klm 


where w= (k’+y?)!; Gitm and Gkim* respectively destroy 
and create positive mesons in the state specified by the 
quantum numbers k,/,m; and the operators b;im and 
biim* have a similar meaning for negative pions. The 
basis functions $i», are spherical wave solutions of the 
Klein-Gordon equation, normalized according to 


diim= filkr) Vi", 
Ptim* = (—1)"bx1-m, 


f der f,(kr) fuk’) =8 xn. (10) 


Since only » waves come into consideration, we here- 
after omit the index /. The symbols >>; and 6,-, are to 
be understood throughout as a shorthand notation with 
the following meaning: 


Leo (2/n) f ane, 


One 5(k’—k). 


(11) 


Substituting Eqs. (7)-(10) into Eq. (6), and carrying 
out the integration over space angles, we obtain for R* 
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the expression 
R?=—} ¥ | drr'f(kr) f(k’r) (ww’)} 
hk’ 


XL(w’+w)G (kk) + (w’—w) F (R’,k) J, (12) 


where 
G(k’,k) = Sak N Ak'm™* km sie Dim* ktm | N), 
F (k’,k) = yn(- 1 )™(N | Okrm* dD; nt — CkmDk!—m | N 5 


This can be simplified by observing that f(r) satisfies 
the differential equation (recall that /=1) 


—Pf(kr)=(0/dk?+ (2/k)d/dk—2/k* ]f(kr). 


(13) 
(14) 


(15) 


Making this substitution for r’°f(kr) in Eq. (12), and 
using the orthogonality relation of Eq. (10), we see 
that the expression for R? has the form 


De (Deeg RR) D iden), 


where D, is the above differential operator on k and 
g(k’,k) is a function of k’ and k. Owing to the delta 
function this reduces to the single sum 


Deel Derg (h’,k) Jerne 


We also note from Eq. (14) that the real part of 
F(k’,k) is antisymmetric—since a and 6 commute— 
and only this part contributes to R®. This permits us to 
simplify matters further by carrying out some of the 
differential operations immediately. The final expres- 
sion for R? is 
R?=3 >i? /dk’?+ (2/k)d/dk' —2/k* | 

X[ (w’ +a) (ww’) G(R’ ,R) 


+ (2k/u*)dF (k’,R)/dk’} ek. (16) 


IV. CALCULATION OF HIGHER ORDER 
CORRECTIONS TO R* 


There remains now to determine the functions 
G(k',k) and F(k’,k). The general procedure which we 
follow is that discussed by Miyazawa’ and need be 
indicated therefore only in brief outline. 

The interaction Hamiltonian used by Chew is 


(17) 


H’= (4n)*(fo 1) { rao vat 


where S(r) is the source function and fo is the unre- 
normalized coupling constant. We now expand the 
field operators Yq in terms of creation and destruction 
operators, as in Eq. (8), and carry out the integrations 
over space, obtaining for H’ the expression 


H’= (1/V3) (fo/u) Sonkv(k) (2w)-4{ 20 r+0* (b,_1* — aes) 
t+ rtom (ae_1— baa*) + ot (a4_1* — Das) 
+ 7-07 (di-1— an1*) J4+V2[ 103 (ax0+d:0*) 
+7-03(ax0* +40) + 7307 (Cx_1* — Cx:1) 


+7307 (Cx-1—Ce1*) J++ 7303(CKo*+cx0)}, (18) 
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where ¢ and c* are respectively destruction and creation 
operators for neutral mesons; and 2(k) is the Fourier 
transform of the source function, normalized so that 
v(0)=1. In a shorthand notation, this can be written 


H!' = _ CV ime emer V ime*dieme™ |, ( 19) 


kmt 


where dim: and dim:* are destruction and creation 


operators for mesons of momentum &, magnetic quan- 
tum number m, and charge ¢. The important thing is 
that the momentum dependence of Vim, is completely 
specified in terms of the source function; namely, 

V keme~ kv(R)/w!. (20) 
In the same notation, the free-field Hamiltonian is 


Ho — pa wd kmt*d emt: 


kmt 


(21) 


Miyazawa now introduces a complete set |) of 
eigenstates representing incoming wave solutions of 


(Ho+H’)|n)=E,|n), 


normalizing so that the energy of the physical nucleon 
is zero in the ground state. Then, from the commutation 
relationships of the dim: and dim:* with Ho+H’, one 
finds*~® 


ry m i(k’ n)T m (k,n) 
(N Aged emt N)=> 
n (En+w’)(E,+w) 


(22) 


(—1)" T mt* (R' n) Tme(R,n) 


(N |du:m-:*dea®|N)=T — 
™ (w’+w)! — (En+w’) 


T m t* (k,n) T_m 1(R’n) 
(E,+w) 


Tmt(k,n) = (n| Vime| N), (24) 
and use has been made of the relationship V gme 
=(—1)"Vim-1*, which follows from Eq. (18). The 
matrix element 7\:(k,m) is related to the scattering 
matrix in the sense that when w= £, it is the transition 
matrix element describing the transition into the final 
state |m) from an initial state consisting of a neutron 
and a meson with quantum numbers k, m, t. 

The four spin and isotopic spin states corresponding to 
n=O are states of the physical neutron alone (no free 
pions), and these terms in the above sums give the 
lowest order perturbation approximations to the ex- 
pectation values.’ The corresponding perturbation re- 
sult for R® has already been obtained by Salzman and 


8G. C. Wick, reference 4. 
° G, F, Chew and F, Low, Phys. Rev. 101, 1570, 1579 (1956), 
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we merely note the result 


wna) fat 
x 2*(— )+s (3w?— 22 (25) 


where f is the renormalized coupling constant. 

The remaining terms n>0 give us the higher order 
corrections to the expectation values. By using Eq. 
(20), we extract the k’-dependent factors from the 
matrix elements; namely, 


T*(k’ n)T (k,n) = T*(k,n)T(k’ .n) 
k'v(k') wo \! 
= —}) |T(km)|*. (26 
am (a) ITeml. 20 


Also, it is convenient to decompose the matrix elements 
into elements 7;; which refer to states of definite iso- 
topic spin i/2 and ordinary spin j/2. Carrying out 
these operations, and then explicitly performing the 
differentiations required in Eq. (16), we obtain the 
following expression for the higher order correction 
to R?: 


(R°)con= —4 XX U(Enys){2|Tsa(kyn) |?+ | Tar(b,n) |? 
“ter T13(k,n) |?— | Ti1(k,n)|?}, (27) 
1 [20%+3u? ; ~ (—)*) 
(E,xtw)L wt! katy / dk. 


v dk* 
1 [ 3a®+- 2p? 
+ 2 )+ 
(E,+w)'L wo 


where 





U(E,w) = 


(28) 





4k “| 4 k? 


wodk} (E,+w)* wr 


The final step consists in observing that the total 
cross sections for interaction of positive and negative 
pions respectively on unpolarized protons can be 
written 


a+ (k’) = 82? (w'/k’) ¥ 5(E,—w’) 
n>0 
X {2| Ts3(k’,m) |?+ | T31(k’,m) |?}, 
o~ (k’) = (82/3) (w'/k’) & 5(E,—w’) 
n>0 
X {2| Ts3(k’,n) |?+- | Ta1(k’,n) |? 
44 Tis(k’,n) |?-+2|Tu(k’n) 2}. (29) 


Once again, we extract from the matrix elements their 
k’-dependent factors, writing 
at (k’)—a~(k’) 


16 ww v°(k’) 
Pomipfnoe DL 5(Rn—k’) | T (k,n) |?, 
3 RP a(R) a>0 


(30) 
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where 
| T (k,n) |2=2| T33(k,n) |? 


+|T31(k,n) |?—2| T13(k,m) |?— | Tir(k,m) |? (31) 
is the factor appearing in Eq. (27). 

It then follows that we may substitute into Eq. (27) 
the following expression : 


LX | (k,n) |?U(E,,) 
k n>0 


3 p_ RY(k) ep ot(k’)—o-(k’) 
dk f dk'—— “U(w' ws), (32) 


— “Ua, 


o'?(k!) 


823 w 
where we have made use of Eq. (11). 


V. DISCUSSION 


So far our procedure has been exact, within the frame- 
work of the Chew theory. A difficulty arises, however, 
in connection with the factor v°(k’) which appears in 
the denominator of Eq. (32). One would want to choose 
a cutoff function » which starts out with unit value for 
k=0 and falls off to zero for large &. But this would 
lead to a divergence at large k, since the experimental 
pion-nucleon interaction cross sections certainly re- 
main finite up to the largest known energies. Of course, 
insofar as the present analysis is based on the Chew 
approximation, the cross sections ¢ which should be used 
are the ones which follow from the theory. However, if 
the theory has any merit, we expect these cross sections 
to agree with the experimental ones, at least at low 
energies where v~1. At large energies where v > 0, we 
cannot identify o with the experimental cross sections. 
We therefore simply assume that the theoretical 
ratios o/v* fall off sufficiently rapidly beyond some 
“cutoff” value of & so that their contributions beyond 
the cutoff are negligible. 

In practice then, we set »=1 in the above integrals, 
identify o with the experimental cross sections, but 
simply cut off the integrations in the vicinity of 5 or 6 u. 
It is a question whether we should also neglect the 
terms containing derivatives of v in Eqs. (25) and (28). 
We think this is more nearly consistent with the 
present approach than any other procedure would be. 
At any rate, for reasonably smooth cutoff functions, 
the terms involving derivatives of v do not contribute 
appreciably to the final numerical result if the integrals 
are extended only up to a cutoff of 5 or 6 u. 

As a matter of fact, essentially the entire contribu- 
tion to the integral over the cross sections comes in 
the vicinity of the large (3,3) resonance at ~200-Mev 
lab energy. The experimental values of the cross sections 
are summarized by Anderson ef a/.!° We record here the 
final expression for (R*) corr, obtained after some alge- 
braic manipulations and with the above approxima- 


® Anderson, Davidon, and Kruse, Phys. Rev. 100, 339 (1955). 
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tions incorporated : 


1 at (k)—o~(k) k’4 
Ape f dk f dk’ 
8x aT es w’ (w’+w)! 


x|s+12—+3(— y+ fsrsts (2 |. (33) 


The integrations, Eqs. (25) and (33), have been 
carried out numerically, with cutoffs at k’, k=5 and 
6 yw. The corresponding perturbation-theoretic and 
higher order contributions to the static pion cloud 
part of the neutron-electron interaction are given in 
Table I. For the perturbation term we have used the 
value f?=0.08 for the coupling constant.® This differs 
from the earlier value 0.058 used by Salzman and 
accounts for most of the difference between his result 
and ours (the difference in cutoff functions does not 
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TABLE I. Static pion cloud contribution (Vo), to the 


neutron-electron interaction, in kev. 





Higher order 
correction 


Perturbation 
Cutoff result 


Su 10.9 
Ou 12.4 





—24 








have much effect on the final answer). The important 
thing, however, is not so much the absolute value of 
the interaction as the fact that, pretty much inde- 
pendently of cutoff, the higher order corrections are 
small (~ 20%) relative to the perturbation result. 

It therefore appears that the very large discrepancy 
between the perturbation result and experiment, as 
regards the static pion cloud part of the neutron- 
electron interaction, is not appreciably reduced by the 
higher order mesonic corrections. 
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Relativistic Radiative Transitions*{ 


J. S. LEvincER anv M. L. Ruster 
Louisiana State University, Baton Rouge, Louisiana 


(Received April 13, 1956) 


We have calculated the summed oscillator strength for a K electron in the Coulomb field of a lead nucleus, 
using calculations of the oscillator strength for discrete transitions, and the oscillator density for absorption 


to the continuum. We obtain 86% 


of the value unity given by the nonrelativistic Thomas-Reiche-Kuhn sum 


rule. We also use dispersion then to calculate the forward scattering amplitude as a function of photon 
energy. Our numerical values for the forward scattering amplitude are in good agreement with Brown’s 
values for a K electron of mercury at 1.7, 3.4, and 6.8 times the binding energy. We also compare with our 
calculations of the forward scattering amplitude by a nonrelativistic electron in a Coulomb field. 


I, INTRODUCTION 


N a previous paper! Payne and Levinger presented 

calculations of the retarded relativistic oscillator 
strength for radiative transitions from the K level to 
other discrete states for an electron in a Coulomb field. 
Numerical results were given for Z=82, i.e., for the 
ion Pb*!+. We used these discrete oscillator strengths 
for three purposes: (1) calculations of x-ray intensities ; 
(2) extrapolation to find the oscillator density at the 
photoeffect threshold ; (3) determination of the summed 
oscillator strength for a relativistic system. 

In this paper we extend our previous work on the 
summed oscillator strength of Pb*!*. In the next section 
we present the cross sections used in calculating the 
summed oscillator strength. The major change from A 
is that we have adopted Brown’s proposal? of using the 


* Supported by the National Science Foundation. 
my, A preliminary account was presented by J. S. a and 
. L. Rustgi, Bull. Am. Phys. Soc. Ser. II, 1, 84 (1956). 
iW. B. Payne and J. S. Levinger, Phys. Rev. 101, 1020 (1956), 
here denoted by A. 
2G. E. Brown (private communication) ; also see A, Sec. IV. 


cross section ¢ as the difference of the photoeffect cross 
section (op.z.) and the cross section for pair production 
in which the produced electron would occupy the 
already filled quantum state (cp.p.). 

In Sec. III we use this cross section o to obtain the 
finite integrated cross section gint, or related summed 
oscillator strength. We also obtain the forward scatter- 
ing amplitude as a function of photon energy. The real 
part F of the scattering amplitude is found from the 
absorption cross section to discrete and continuum 
states by means of the dispersion integral, while the 
imaginary part G is directly proportional to the absorp- 
tion cross section ¢. We find good agreement between 
our values of F and those found by Brown et al.’ Our 
value F(2%)=0.86(e?/mc?) (for infinite photon energy) 
corresponds to a summed oscillator strength, or in- 
tegrated cross section, of 86% of the Thomas-Reiche- 
Kuhn value. For comparison we also present calcula- 


3 ae Brown, and Woodward, Proc. Roy. Soc. (London) 
A227, 59 (1954); G. E. Brown and D. F. Mayers, Proc. Roy. Soc. 
(London) A234, 387 (1956), and private communication. 
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TABLE I. Oscillator strengths for discrete transitions 
by a K electron of lead. 








fiead® 


0.307 
0.063 
0.023 
0.033 
0.435 


0.861 


Transition to ns 





L shell 
M shell 

N shell 

Higher discrete levels 
Integral over continuum 


0.041 


Summed oscillator strength 1.000 








*» is the photon energy/ionization energy for lead. 

> The oscillator strengths for discrete transitions for lead are taken from 
reference 1, e I, there designated as fret. The sum over the continuum 
is found from the data of our Table II. Numerical values should be accurate 
to better than 3%. 


tions of F and G found from the nonrelativistic Coulomb 
absorption cross sections. The assumption by Gold- 
berger ef al.‘ that F(*) equals F for a free particle is 
of course in agreement with the behavior of the non- 
relativistic (NR) system, since in this case the Thomas- 
Reiche-Kuhn sum-rule holds exactly; but this assump- 
tion disagrees with our value of F() for Pb*'* treated 
relativistically. 


II. PHOTOEFFECT CROSS SECTIONS 


The oscillator strengths for transitions from the K 
state of Pb*'* to higher discrete states are given in 
Table I. (See A, Table I for fit. We have corrected an 
error in that table for fi for the L shell. We follow A 
in taking fret for the O, P, and higher shells as 80% of 
the nonrelativistic value; since this percentage holds 
well for the M, N, and Q shells.) 

We found in A that our extrapolation of the “‘oscil- 
lator density” from the discrete side to the threshold 
gave a threshold cross section of 740 barns, or 23% 
larger than the value found by Hulme ef a/.° In A, we 
used Hulme’s cross sections at threshold and at 0.69 
and 2.2 mc*. In this paper we have changed to using 
our threshold cross section. We use photoeffect cross 
sections for Hg by Brown ef al.’ at 0.32, 0.64, and 
1.28 mc’, together with Hulme’s value at 2.2 mc”. (We 
convert cross sections from gsHg to s2Pb assuming a Z‘ 
dependence of op.g. in this energy region.) As stated 
in A, the summed oscillator strength is not sensitive to 
whether we use Hulme’s or our value for the threshold 
cross section, changing only by 3% if that change is 
made. 

As stated in the introduction, we have now adopted 
Brown’s proposal of using ¢=¢p.z.—cop.p.. Subtraction 
of the cross section ¢p.p. for pair production in which 
the produced electron would occupy the already occu- 
pied K state follows from the usual definition of a cross 
section as that for the lead nucleus with an electron 
present minus that for a vacuum surrounding the lead 


nucleus. A second-order perturbation theory calculation 
* Gell-Mann, Goldberger, and Thirring, Phys. Rev. 95, 1612 
(1954). 
5 Hulme, McDougall, Buckingham, and Fowler, 
Soc. (London) A149, 131 (1935), 


Proc. Roy. 
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of the scattering amplitude is related by dispersion 
theory to the cross section ¢ as defined above. 

For the photon energy range & from the threshold of 
1.8 mc* to 3.8 mc*, we find cp.p. from Jaeger and 
Hulme’s calculation® of the inverse process of single 
photon annihilation by the K electrons of lead. For 
high photon energies we find op.p. from the Born 
approximation calculation of single photon annihila- 
tion,’ multiplied by Hall’s* factor (1/2.2 for lead) for 
Coulomb corrections. According to Jaeger and Hulme, 
Hall’s factor is equally valid for the calculation of op.x. 
and gp.p,. As stated by Brown,’ in the extreme rela- 
tivistic region both op.z. and ap.p. have identical 1/k 
terms, giving o proportional to k~*. Following Heitler,® 
we have 


o=OPp.E.—OP.pP.= (1/2.2) (3/4)Z°a*(u k) do 


Xf (y-)— f (v4) ]= (1/2.2)6Z5a4 
X (u/R)*b0(1—/u) = 15.4(u/R)? barns for lead, (1) 


where 
= (8/3)m(e?/mc?)?=0.665 barns, 


4 y(y-2) 1 
+ ——(1- (y2—1)-4 
3 yt! 2y (2) 


y+(y?—1)! 
Xlog—__—_ “DI 
vo Cy" 1) 


f= - vf 


and (see Jaeger and Hulme) 
y—-= (k+u—1)/u=E_/u, 
¥4= (k—-wtD)/u= Ey/p 


Here & is the photon energy, w= mc’, and J is the binding 
energy of the K electron. y_ is the total energy E_ of 


(3) 


TABLE II. Cross sections for a K electron of lead, in barns.* 





k/ oP.E df/dy 





0.685 
0.193 
0.0309 
0.00535 
0.00188 
0.00107 
0.00056 


(threshold) 740> 
3 208¢ 
33.4¢ 
5.78¢° 
2.104 
1,24! 
0.665! 


2.4(u/k) 


0.058. 


2.4(u/k) 15.4(p/k)? large 0.3672 





*o is the difference of the » photoetlect « cross section op.g. and the cross 
section op.p. for production of a pair in which the electron would occupy 
the already occupied K state. » =photon energy, ionization energy, df/dn 
is the oscillator density, k/u =photon energy/mc? 

> Reference 1, Table III. 

© Reference 3. 

4 Reference 5. 

¢ Reference 6. 

f Reference 8. 

« See Eq. (1). 


*7_. tae and H. R. Hulme, Proc. Cambridge Phil. Soc. 32, 
158 (1936 

TF, oma Ann. Physik 11, 454 (1931). 

§ H. Hall, Revs. Modern Phys. 8, 358 (1936). 

®W. Heitler, Quantum Theory of Radiation (Oxford University 
Press, London, 1954), third edition, Sec. 21, Eq. (17); Sec. 27, 
Eq. (15). 





RELATIVISTIC RADIATIVE 


TRANSITIONS 


TABLE III. Forward seatineing niin se a K electron.* 





Lead» 

” r, F G 
0.333 —0.113 0 
0.667 — 1.269 0 
1.11 0.822 —0.907 
1.70 . 0.978 —0.435 
3.4 F 0.913 —0.140 
6.8 ? 0.870 —0.054 

0.851 —0.029 
0.856 —0.022 
infinity 0.860 0 


0.983 
0.918 


Nonrelativistic4 

F, F 
—0.025 —0.154 
—0.138 — 1.878 
tee —0,.099 1.143 
—0.447 0.469 1.197 
—0.144 0.520 1.117 

ee 0.475 1.048 
0.454 1.019 
0.439 1.009 
0.435 1.000 


Mercury‘ 


*» is the photon energy/ionization energy; F is the real (or dispersive) forward scattering amplitude in units of e?/mc?; F- is the part of F found by 
evaluating the dispersion integral only over continuum absorption; G is the imaginary (or absorptive) forward scattering amplitude. 
> The calculations of F and F¢ for lead are made by numerical evaluation of Eq. (4) using the numerical values of Tables I and II. The results should be 


accurate to better than 3% 
© Reference 3. 


4 Nonrelativistic calculations for Coulomb wave functions for any Z are made by using the Stobbe oscillator density. 


the electron emitted in the photoeffect, in units of yu; 
while y, is the total energy E, of a positron emitted 
in the op.p, process, in the same units. 

The numerical values used for o for lead are collected 
in Table II. The values used fall on a smooth curve; 
and should be accurate to about 5%. We see that sub- 
tracting op.p. gives less than a 10% correction up to 
energies of 5 mc*; but subtracting op.p. changes the 
asymptotic dependence from the Hall-Sauter k~! de- 
pendence to a k~*® dependence at very high photon 
energies. 


III. FORWARD SCATTERING AMPLITUDE 


The real part F of the forward scattering amplitude 
is related to the absorption cross section o by the dis- 
persion theory integral*: 


oe 


Foa)/ro=P f n?(df/dn’)dn’/(n’—n’*), (4) 


0 


where P represents the Cauchy principal value. Here ro 
is the electron radius e?/mc?; we express energies in 
terms of n= photon energy//; the oscillator density per 
unit ionization energy is proportional to the absorption 
cross section: df/dn’ =0/108.7 1=«/1080, for our rela- 
tivistic treatment of lead, where o is in barns, and / in 
Mev. We calculate this integral numerically for various 
values of taking the oscillator density df/dy’ for the 
continuum from Table II, with interpolation; and 
taking the oscillator strength for discrete transitions 
from Table I. Our results for lead are given in Table III, 
together with the calculations of F by Brown et al.?* 
for mercury and calculations for a nonrelativistic 
K electron. 

We have expressed our value of F as the sum of F, 
and Fy. The term F, comes from the integral over the 
continuum for 7’ from 1 to infinity; while Fy, is the 
contribution to the forward scattering amplitude from 
discrete transitions. (We have made this separation 
since for comparison with experiments on an actual 
lead atom, the scattering amplitude per K electron will 


more nearly be given by F, than by F, since the dis- 
crete transitions giving Fy are forbidden by the Pauli 
principle. Of course, the scattering by L, M, etc., elec- 
trons would also have to be included, and calculations 
of df/dn’ should be made with screened wave functions.) 
We have omitted the energy region between 0.667/ 
and 1.11/ since in that region the scattering amplitude 
F fluctuates violently due to the resonances correspond- 
ing to transitions to the various discrete states. 

We also present in Table III the imaginary (or ab- 
sorptive) part of the forward scattering amplitude, here 
denoted by G. G is proportional to the absorption cross 
section at that energy, according to the optical theorem 


G/ro= (k/4a1r0)0 = (4 /2)n(df/dn). (5) 


We obtain the last expression on the right using the 
relations: photon wave number k= /n/hc; and absorp- 
tion cross section o= (2x*e’h/mc)(df/dn)/I. Brown’s 
values of G for mercury are obtained from a private 
communication in which he gave o(0.32 mc*)=189 
barns, and 0 (0.64 mc?) = 30.4 barns. 

As shown in Table III and Fig. 1, our values of the 
dispersive forward scattering amplitude F for a K 
electron of lead check quite well with the three values 
of F found by Brown et al.’ for mercury, as part of their 
extensive work on the coherent scattering as a function 
of angle. We believe that our present value F(« 
=().86ry should be reliable to better than 3%. [This 
numerical value checks well, but only fortuitously, 
with the value F(«©)=0.85r5 given in A.] Thus the 
forward scattering amplitude does not approach the 
value ro for a free electron at very high energies. 
Similarly the summed oscillator strength, or the corre- 
sponding integrated cross section, are not given by the 
Thomas-Reiche-Kuhn (TRK) value, but are only about 
86% as large. This high-energy behavior of F for a 
relativistically bound electron casts doubt on the 
validity of the Gell-Mann, Goldberger, and Thirring* 
assumption on the high-energy dependence of F, used 
for example in their calculation of the integrated cross 
section for photonuclear reactions. 
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Fic. 1. Numerical values for the dispersive forward scattering 
amplitude F, in units of e*/mc*, are given in Table III. The curve 
for lead is calculated using relativistic oscillator strengths for a K 
electron in the Coulomb field of a lead nucleus. The nonrelativistic 
(NR) curve applies to any nonrelativistic atom. The points 
marked X show the relativistic calculations by Brown et al., 
reference 3, for forward scattering by a K electron of mercury. 


We see that the absorptive term G in the forward 
scattering amplitude is comparable to the dispersive 
term F near the K edge, but that G decreases rapidly 
with increasing photon energy, while F approaches an 
asymptotic value. 

It is also of interest to compare F for the relativisti- 
cally bound electron in lead with F for a nonrelativistic 
atom. For the nonrelativistic case we use the Stobbe 
electric dipole cross section for which df/dn’ is inde- 
pendent of Z. (See Table I for nonrelativistic oscillator 
strengths for discrete transitions; and A, Table IV for 
nonrelativistic oscillator densities based on Stobbe’s 
photoeffect cross section.) First, we see that the non- 
relativistic value of F()/ro is unity, as it must be. 
While the relativistic and nonrelativistic treatments 
differ appreciably on the value of F(), and also for F 
and G at other photon energies, they are in agreement 
on the values of F,() and in fair agreement on F,(7) 
as shown in Fig. 2. As discussed above, we would expect 
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Fic. 2. Here 7 is the photon energy/binding energy; and F, is 
that part of the dispersive forward scattering amplitude that 
comes from the oscillator density to the continuum for a K elec- 
tron. See Table III for numerical values. The lead curve is calcu- 
lated relativistically, while the NR curve applies to any non- 
relativistic atom. F;, will be a better approximation than F, drawn 
in Fig. 1, for the forward scattering amplitude by a K electron in 
an actual atom. However, screening corrections should be made. 


F, to be a better approximation than F in dealing with 
scattering by K electrons in an actual atom, where the 
important discrete transitions are forbidden ; so we con- 
clude that the K forward scattering in an actual lead 
atom may not be very different from that given by the 
nonrelativistic calculation. [The largest difference is at 
about twice the ionization energy where (F.)nr=0.55 
and (F,)jeaa=0.48.] One can also compare the dis- 
persion curves given here with the universal dispersion 
curves, assuming a power law equation for oscillator 
density, calculated by Parratt and Hempstead.” 
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An approximation method for high-energy potential scattering is developed that expresses the scattered 
amplitude in terms of a quadrature, similar to the Born approximation but superior to it in accuracy. It is 
valid when the potential is slowly varying compared to a wavelength, | V| /EZ’ is small compared to unity, @ 
is either small or large compared to (kR)~+, and | V| R/hv is unrestricted in magnitude, where E’, 0, k, and v 
are the kinetic energy, scattering angle, wave number, and speed of the scattered particle, and V and R are 
rough measures of the strength and range of the scattering potential, which may be complex. For compari- 
son, the Born approximation requires that |V|R/hv be small compared to unity. The procedure consists 
in summing the infinite Born series after approximating each term by the method of stationary phase. Both 
the Schrédinger and Dirac equations are treated, and it is expected that the method can be extended to the 
scattering theory of other wave equations. The relation of the present work to previous work of others is 
discussed, and the limitations of WKB or eikonal-type approximations are explored. The method is expected 
to be especially useful for calculating the scattering of fast electrons, neutrons, and protons from non- 


spherical nuclei. 


I, INTRODUCTION 


CCURATE calculations of potential scattering 
at high energies have been based on the method 
of partial waves.' This method can only be used when 
the potential is spherically symmetric, and becomes 
very laborious when the reduced wavelength of the 
scattered particle is somewhat smaller than the range 
of the potential. It would be desirable to find an expres- 
sion for the scattered amplitude in terms of a quadra- 
ture, similar to the Born approximation but superior 
to it in accuracy. One would hope that such a closed 
form would be better adapted to numerical computation 
than the partial wave series, but in any event it could 
be applied to nonspherical scattering potentials. The 
present investigation was directly stimulated by this 
last point in connection with the experiments of 
Hofstadter and collaborators? on the scattering of 
high-energy electrons from heavy nuclei, since it is 
known that such nuclei often depart significantly 
from spherical symmetry, and that electron scattering 
from them cannot be treated reliably by the Born 
approximation.® 
As is well known, the Born approximation is expected 
to be reliable when the true wave function in the scat- 
tering region does not differ significantly from the 
incident plane wave. We shall be concerned with po- 
tentials that do not change by an appreciable fraction 
of their value in a reduced wavelength, that is, with 


* Supported in part by the United States Air Force through the 
Air Force Office of Scientific Research, Air Research and De- 
velopment Command. 

1 For electron scattering, see Yennie, Ravenhall, and Wilson, 
Phys. Rev. 95, 500 (1954); for proton scattering, see Melkanoff, 
Nodvik, and Saxon, Phys. Rev. 100, 1805 (1955); for neutron 
scattering, see Culler, Fernbach, and Sherman, Phys. Rev. 101, 
1047 (1956). 

2?Hahn, Ravenhall, and Hofstadter, Phys. Rev. 101, 1131 
(1956). 

3A useful approximation based on a modified plane wave has 
been described by Yennie, Ravenhall, and Downs, Phys. Rev. 
98, 277 (1955). 


high incident energies and finite, continuous potentials 
A rough approximation to the true wave function in 
the scattering region can then be obtained from a kind 
of WKB approach, in the following way. The classical 
trajectories are nearly straight lines in the direction 
of the positive z axis, so that the situation is approxi- 
mately one-dimensional. Then the phase of the wave 
function differs from that of the incident plane wave by 


J [x(x,y,2’)—k ]dz’, (1) 


where 


ReR+md=FE, nee+mc'= (E—V)?. 


Here E and m are the total energy and rest mass of the 
incident particle, and V is the scattering potential 
energy. Then if |x—k|<k, which is the same as the 
condition |V|«(E—mce?), Eq. (1) is equivalent to 


— (hv) if V (x,y,2’)d2’, 


where v is the speed of the particle. The incident plane 
wave exp(ikz) must then be replaced by 


expil ka (he) f V (x,y,2" ie (2) 


x 


An amplitude change of order (x—k)/k has been 
neglected here.‘ 


4 Equation (2) or its equivalent appears in a number of earlier 
papers: G. Moliere, Z. Naturforsch. 2, 133 (1947); G. Parzen, 
Phys. Rev. 81, 808 (1951); E. W. Montroll and J. M. Greenberg, 
Proceedings of the Symposium on Applied Mathematics 5, 103 
(1954); B. J. Malenka, Phys. Rev. 95, 522 (1954); I. I. Gol’dman 
and A. B. Migdal, J. Exptl. Theoret. Phys. U.S.S.R. 28, 394 
(1954) or Soviet Physics—JETP 1, 304 (1955). Montroll and 
Greenberg attribute it to Moliere and to R. J. Glauber, Phys. 
Rev. 91, 459 (1953); Malenka attributes it to Glauber; Gol’dman 
and Migdal attribute it to L. D. Landau and E. M. Lifshitz, 
Quantum Mechanics, Part I, p. 184 (1948). 
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Thus we expect the Born approximation to be useful 
at high energies when 


(my) f “V (esyyt/bde! 1, (3) 


—o 


throughout the scattering region.® In the nonrelativistic 
case, this condition is always satisfied at sufficiently 
high energy since » can be made as large as desired. 
On the other hand, »v cannot exceed ¢ in the relativistic 
case, so that for potentials that are large enough in 
magnitude or range, the Born approximation is never 
valid. As an example, we expect that high-energy elec- 
tron scattering from nuclei can be treated by Born 
approximation if (Ze*/hc) InB&1, where f is the ratio 
of the atomic screening radius to the nuclear radius. 
However, this criterion may be too severe, for we need 
only require that the change of the phase difference 
between Eq. (2) and the plane wave throughout the 
principal scattering region be small in order for the 
Born approximation to be valid, since the constant 
phase difference is of no significance in potential scatter- 
ing. This leads to the validity criterion (Ze*/hc)<1. 

We shall derive an approximate expression for the 
scattered amplitude that is valid when ka>>1, |V| 
«(E—mc*), and the quantity which appears on the 
left side of Eq. (3) is unrestricted in magnitude. Here, 
a is the distance over which the potential changes by 
an appreciable fraction of itself. Our procedure will 
consist in summing the infinite Born series after 
approximating each term by the method of stationary 
phase. This will be justified if the angle of scattering 6 
is either somewhat larger or somewhat smaller than 
(kR)~*; the form of the calculation is different in the 
two cases.* Here, R is the range of that part of the 
potential which contributes appreciably to the scatter- 
ing; in the Coulomb case, it is probably more nearly the 
nuclear radius than the atomic screening radius. We 
shall generally assume that R and a are of the same 
order of magnitude. 

This derivation for the Schrédinger case is given in 
Sec. II, and for the Dirac case in Sec. IIT. Sections IV 
and V are devoted to a more detailed study of the 
Schrédinger case, in order to understand the limitations 
of the present procedure and to clarify its relationship 
with earlier work. The wave function is found in Sec. 
IV, and the WKB or eikonal approximation is examined 
in Sec. V. 


5 A condition equivalent to Eq. (3) was derived for the partial 
wave analysis by G. Parzen, Phys. Rev. 80, 261 (1950). 

6 A somewhat similar procedure has been employed by Glauber 
and Malenka (reference 4), and by I. I. Shapiro, thesis, Harvard 
University, May, 1955 (unpublished). Rather than use the sta- 
tionary phase approximation explicitly on an integral like Eq. (7) 
below, they approximate the Green’s function by itself in a way 
that is only justified if it is later to be multiplied by a plane wave 
and integrated over as in Eq. (7). The final results obtained by 
them are only correct for small angles of scattering (see Sec. II B 
below). 
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II. SCHRODINGER SCATTERED AMPLITUDE 


We wish to find a solution of the Schrédinger wave 
equation 
(V-+k—U)y=0, (4) 


where #?k?/2m is the kinetic energy of the incident par- 
ticle and #?U/2m= V is the scattering potential energy, 
with the asymptotic form 


¥ — exp(iko-r)+17 exp(ikr) f(K,,ko). 


Here, ko is a vector of magnitude k along the direction 
of incidence, ky is a vector of magnitude k along the 
direction of observation, and f is the scattered ampli- 
tude. As is well known, f can be expressed as the in- 
finite Born series 


flkjka)=¥ f+ f exp(—iky- 1) UG.) 


x U(r-1)G(tr1— Tn—2) U(rn—2) Pin U(r2) 
XG(re— 151) U(r) exp(iko- r;)d7;° . ‘dTny (5) 


where G is the outgoing wave Green’s function for the 
operator (V?+-k?) 


G(9)= (—4ap)* exp(ikp). (6) 


We wish to take advantage of the assumed slow varia- 
tion of U over distances of order k~'. This can be done 
by rearranging the exponents of the initial and final 
plane waves and all the Green’s functions so that the 
regions of the integrand which are not oscillating 
rapidly are explicitly exhibited. In this connection 
consider the quantity expli(kp—k-o)] as a function 
of 9. For a particular value of the magnitude p of , 
when it is assumed to be somewhat larger than k-, this 
exponential oscillates rapidly as the direction of @ is 
changed, except when 9 is nearly parallel to k. The 
phase of the exponential is stationary when 9 is parallel 
to k, and the approximation procedure based on this 
property is called the method of stationary phase.’ It 
follows that most of the contribution to the integral 


ie f pg(p) expLi(ke—k-) dr (7) 


comes either from a region shaped like a paraboloid of 
revolution about the direction of k with vertex at the 
origin and radius of order (p/k)' perpendicular to its 
axis, or else from a spherical region with radius of order 
k about the origin. It is shown in Appendix A that 
for large k 


T= (2mi/k) f e(kp)dp-+0(k), (8) 


where k is a unit vector parallel to k. 


™The method of stationary phase is discussed by C. Eckart, 
Revs. Modern Phys. 20, 399 (1948), who gives references to earlier 
work. 





HIGH-ENERGY POTENTIAL 


A. Large Scattering Angle 


We define vectors 9:=f—f1, @2=f3—fe, 
=fn—Tn_1. In terms of these we can write 


. "On-1 


—ky-tat+ko-11= —ky-On- 1— ky: On—2— ae -—Ky- Om 
+4 -tm—Ko-Qm1—-+--—Ko-o2—Ko-o1, (9) 


where q=k)—k, and m can be any of the integers 
1,2,---n. The Jacobian of the transformation from 
Ti, T2,---n tO 01, @2, °**On—1, fm 1S unity, and it is 
easily seen that the infinite limits on the first set of 
variables transform into infinite limits on the second 
set. Substitution of Eqs. (6) and (9) into (5) yields a 
sequence of integrals over 01, ---@n-1, each of which is 
of the form (7), where the functions g involve products 
of U’s. Application of the leading term of Eq. (8) to 
these n—1 integrations yields 


H(ey,keo) = (—4e) EE (4/28) 


n=l m=1 


x farm f dp,:: f dpn—1 €Xp(tq: fm) 
0 0 


X UL tm +R s (ont +++ pm) ]***U(tm+ som) U (tm) 
XU (tm— Ropm—1)* ++ ULtm—Ro(om—r1+++*+p1)]. (10) 


To simplify the integrations over 1, ---Pm—1 Wwe 


introduce new variables 


S1= pit -+++Pm—1=pitSe, 


aa Sm—1= Pm—1- 


S2= pot :--+pm—1=p2tSs, 
Then since the Jacobian is unity, 


f do f dpm—1 
0 0 


x U (tm— Ropm- iit: UL tm— bo(Om—1+ +++) ] 


eo eo t+) 
wa f ies f dit f ds 
0 8m—1 82 


x U (tm— koSm—1) iti U (tm— kos). 


We now define another set of variables 
w= f U(tm— Ros) ds, l= i, 2 hee -m—1, 
sl 


and rewrite the last multiple integral as 


Wo Wm-1 Ws We 
f Wns f dWm-2** f aw. f dW, 
0 0 0 v 


SCATTERING 
where 


Wo= f U(tm— kos)ds. 
0 


This is easily evaluated to be 


WwW” (m—1)! 
cs) m—1 
=[(m—1)!] \f U (tm bess] -) tht) 


In similar fashion we introduce new variables 


Sm+1= Pmt Pmti= Smt Pm+1; 
me ‘Sn—1= Pm+ 7 ‘+pn-1=Sn-2t Pn ly 


Sm=Pmy 


and find that 


f dpm* “ f dpn-1 
0 0 


x ULtm+hy(pn—1+ =. +pm) }: oe U (tm+ som) 


0 an a 
-f asm f dma: f dsn-1 
0 8m 8n—2 


KU (tm hySn—1) +++ U (tm+b Sm) 


m 


(12) 


=[(n—m)!} lf U (oa h,s)ds 
0 


When (11) and (12) are substituted into Eq. (10), the 
summations over m and m become trivial, and we obtain 


f (ky, ko) = (—4nyf exp(iq:r) U(r) 


i) 


xexp| (-i/m] f U(r—hos)ds 


+ f “U(eth)és] fd. (13) 


Equation (13) is our approximation for the Schréd- 
inger scattered amplitude. It is valid so long as (a) the 
higher-order terms in Eq. (8) can be neglected, and (b) 
the stationary phase regions that correspond to the n 
different values of m are actually distinct from each 
other, since these m contributions were added together 
to obtain the mth term of Eq. (10). In regard to (a), 
we see from Eq. (A.2) of Appendix A that the ratio 
of the second to the leading term of J is of order R/ka’, 
where a is the distance over which the potential changes 
by an appreciable fraction of itself and R is the range of 
that part of the potential which contributes appreciably 
to the scattering. In most cases a and R are of the same 
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order of magnitude, and even in the Coulomb case R 
is not expected to be much larger than a. Thus (a) 
requires in the first place that AR be substantially 
larger than unity. Further, the leading term of J gives 
rise to the curly bracket term in the exponent of Eq. 
(13), which is of order UR/k=2VR/hv. We therefore 
expect inclusion of the second term of J to change the 
exponent by an additive amount of order (2V R/hv) 
X (R/ka*)= V R?/E’a?, where E’ is the kinetic energy of 
the incident particle, and thus change f by a multiplying 
factor of this order. Thus in the second place, (a) is 
roughly equivalent to the requirement that the scatter- 
ing potentia] energy be small in comparison with the 
kinetic energy of the incident particle. 

In regard to (b), we note from the discussion of Eq. 
(7) and Appendix A that the angle by which o can 
deviate from k and still lie within the stationary phase 
region is of order (kp)~!, which we can replace in order 
of magnitude by (kR)~!. Now the m stationary phase 
regions that are added together to obtain the mth term 
of Eq. (10) differ from each other in that each of the 
vectors 01, ---@,—1 is nearly parallel to either ko or ky. 
Unless the angle 6 between ky and k, is substantially 
larger than (kR)~}, these regions are not distinct. 
Thus (b) is equivalent to the requirement that the 
scattering angle 6 be large in comparison with (kR)~}. 

It is interesting to note that Eq. (13) satisfies two 
general symmetry requirements.* The first of these is 
f(k;s,ko) = f(—ko, —ky), which expresses the reversi- 
bility of the scattered amplitude between any pair of 
directions; it is easily verified when it is remembered 
that q=kop—k,. The second of these is f(ky,ko) 
= f(ko,k,), and is valid only when the scattering po- 
tential is symmetric with respect to inversion: V(r) 
=V(—r). It can be verified by interchanging ky and 
k, in Eq. (13), replacing r by —r as the variable of 
integration, and making use of the assumed inversion 
symmetry. 


B. Small Scattering Angle 


When @ is substantially smaller than (kR)~!, the 
different stationary phase regions coalesce into a single 
one for each value of m. We choose the z axis in the 
direction of ko; then g,~}k@ is small in comparison 
with 1/2R, so we replace exp(ig.zm) by unity. The 
integrals that appear in Eqs. (11) and (12) may be 


written 
f UC bogas= f U (Xm Vm2)d2, 
0 —0o 


: U(tm+hys)ds= f 


U (%m;Vm52)dz, 
zm 


since k, is very nearly parallel to the z axis. Equation 


® R. Glauber and V. Schomaker, Phys. Rev. 89, 667 (1953). 
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(10) then becomes 


f (ky, ko) = ( —4r)" . (—i/2k)"- 


n=l 


x f dX, f dym EXPLi(qe%mtGyVm) | 


xf d2mU (XmsVm32m)_(m—1)!(n—m)!} 


tm m—1 ) n—m 
x| U (omitnds| f U (tnitmds| ; 


] 


The factor exp[i(qz%m+4qy¥m) |] cannot be replaced by 
unity since the transverse components of q are of 
order k@ and hence can be considerably larger than 
1/R. If now we substitute 


2m oO 
w= f U (%m;Vm,2)dz, a= [ U (Xm5Vm,2)d2 
—20 —0 
into the integration over Z, it becomes 
J Com 1)1(n—m) Hw a—w)-dw=a/n! 
0 


and so is independent of m, as of course it must be. 
The summation over 7 is now trivial, and the scattered 
amplitude becomes 


flys) = (it/2n) f [ expigaton 


x | 1 exp (1/2) f U(siya)as| aay (14) 


Equation (14) is our approximation for the Schréd- 
inger scattered amplitude when @ is substantially 
smaller than (kR)~!, and also 1/kR and V/E’ are small 
compared to unity. It appears in some of the earlier 
work® as a small-angle approximation, although no 
discussion of its validity appears to have been given 
previously. Equation (14) has the form of an integral 
over impact parameters, denoted by their coordinates 
x and y on a plane perpendicular to the direction of 
incidence. If the scattering potential is axially sym- 
metric with axis parallel to the direction of incidence, 
the variables x,y can be replaced by b,¢, where 
b= (x?+-y*)! is the magnitude of the impact parameter. 
The integration over ¢ can then be performed at once 
to give 


f(k,,ks) = ik f To(qh) 
0 


x|1-exe (i 2m) f ve as] oan, (15) 
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We have been unable to obtain a result analogous to 
Eqs. (13) and (14) that is valid when 0~(kR)-}. It 
should be noted, however, that when VR/hv is very 
small, (13) and (14) reduce to the Born approximation 
amplitude 


fa(Ky,ko) = (—4n) tf explia-U (ear, (16) 


and hence are valid regardless of the magnitudes of 6 


and kR. 


C. Total Cross Section 


As is well known, the total cross section is related to 
the imaginary part of the forward scattered amplitude 


c= (4a k) Imf( ko, Ko) 


-2f f {cos (24 f U(wiya)ds] | aay. (17) 


Here, use has been made of Eq. (14). 

It is interesting to compare Eq. (17) with the integral 
over angles of the differential cross section obtained 
from Eq. (16), when k is very large and V is spherically 
symmetric. In this case Eq. (17) gives 


oo (2r ef Lf (r?>— b?) U(r | bdb. (18) 
7 0 b 


Equation (16) can be written 


fe=-q f singrU(r)rdr, q=2ksin3é, 


0 


so that the total Born approximation cross section is 
op — (29 #) f | f singr U(r | (dg/q). (19) 
k—00 
0 0 


Equation (18) has the form of an integral over impact 
parameters, and Eq. (19) the form of an integral over 
momentum transfers. If the g integration is performed 
first in (19), it becomes 


(x e) | | U(r) U(r’) InE(r+9)/ | r—r' | Irr'drdr’. 
0 0 


Equation (18) can also be put in this form by doing 
the 6 integration first, although the calculation is 
slightly more complicated in this case. Thus the two 
expressions agree, as expected. 


D. Complex Scattering Potential 


In order for a complex scattering potential to repre- 
sent an absorbing medium, its imaginary part must be 
negative. Then, since the integrals involving U in the 
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exponents of Eqs. (13) and (14) are multiplied by —1, 
the integrands decrease exponentially rather than in- 
crease as the imaginary part of V or the range of V 
increases, as of course they must. There is nothing in 
the analysis that prevents the results obtained in this 
paper from being applied to complex potentials. 


III. DIRAC SCATTERED AMPLITUDE 


Since the infinite Born series for the Dirac case is 
perhaps less well known than the analogous Eq. (5) for 
the Schrodinger case, we start with the Dirac equation 

(—thca:-¥+mc?6+ EhW=Vy, 
where @ and @ are the Dirac matrices. We operate on 
this from the left with 
ihca:-V—mc?B+E 
to obtain 
(V?+k? )W= (e+ia-V—uB)uy, (20) 


where k?= &—y?, e= E/hc, w= mc/h, v= V/he. Equation 
(20) can be converted into an integral equation by 
making use of the Green’s function (6) for the operator 
on the left side to obtain® 


¥(r) = do exp(iko- r)— (47) f r—r’|-! 


Xexp(tk| r—r’|)(e+ia- y’—uB)u(r)y(r')dr’, 


where do is one of the two unit spinors associated with 
the incident plane wave of momentum fk» and positive 
energy, and the prime on the gradient operator denotes 
differentiation with respect to r’. Integration by parts, 
followed by transfer of the gradient from r’ to r in the 
Green’s function, leads to 


W(r) = ao exp(iko- r)— (427) l(e+ia: ¥—up) 
xf r—r’ | exp(tk| r—r’| u(r )y(r')dr’. (21) 


The integral equation (21) is exact, and can be 
iterated to obtain the infinite Born series, which has 
the asymptotic form 


Y — do exp(iko- r) 


+3 (—4ar)— exp (ikr) (e—a- ks—p) 


n=1 


fio f exp = ily ta)u(te) (bie ¥.—H8) 


XG(on—1)0(tn_1)* + + (e+ia: V2—uB)G(01)u(11) a0 
Xexp(iko- r,)d7° ° “AT p. (22) 


®G. Parzen, Phys. Rev. 80, 261 (1950). 
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Here, G is given by Eq. (6), the o’s are defined just 
above Eq. (9), and the subscript on each of the gradient 
operators denotes the particular r on which it operates. 
We wish now to proceed as in Sec. II A, and associate 
a factor exp(—iko-o) or exp(—ik,-9) with each G, 
in order that the stationary phase approximation may 
be applied. The difficulty is that these exponentials do 
not commute with the gradient operators which appear 
in the integrand of Eq. (22). We note, however, that 
for any constant vector k and function g(r) 


Vg=exp(ik-r)(V¥+ik)[exp(—ik-r)g ], 


so that the substitution (9) can be used to put the 
exponentials in the right places if each gradient is re- 
placed by ¥V+iko or ¥+ik,, as appropriate. The Dirac 
scattered amplitude in Eq. (22) then becomes 


fo(ky,ko) = (— 4)" (e— a k— 8) 
<<. fav foleodbete (v= ki)~u8] 
n=] 
XG(on-1) exp(—iky-on-1)u(ta-1)-*- 
X Leta: (iVmyi—ky)—n8] 
XG(om) exp(—ik;- on)v(tm) 
Xexp (iq: tm)Le+a- (i9%m— ko) —u8 | 
XG(Om 1) exp (—iko- @m- 1)U(fm—1) dies 
X[Let+e: (iV 2— ko) — 28 ] 
XG(o1) exp(—iko- 01)u(11)aod7,- -*dTn, 


where m can be any of the integers 1, 2, - - -m. 

Before applying the stationary phase approximation 
(8) to each of the factors G(;) exp(—ik-o:), we note 
that 


(iV = k)[G(o:) exp(— ik -o1) | 

= — pi *or(kpit+1)G(o) exp(—ik . 01). 
It is plausible, and can be verified by direct calculation, 
that 7 can be neglected in comparison with kp; in the 
parenthesis when only the leading term of (8) is re- 


tained. We thus obtain, to the same approximation as 
Eq. (10), 


Tv ky, ko) = (— 427)“ “e—ea- k;— pn) 


Xx>d > (-—i/2k)" farm f dr f dpn—1 
n=1 m=] 0 0 


Kexp(iq: tm)vLtm+h p(n: ++ +Pm) ] 
X +++ (tm h som) v (tm) v (Fm — RoPm—1) 
+++ uLtm—ho(om—rt**-+p1) J 
X (e— a ky—y8)"-"(e— a ko— 8)”, 


(23) 
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where again we have assumed that the » stationary 
phase regions are distinct. We are actually interested 
not so much in fp itself as in the scalar product of fp 
with a,, which is one of the two unit spinors associated 
with the final plane wave of momentum vk, and positive 
energy. This quantity d;fp can be simplified by noting 
that ao and 4, satisfy the spinor equations 


(e+a@-ko+py8)ao=0, 
G;(e+a-ks+yu8)=0, 
so that 


G;(e—a-ky—pB)” -m+1 (e— a - ko— 8)” up = (2€)"d sao. 


On substitution into Eq. (23), it can be treated in 
exactly the same way that Eq. (10) was treated in 
Sec. II to yield Eqs. (13) and (14) in the large- and 
small-angle cases. The result is 


Gf p(ks,ko) = (d yao) (E/me*) f(k;,ko), (24) 


where f is given by (13) or (14); it must be remembered 
that U/2k and ev/k are both equal to V/hv. 

The differential cross section in the Dirac case (ig- 
noring polarization effects) is obtained by averaging the 
absolute square of Eq. (24) over the two initial spinors 
ao and summing over the two final spinors a;. The 
result is 


op (ks,ko) = (E/me?)?[1 — (v?/c?) sin?(36) Jo(ky,ko), (25) 
where 
o(ky,ko) = | f(ky,ko) |? 


is the differential cross section in the Schrédinger case. 
Equations (25), (26), (13), and (14) give the Schréd- 
inger and Dirac cross sections when @ is large and small 
in comparison with (kR)~. The relation (25) between 
the Dirac and Schrédinger cross sections in our approxi- 
mation is the same as that derived by Parzen’ for the 
Born approximation. 

It is to be expected that this approximation can be 
extended to the scattering theory of other wave equa- 
tions (electromagnetic, acoustic, other spin values, etc.), 
although this has not as yet been done. In general, the 
validity conditions are kR>1, @ large or small in com- 
parison with (kR)~}, and Ak (the change in wave num- 
ber within the scattering region) slowly varying and 
small in comparison with k, with RAR unrestricted. 


(26) 


IV. WAVE FUNCTION 


In this section and the next we examine the Schréd- 
inger case in more detail than the preceding sections, 
in order to understand the limitations of the present 
procedure and to clarify its relationship with earlier 
work. We start by calculating the wave function to the 
same accuracy as the scattered amplitude (13) and 
(14), and by the same method. 
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The infinite Born series for y is 


Y(t) =exp(iko-1) +E va(n), 


n=] 
balt)= f+ f= 1)U (G(T DUCE) 


3 U (12)G(r2— 1) U(r) exp(iko- r1)d7}° ° -dTn. 27) 
‘ 
In analogy with the development between Eqs. (5) and 
(10), we put 


Ko -81= ko -fm— Ko- (f1m— fm—1) — ve -—ky- (r2—1). 


There are now two classes of terms which give rise to 
stationary phase regions; (a) those for which r,,=r, 
Im-1=Tp,, etc., and (b) those for which m is any of the 
integers 1, 2, ---. The (a) term for each is immedi- 
ately approximated by the methods of Sec. II to give 
the following contribution to y,: 


(—i/2k)" exp(iko- of dpy: ° f dp,U (t— kop») has 's 
0 0 


X U[r—ho(ont+:-*+p1)], 


where 9,=r—r, and the other o’s are defined just 
above Eq. (9). This can be simplified as in Sec. II A, 
and the sum over » performed. Inclusion of the incident 
plane wave of Eq. (27) then leads to the following con- 
tribution to y: 


exp| i(ko- r)— (4/ 2%) f U(r—kos)ds , (28) 


We now consider the (b) term that arises from a 
particular choice of » and m. The integrations over 
I}, ‘*:Im—1 can be converted into integrations over 
01, ***Om—1 and evaluated as 


(—i/2nye f dpy: = f dpm—1 
0 0 


x U (tm— Room oe UL tm—ko(om—1+° -++p1) | 


Lomi f (1/28 [Ue boas eo (29) 


To evaluate the integrations over fm+1, ---Tn, We note 
that the rapidly varying part of the integrand is 
explik(ont+pn—it:::+pm)]. It is apparent that the 
phase of this term will be stationary when the 9’s are 
lined up parallel to the vector 9=r—r,, in which case 
the exponential will be equal to exp(tkp). It is shown 
in Appendix B that the integrations over fm41, ++ -Tn 
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yield 


(—4p) exp(ikp)(—i/2k)"™ 


o pP Pm Pp Pm 
xf dom f dpm +1°° f 
0 0 0 


X UL tmt+p (pn it ct +pm) ]- be U(tm+ppm), 


“tas 
dpn—1 


where p is a unit vector parallel to ». This may be 


simplified in the same way that Eq. (11) was obtained, 
and leads to 


(—4mp)~! exp(ikp)[(n—m)!}7 
x (=i 2%) [ U (tus) . (30) 


Substitution of Eqs. (29) and (30) into (27), and sum- 
mation over m and n, gives for the contribution of the 
(b) terms to py 


fc 4p) exp(ikp) U(r’) exp(iko- r’) 


2 


Xexp| (—i/ 2) f U(r’ —kys)ds 
0 
+f u(e-+as)ds| ae, (31) 


where now 9=r-r’. 

Before adding together Eqs. (28) and (31) to obtain 
our approximation for y, it is essential to realize that 
we have assumed that the various stationary phase 
regions are distinct. In the (a) terms that led to Eq. 
(28), the m scatterings that give rise to the mth term 
in the Born series are all nearly forward, so that the 
particle may be thought of as propagating from z= — « 
to r along a nearly straight line parallel to its initial 
direction ko. In the (b) terms that led to Eq. (31), the 
particle may be thought of as propagating from z= — « 
to r’ along a nearly straight line parallel to ko, then 
being scattered at r’ and propagating along a nearly 
straight line to the point r. The (n+1) stationary phase 
regions that contribute to y, [one from the (a) term 
and » from the (b) terms] are thus distinct only if the 
point r’ is not too close to the line parallel to ky that 
extends from z=— to r; more precisely, the angle 
between o and ky must be somewhat greater than (kp)~*. 
Thus either we must exclude this range of r’ from the 
integration in Eq. (31), or we must replace Eq. (28) by 
exp(iko-r) and recalculate the (b) terms that led to 
Eq. (31), taking into account the coalescence of the 
stationary phase regions for this range of r’. The two 
procedures are of course equivalent; we use the first, 
and express our approximation for the Schrédinger 
wave function as the sum of Eqs. (28) and (31), where 
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we introduce a prime on the r’ integration to denote 
the exclusion just mentioned: 


¥(2)=exp i(k r)—(i ae) f U(e—fs)as} 


+f (—4mp) exp(tkp) U(r’) exp(iko- r’) 


xexp| (=i 2| f U(r’ —kys)ds 
0 
+f uie-+as)ds| ar (32) 
0 


Equation (32) can be used as it stands in the vicinity 
of the scattering potential. In the asymptotic region, 
for 6>>(kR)~, the first term becomes exp(iko-r) and 
the second term becomes r~ exp(ikr)f(k;,ko), where 
k, is parallel to r and f is given by Eq. (13). However, 
for 6K(kR)~* in the asymptotic region, it must be 
remembered that the first term of (32) cannot be taken 
literally as implying that the integral in the exponent 
vanishes if r>>R/@, so that the line from z=— © tor 
along ko misses the scattering potential. The reason is 
that the o’s from which this integral arises can have 
directions that deviate from that of kp by angles of 
order (kR)~', so that the integral always fails to vanish 
in the small-angle case. It is simpler then to follow the 
second procedure outlined in the preceding paragraph, 
in which case the calculation is exactly that which led 
to Eq. (14) for the scattered amplitude in the small- 
angle case. 

It is interesting to substitute Eq. (32) into the well- 
known formula 


f(s) = (—4y> f exp(—itk,-r)U(r)y(r)dr (33) 


for the scattered amplitude, which is exact if y is exact. 
The first term of y yields 


(—4n)f exp(iq-r)U(r) 


xexp| (i 2%) f U (abs ir, 


while the second term leads to 


(4ny-* far f dr’U(r)U(r')p™ 


Xexpli( ky: r’—k;y- +p) | 


Xexp| (—1 2| f U(r’ —kys)ds 
0 " l 
+f Uie'+aoas|]. 


(34) 
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Now the first term of y given by Eq. (32) is of order 
unity, while the second term can be shown to be of 
order V/E£’ since the stationary phase region that would 
normally arise from that part of the integrand for which 
o is nearly parallel to Ko is excluded. Thus since the 
derivation of the first term neglected corrections of 
order V/E’ [see the discussion of Eq. (13) ] one might 
think that the second term of y should be dropped. 
However, we shall show in the next paragraph that in 
the large-angle case, there is a different stationary 
phase region in the integrand of (35), that in which 0 
is nearly parallel to ky, which brings (35) up to the 
same order of magnitude as (34). On the other hand, in 
the small-angle case where k; and kp are nearly parallel 
to each other, this second stationary phase region is not 
distinct from the first one, which is excluded; thus (35) 
has to be neglected for consistency in this case. We thus 
conclude that Eq. (34) by itself is the scattered ampli- 
tude in the small-angle case; but for small angles, as 
pointed out at the beginning of Sec. II B, q.2 is small 
compared to unity and may be neglected. The z integra- 
tion is then easily performed, and leads immediately 
to Eq. (14). 

In the large-angle case, where k; and ky are not close 
to parallelism, we can put ko-r’—k;-r+kp=q-r' 
+kp—k;- in the exponent of the integrand of Eq. 
(35). Thus there is a stationary phase region when 0 
is nearly parallel to ky, which is distinct from that 
excluded by the prime of the r’ integration. Then, using 
Eq. (8) to evaluate the leading term of Eq. (35), we 
obtain 


(4a)? (29 b) far f dp exp(iq: r’)U(r’)U(r' +k yp) 
0 
xexp| (—4 2| f U(r'—kos)ds 


+f uie+ksas||, 


where we have replaced j by k,. The p integration is 
now easily performed, and leads to 


( —4nyf exp(iq-r) U(r) 


xexp (i 2 f U (hes) 


x {exe (i 26) [ ver+k,s)as]—1 lar, (36) 


where we have replaced r’ by r as the variable of in- 
tegration. It is now apparent that Eqs. (34) and (36) 
are of the same order of magnitude; indeed, when they 
are added together, the second term in the curly 
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bracket of (36) just cancels (34), yielding the scattered 
amplitude (13) obtained earlier. 

We see then that Eq. (32) represents the wave func- 
tion in the vicinity of the scattering potential to an 
accuracy that is consistent with the calculation of the 
scattered amplitude by means of Eq. (33), and that 
both terms of (32) must be retained for this purpose. 


V. EIKONAL-TYPE APPROXIMATIONS 


As pointed out in Sec. I, Eq. (2), which is the same 
as Eq. (28), has appeared in several of the earlier 
papers,’ usually being derived by a WKB or eikonal- 
type argument as was done in Sec. I. We have seen in 
Sec. IV that if this form for y is used in conjunction 
with Eq. (33) to calculate the scattered amplitude, it 
gives useful results for small angles but not for large 
angles. 

The reason for this failure may be put in the following 
way. Equation (2) or (28) is incorrect beyond zero 
order in V/E’ for two different reasons. The first of 
these appears in the neglect of the amplitude change 
mentioned just below Eq. (2), and also appears in the 
neglect of the next to the leading terms of the stationary 
phase approximation that took the (a) terms of Eq. (27) 
into Eq. (28). The second reason why Eq. (28) is in- 
correct beyond zero order in V/E’ is that the second 
term of Eq. (32), which arises from the (b) terms of 
Eq. (27), is not included in it. While both the second 
term of (32) and the neglected corrections to (28) are 
of the same order of magnitude, we have seen in Sec. IV 
that the former leads to a large-angle scattered ampli- 
tude that is of the same order as that obtained from 
the uncorrected Eq. (28), so that the V/E’ corrections 
to (2) or (28) can be neglected consistently. Now as 
pointed out by Gol’dman and Migdal,‘ continued im- 
provement of the WKB approximation will improve the 
wave function along the classical] trajectories, but will 
never help in the classically inaccessible regions in 
which the second term of (32) is significant. Thus the 
y of Eq. (32), which is essential for a correct calculation 
of the scattering, is beyond the reach of the WKB or 
eikonal approximation. 

In an interesting but unsuccessful attempt to cir- 
cumvent this limitation, Gol’dman and Migdal have 
adopted a somewhat different procedure from that 
represented by Eq. (33). Equation (33) can be derived 
in the following way. We write the Schrédinger wave 
equation (4) as 


(+R W=U¥, 
and put 
y(r)=exp(iko-r)+(r), 
so that w satisfies the equation 
(V+ )u=Uy. 
With the help of the Green’s function G of Eq. (6) 
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we obtain 


u(r) = [G0 r’)U(r')b(r')dr’, 


and the asymptotic form of this immediately yields 
Eq. (33). 

As an alternative, Gol’dman and Migdal rewrite 
Eq. (4), with the help of Eq. (37), in the form 


(V?-+k?—U)u=U exp(iko-r), (38) 


and solve this by using the WKB approximation to the 
Green’s function for the operator on the left side, 


G(r,r’)=(—4ap)+ 


xexp} ite (4, a f U(e'+i6)ds, (39) 


0 


where o=r—r’. The resulting asymptotic form of « 
gives a scattered amplitude that resembles Eq. (13), 
but contains only the second of the two integrals in the 
exponent. This approximation fails for the same reason 
that the substitution of Eq. (2) or (28) into Eq. (33) 
fails; the error involved in the use of (28) without the 
second term of (32) has its counterpart in the neglect 
of a similarly important term in the approximate 
Green’s function (39). A further possibility, not dis- 
cussed by Gol’dman and Migdal, is to substitute the y 
obtained from Eqs. (37), (38), and (39) into Eq. (33). 
While the scattered amplitude obtained in this way is 
closer to Eq. (13) than either of the WKB results dis- 
cussed above, it is still not correct. 

In conclusion, the author wishes to express his 
appreciation to Professor D. R. Yennie for several 
helpful discussions, and in particular for pointing out 
an error during the early stages of this work. He also 
wishes to thank Professor H. Levine for an interesting 
conversation on these matters. 


APPENDIX A 


We wish to evaluate the integral J of Eq. (7) when 
it is assumed that g varies slowly over distances of order 
k. We choose spherical coordinates p,6,@ with the 
polar axis along k, and put «= cos@: 


x 2nr 1 
=f f J sou) exp[ikp(1—y) lpdpdddu. (A.1) 
0 0 all 


Now if kp is somewhat larger than unity, the exponential 
will oscillate rapidly except near »=1 or 6=0; most of 
the integral will come from the angular region 1—y 
S (kp) or 0S (kp)~'. This region is shaped like a 
paraboloid of revolution about the polar axis, with 
radius perpendicular to the axis of order pO~(p/k)}. 
Thus if in J we put d¢du~2x/kp, we find the order of 
magnitude of J to be (2x/k) Jo%g(p,1,0)dp. All of this 
assumes that kp is somewhat larger than unity. For 
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pk", the exponential in J is of order unity, and this 
part of J is of order (2r/k*)g(0,1,0). Thus if R is the 
range of g, the first term is larger than the second by a 
factor of order kR, which is assumed to be large com- 
pared to unity. We can therefore obtain the leading 
term of J by assuming that p is always somewhat larger 
than k. 

Our formal procedure consists of integrating Eq. 
(A.1) by parts with respect to y’: 


1 
-1 


[= J f | i/te)e(ous) exp[ikp(1—) ] 


~ f (i/kp)g’ (p,u,o) explit(1—1) Ha dd, 


where the prime on g denotes differentiation with 
respect to u. The second term is of order (kp) with 
respect to the first term, since another partial integra- 
tion will introduce an additional power of kp in the 
denominator. Further, the contribution from the lower 
limit of the first term will be small compared to that 
from the upper limit, since the former will contain a 
rapidly oscillating factor exp(2ikp). The leading term 
of I is then just the upper limit of the first term 


x 


I= (2ri/k) f e(p,1,0)dp+0(k-) 
0 


as quoted in Eq. (8). 

It is possible to go farther in this way, and obtain 
the next term. To do this it is necessary to break up the 
p integration into two parts, according as p is less or 
greater than po; po is assumed to be large compared to 
k-', and small enough so that a few terms in a power 
series of g suffice for pSpo. When the power series ex- 
pansion is used for pSpo, and the partial integration 
procedure for p=po, it is possible to keep terms con- 
sistently through order k~ and find that the precise 
choice for po drops out of the end result. We obtain in 
this way 


I= (2m of g(p,1,0)dp 
0 


—(x ef ph(p,1,0)\dp+O(k-), (A.2) 
0 


h=V°g. 


Equation (A.2) can also be derived by a Fourier 
transform procedure which is equivalent to that used 
by Malenka and by Shapiro.* We replace p~ exp(ikp) 
in Eq. (7) by 


(2x2) lim J (x2—k?— ie) exp(ix: p)dr,. 
«—0 


SCHIFF 


With p=«—k, J can be written 


= (2ntyHtim ff (e429: k—ie)*6(6) 
Xexp(ip: o)drdr >». 


The assumption that g is slowly varying is equivalent 
to the assumption that the integrand is only large 
where p<k. We therefore expand the factor in the 
denominator in powers of #*, to obtain for the first 
two terms 


1 (2e")* lim f f (2p-k—ie)-1g(g) exp(ip-ghardr, 


— (2ety tim ff 2p-k—ie)-*e(0)p 


Xexp(ip-o)drdry. (A.3) 
We put g(o)=g(x,y,z), and let the z axis be parallel to 
k. Then the integration of exp[i(p.x+p,y)] over pz 
and p, gives (2m)*5(«)5(y). Also the p, integral 


4 


im f (2kp.—ie) exp(ip,z)dp, 


is zero for negative z and equal to wi/k for positive z. 
Thus the first term of (A.3) becomes (2ri/k)X< 
JSo*g (0,0,z)dz, in agreement with the first term of (A.2). 

For the second term of (A.3), we first replace 
pPexp(ip-o0) by —V’exp(ip-o), and transfer the 
Laplacian operator to g by two partial integrations. 
The pz and p, integrals are evaluated as before, and 
the p, integral 


x 


im f (2kp.—ie)~ exp(ip.z)dp, 


is zero for negative z and equal to —1z/2# for positive 
z. Thus the second term of (A.3) becomes — (x/k?) 
X So*zh(0,0,2)dz, where h= Vg, in agreement with the 
second term of (A.2). 


APPENDIX B 


It seems to be more convenient to treat the factor 
exp[ik(pn+ ---++pm)_] that appears in the (b) terms of 
Sec. IV by an extension of the first method of Appendix 
A rather than by the Fourier transform procedure. We 
imagine a straight line running from r,, to r; z, denotes 
the component of 9, along the line, and x,, y, denote 
the two mutually perpendicular components of the 
transverse displacement of r, from this line. We obtain 
the leading term of the multiple integral for large & if 
we assume that the x’s and y’s are small in comparison 
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with the 2’s. Then we may expand 


Pat +> tpmH2nt - ++ +m 
FB 2n (enn?) +en—1L(Xn— Fn)? + (Yn— Ini)" ] 
+++ beng iL (am4-2— Lm)? + (Yme2—Ym+1)* | 
St ie Coe P+ m+1”) ¥ 


We consider first the part of this expression that 
depends on x, : 


Zn 17,2 -+ Sq i: (ta - as Be-1)° = (Zn t+Zn—1)~ le 


+ (ZatZn- 1) (Zn2Zn- 1) tn — Xn—12n (Zn tZn- “Tt. 


Integration of exp[ik(pn+--:+pm)] over x, may be 
extended from —~* to +, since for large k most of 
the integral comes from small values of x,. This yields 
a factor [(2ri/k)Zn2n—1(Zn+Zn—1)' }*, and an identical 
factor comes from the integration over y,. The #n-1, Yn—1 
integrations can then be performed, and together yield 
a factor (2mt/k)(2n+2n—1)2n—2(2nt+2n—1t+2n-2). This 
can be continued until the last integrations, over 
Xm+1, ¥m41, Which together yield a factor (2zi/k) 
X (Sat: +++ 2m41)2m(Zn+ + --+2m). When all these 


factors are multiplied together, we obtain 


(2mi/R)"- "Sy + +m (Sn + +++ Sm). (B.1) 
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If now we apply this result to the evaluation of the 
leading term of the integral 


(—1/4x)" aii & A 2 is ° * Pm)  expik(pat: ° -+2pm) 


XU (tn) ++ U(tm41)dtme1°**dt,, (B.2) 


and remember that the U’s are slowly varying, we find 
that the product of z’s in the numerator of Eq. (B.1) 
cancels the product of p’s in the denominator of Eq. 
(B.2), since the p’s are now to be taken as oriented 
along the line from r,, to r. Also, the sum of z’s that 
remains in the exponent and appears in the denominator 
of Eq. (B.1) can be replaced by p= |r—r,,|, provided 
that all of the points fm41, ---r, lie in this order be- 
tween r,, and r. If they are out of order, the exponential 
factor exp[ik(z,+ ---++2m)] is rapidly oscillating, and 
we are not in a stationary phase region. We thus obtain 
as the stationary phase approximation to Eq. (B.2): 


(—4mp)— exp(ikp)(—i/2k)"—™ 


p p— Pm—* 
xf dom f 
0 0 


x UL tmn+p(on at —< + pm) |: dis U( Im+ppm)- 


— Pn—-2 


dp n—1 
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Use is made of a form of the stress energy tensor of a perfect fluid, previously derived for special relativity, 
to show that for irrotational isentropic motions a co-moving coordinate system exists in which both sides 
of the Einstein gravitational field equations may be expressed in terms of the dependent variables of the 
self-gravitational problem for a perfect fluid. It is shown that for a space-time with plane symmetry the field 
equations and the assumption of isentropy imply the conservation of mass. General methods for dealing with 
these field equations are given for the static and spatially independent cases. Approximate solutions are 
obtained for other specific cases. The general exact solution is obtained for the incompressible case. Properties 


of the incompressible case are discussed. 


1, INTRODUCTION 


HE problem of determining the motion of a fluid 

subject only to its own gravitational field and 
internal forces and further such that various initial and 
boundary conditions are satisfied is a problem in general 
relativity. It is the purpose of this paper to restate this 
problem, using a form of the stress-energy tensor 
previously given by Eckart! and derived by Taub? for 
special relativity by kinetic theory arguments, and to 
obtain some solutions of the equations involved. We 
shall restrict ourselves to situations where the space- 
time and the fluid motion have plane symmetry. That 
is, the problem is invariant under transformations of 
the form 

y*=yta, 2*=2+b, 
and 
y*=y cosé+z sind, z*=—y siné+< cosé. 


However, the methods developed will apply equally 
well to the spherically symmetric case. 

The metric of a space-time admitting plane sym- 
metry may’ be written as 


(1.1) 


ds? = e¥ dP ——e?@dx? ——e ( dy*+dz*), 
» 9 
e e 


where F, G, and H are functions of x and / alone. 
We take the stress energy tensor of a perfect fluid 
to be 
T= oun’ — g*"p/c, (1.2) 


where «* is the four-dimensional velocity vector of the 
fluid and satisfies 


(1.3) 


Suvt“u’= uu, = 1, 


p is the pressure and 


« ? 
o=o( 1+ a ) 


*This work was supported in part by the National Science 
Foundation. 

1C. Eckart, Phys. Rev. 58, 919 (1940). 

2 A. H. Taub, Phys. Rev. 74, 328 (1948). 

3A. H. Taub, Ann. Math. 53, 472 (1951). 


(1.4) 


where p is the density as measured by an observer at 
rest with respect to the fluid, c is the special relativity 
velocity of light, and ¢ is the internal energy of the fluid 
as measured by an observer at rest with respect to the 
fluid. 

The fluid is characterized by specifying its caloric 
equation of state, that is, by specifying ¢ as a function 
of pressure and density 


e= €(p,p). (1.5) 
In case 


(1.6) 


e=0, 


the fluid is said to be incompressible. We note that the 
form of the stress-energy tensor usually used in works 
on general relativity is that here used for the incom- 
pressible fluid. 

For gases we shall require [as is the case in special 
relativity, cf reference (2) } that 


3p 9, pr} 
i+—>-- ++ ( =) |. 
2 2pc 4\ pe 


If the equality sign holds in this relation, we shall call 
the gas in question a “‘limiting gas.” If 


p/pc?>1, 


the gas will be said to be “hot.” A degenerate gas is said 
to be one which is limiting and hot, that is, for which 
3p 
—, (1.7) 
Cc pc 


It follows from Eqs. (1.2), (1.3), (1.4), and (1.7) that 


4p € 3p 
"= Tg, =0-—=0( 1+ )- ==(), 
2 


4 =) 
Cc Os 


(1.8) 


The equations determining the motion of the fluid 
are five in number, namely, 


T¥’.,=0 (1.9) 
and 
(pu): ,=0, (1.10) 
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where the semicolon denotes the covariant derivative 
with respect to the space-time with the metric tensor 


ds*= g,,dx"dx". (1.11) 


In problems in which the self-gravitational effects of 
the fluid may be neglected, the g,, are taken to be the 
gravitational potentials of some external gravitational 
field determined by the Einstein field equations 


Re —}3g""R=—k?T*", (1.12) 


where R*’ is the Ricci tensor of the Riemannian space 
whose metric is given by (1.11), R is the scalar curva- 
ture of this space, 


k=8nG/c?, (1.13) 


with G being Newton’s constant of gravitation, and 
T*»” is the stress-energy tensor of the matter creating 
the external gravitational field. 

If the only matter creating the gravitational field is 
the fluid whose motion is to be studied the problem will 
be said to be a self-attracting one. In this case the tensor 
T*» in Eq. (1.12) is the tensor T¥” given by Eq. (1.2) 
and is the same tensor which occurs in Eqs. (1.9) which 
are now a consequence of (1.12) as follows from the 
Bianchi identities. The self-attracting problems are 
those in which one attempts to determine the functions 
Zur, u*, p, and p satisfying Eqs. (1.12), (1.2), (1.3), 
(1.10), and hence (1.9). 

Because of the assumption of plane symmetry 
equation (1.1) replaces (1.11) and there are only three 
nonvanishing g,,. Our problem then becomes one of 
determining eight independent functions, namely, three 
functions which determine the gravitational potentials 
and five other functions which determine the velocity 
field of the fluid and the pressure and density fields. The 
fundamental relations between these functions are given 
by Eqs. (1.12) and (1.10), where the right-hand sides of 
Eqs. (1.12) involve the unknown functions , p, and u*. 
In order to proceed with the solution of Eqs. (1.12) and 
(1.10) where we know neither the right-hand sides nor 
the left-hand sides we show that in the isentropic case 
there exists a coordinate system, a co-moving one, in 
which the velocity field has a particularly simple form 
and then determining the metric tensor and the pressure 
and density fields. 

For nonisentropic flows the system of Eqs. (1.12) and 
(1.10) may be made more tractable by using the method 
devised by McVittie.‘ In this method the metric tensor 
first is reduced to a simple form and then use is made 
of the fact that the coefficients of the metric tensor 
must satisfy certain consistency equaticns in order that 
the Einstein tensor R,,—}g,,R be of the form (1.2). 
These consistency equations are differential equations 
which involve only the coefficients of the metric tensor. 
We shall restrict this paper to a discussion of isentropic 
flows. 


4G. C. McVittie, J. Rational Mech. Anal. 4, 201 (1955). 
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Before going into the detailed discussion of the 
pregram outlined in the previous paragraphs we shall 
discuss the significance of Eqs. (1.9) and (1.10). The 
former equations are the generalization of the classical 
equations of conservation of energy and momentum. 


If Eqs. (1.2) are substituted into Eqs. (1.9) we have 
T*’.,= ou", u’+u*(ou’).,— (1/c*)g*"p.,=0. (1.14) 


Multiplying this equation by u, and summing, we 
obtain 

(ou"); »= (1/c*)u"p;» (1.15) 
after using (1.3) and its consequence 
(1.16) 
When Eq. (1.15) is substituted into (1.14) we obtain 


(1.17) 


U,uU*.,=(. 


ou. ,u”= (1/c?)(g*"— un’) p.,. 


These four equations contain, among them, three 
independent ones in view of Eq. (1.16). They are the 
generalization to general relativity of the classical 
equations of conservation of momentum. Equations 
(1.17) and (1.15) are of course equivalent to (1.14) 
which in turn are a consequence of the Einstein field 
equations (1.12). 

Equation (1.10) is the general relativity form of the 
conservation of mass equation. With its aid we may 
interpret Eq. (1.15) which may be written as 


€ p> 1 
(/o(ow)to(1+<+—) “"=—u"p., 
re pc .y C 


in virtue of Eq. (1.4). This in turn may be written as 
(ac?/p) (pu’):+¢,.u’+ p(1/p);w’=0. (1.18) 


When Eq. (1.10) holds, Eq. (1.18) is the equation of 
conservation of energy for it states that along the motion 


de+ pdv=0, 
where » is the specific volume; 


v=1/p 


df=f, ju’. 

Thus the five Eqs. (1.9) and (1.10) are the generali- 
zations of the five conservation laws on which the 
classical theory of hydrodynamics is based. 

Incidentally, we may note that it follows from Eqs. 
(1.10) and (1.18) that if e=0 then 


and 


p.u’=0, (1.19) 


and therefore the conservation of mass equation reduces 
to 
u’.,=0 


in this case. Equation (1.19) states that the density is a 
constant along the world lines followed by the elements 
of the fluid. Thus if the density is initially independent 
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of the coordinates it will always remain so. This is the 
justification for stating that the caloric equation of 
state e=0 is the appropriate one for an incompressible 
fluid. 


2. ENTROPY 


The specification of the caloric equation of state, that 
is, the specification of ¢ as a function of p and p, deter- 
mines the rest temperature and the rest specific entropy 
S of the gas as functions of » and p. This result has been 
noted by Eckart.' The equation defining these quantities 
is 


de+ pd(1/p)= Tas, (2.1) 


where T is chosen to be an integrating factor so that dS 
is a perfect differential. 
For a degenerate gas [see Eq. (1.7) ], 


de= 3(1/p)dp+3pd(1/p), 
and Eq. (2.1) becomes 
TdS=3(1/p)dp+4pd(1/p). 
From this it follows that we may write 
RT= p(1/p), 


where R is a constant which may be identified with the 
gas constant. 
Substituting (2.4) into (2.3), we obtain 


dS = 3Rd(log(pp~*"*)). 


If, as is the case in the classical theory of a perfect 
gas, 


(2.2) 


(2.3) 


(2.4) 


(2.5) 


1 
en-—_9/p, 
7-1 


(2.6) 


where y is a constant equal to the ratio of specific heats 
of the gas, then Eq. (2.4) holds and 


R 
iS=—— ana po-)]. (2.7) 


v3) 


The constant (y—1)/R is then the specific heat at 
constant volume. The entropy of a degenerate gas is the 
same function of pressure and density as is the entropy 
of a perfect gas in classical theory with ratio of specific 
heats y= 4/3. 

In the incompressible case 


«=0, 


and taking (2.4) as the definition of temperature, we 
then obtain from (2.1) 


R 
dS =———d(1/p). 
(1/p) 
Equation (1.18) may now be rewritten as 


TS. ,u*=0. 


(2.8) 


TAUB 


That is, the entropy along the world-line of a “particle” 
of the fluid is independent of the position along the 
world-line. If on any surface intersecting the world- 
lines of the particle of the fluid, the entropy does not 
vary from world-line to world-line, then we have 


(2.10) 


S=constant 


throughout the fluid. 

Motions in which Eqs. (2.10) helds are called 
isentropic motions. For a degenerate and a classically 
perfect gas these are characterized by 


P= po(e/po)”, 


where fo and po are constants and where y=4/3 in the 
former case. For the incompressible case, isentropic 
motions are characterized by 


(2.11) 


p= po= constant. (2.12) 


In all of these cases, it follows that for isentropic 
motions the equation 


Pdp 

-o- f tat 

py oC 

where the lower limit is the same constant that enters 
into Eq. (2.11) in case that equation is used to define 
p as a function of p in the expression for o, and fo is 


arbitrary if Eq. (2.12 obtains, defines a function ¢ such 
that 


(2.13) 


—$¢,.=p,,/0c, (2.14) 


where the comma denotes the ordinary derivative. 

Equation (2.13) may be used to express p, p, and o 
as functions of ¢. This will be done for certain specific 
caloric equations of state below. We first obtain some 
general expressions in terms of ¢. Equation (2.14) 
implies that 


p’=dp/do= —ac’. (2.15) 


where all quantities are functions of ¢ alone as follows 
from the assumption of isentropy and its consequence, 
Eq. (2.13). 

It is a consequence of Eq. (2.10) and the definition of 
entropy, Eq. (2.1), that 


eu (p/p")p, »=0. 
Hence it follows from Eqs. (1.4) and (2.14) that 


oc? 1 oc. 
(=) =(e+)/p),u=-P,u=——%» (2.16) 
P/ip p p 


Integrating this equation, we obtain 
porc?/p= Ke~*= — pop'/p, 


where K is a constant. 
It has been shown? that the special relativity theory 
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expression for a, the velocity of sound, is given by 


a pa (‘) 

i 

cc a dp\p 
where o is considered as a function of p alone in virtue 
of the isentropy assumption. We may also write this as 


e “(=) /2 p 
act dp p dp p’ 


where again the prime denotes the derivative with 
respect to ¢. 

We now turn our attention to expressing various 
quantities as functions of ¢. That is, we evaluate the 
integral occurring in Eq. (2.13) for a specific €(p,p), 
using the relation between p and p given by the re- 
quirement that the entropy is a constant. It may be 
verified that if « is given by Eq. (2.6) and hence Eq. 
(2.11) holds, then 


(2.17) 


b= pop", (2.18) 


where 


v= (1+d)e*—4, 


b= poc?, npo, 


(2.19) 
(2.20) 
n=7/(y—-1). (2.21) 


In the incompressible case, Eqs. (2.18) through 
(2.20) hold and Eq. (2.21) is replaced by 


(2.22) 


n= 1. 


For a degenerate gas, Eqs. (1.4), (1.7), and (2.13) 
define ¢ for arbitrary motions, that is, isentropic and 
nonisentropic ones. For such a gas, Eqs. (2.18), (2.19), 
and (2.21) hold with y=4/3 (that is, m=4) in the 
latter and Eq. (2.20) becomes 

5=0. 

It now follows from Eq. (2.11) that 

p=py"", 


if € is given by Eq. (2.6) and the motion is isentropic. 
In this case it follows from Eq. (2.17) that 


(2.23) 


(2.24) 


A 


ia EE, 


fe poe 


If we evaluate this expression when p= po, (p= po), that 
is when y= 1, and hence ¢=0, we obtain for the square 
of the ratio of the velocity of sound to the velocity of 
light 

a®/c?= (y—1)/1+8). 


Hence the case 51 is that in which the state po, po is 
such that velocity of sound is as large as it can be. The 
case 5>>1 corresponds to the state po, po being one 
usually contemplated in classical hydrodynamics where 
the velocity of sound is small compared to the velocity 
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of light. The latter limiting case will therefore be called 
the classical one and the former the relativistic one. 
The case of the degenerate gas is seen to be an extreme 
relativistic case. 

In the classical case, we may write 


y=6(e-*—1), 
and in the relativistic one, 
y=e¢. (2.26) 
It is a consequence of Eqs. (2.15) and (2.18) that 
oc?'= — p'’=n(1+5)poe-*yr. (2.27) 
In the incompressible case, since n= 1, 


p+ p= —dpo. 


(2.25) 


If n¥*1 we have 
e? > 
p+p'=2(1-»——), 
e?r-o—] 


e*= 1+(1/8). 


where 
(2.30) 


Hence when 
oKoo=logl 1+ (1/5) ], 
we may write 


p+ p= (1—n)p/ po (2.31) 
and 


p= po(1+6)"e~"*. (2.32) 


The quantity y is positive for ¢ in the range 


— 0 <p<go (2.33) 


and is a monatonically decreasing function of ¢. It 
approaches —é as @ approaches infinity. Since we 
require both p and p to be non-negative, the range of 
the variable ¢ must be restricted to that given by the 
expressions (2.33). 


3. VELOCITY FIELD IN ISENTROPIC MOTION 


In this section, we prove that for isentropic irro- 
tational motion of a fluid, there exists a co-moving 
coordinate system in which the metric tensor has a 
particularly simple form. The theorem is then applied 
to space-times with plane symmetry. It may equally 
well be applied to space-times with spherical symmetry. 

Consider the vector field 


V+=e- ut, (3.1) 


where ¢ is the function defined by Eq. (2.13) and w+ is 
the velocity field of the fluid. Then 


Que= Vue Vew= €*wyr— (¢, My—Pytty) |, 


where 


(3.2) 


(3.3) 


Wyy = Uy; »— Uy; p- 
Hence 


V Quet+ V = Q.+ VQ,= € 4? (UyWy et Uy y+ UkDrp), (3.4) 
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and 
V Quy = [uur —, p(5,"— uu) |. 


It follows from Eqs. (1.3) and (1.17) that 


(3.5) 


-# 
Wdyy = — Uy, y= ——(6,4— w'u,). 
Ca 


Therefore Eq. (3.5) becomes 


Pin 
VQ,» = -e*(=“+4,) (6*—wu,)=0. (3.6) 


oc 


An irrotational motion® is one for which 


UW py t UypWrr»+Uywrp= 0. (3.7) 


Thus for an isentropic irrotational motion, Eq. (3.6) 
holds and the right-hand side of Eq. (3.4) vanishes. 
The latter fact implies that in a coordinate system in 
which V'=0 (i= 1,2,3), V4¥0. 

0,;=0. 


In this coordinate system we have, as a consequence of 
Eq. (3.6), 
Q4;=0. 
Hence, in this coordinate system, 
w=0. (3.8) 


Since Eq. (3.7) is a tensor equation, it holds in all 
coordinate systems. 
Therefore there exists a function T(x) such that 


V.=0T/dx*. (3.9) 
If we introduce a coordinate system in space-time 
x =T(zx), 


and the curves of parameter x” (i=1,2,3) are the 
geodesics orthogonal to the surface T=constant, the 
line element becomes 

ds?= e&*dT?— g,;*(x")dx" ‘dx"’, (3.10) 
where g,;*(«”) are functions of T and x”, since 

OT OT 


g"= hinae a 


Ox" Ox” 


= g¢"V VV =e 76g" yu =e °?, 


In the coordinate system in which (3.10) holds, we have 


yer= é€ 20544, 
Hence 
(3.11) 


* Tut _ 
u” = eV" = 45,4". 


Thus for isentropic, irrotational flow there exists a 
coordinate system, a co-moving one, in which the line 
element is given by Eq. (3.10) and the velocity field by 
Eg. (3.11), with ¢ as yet an undetermined function of 
the coordinates. 


~ 8K. Godel, Revs. Modern Phys. 21, 447 (1949). 
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In a coordinate system in a space-time with plane 
symmetry in which the line element is given by Eq. 
(1.1) we have #.=u3=0 and u, and x, functions of x 
and ¢. It may readily be verified that Eq. (3.7) is satis- 
fied. Hence for isentropic motion we may introduce a 
coordinate system such that 

ds?= e**dt?— (€°/¢c*)dx?— (e# /c*) (dy’+dz*), (3.12) 
and in this coordinate system 
Uh = E95 4", (3.13) 


We note that for a degenerate gas, Eqs. (3.12) and 
(3.13) hold irrespective of whether the motion is 
isentropic or not, since Eq. (2.13) defines the function 
¢ for such a gas for an arbitrary motion. 


4. FIELD EQUATIONS IN ISENTROPIC FLOW 


The field equations (1.12) may be written as 


p 
Re—YipR=— he (own,——a4), (4.1) 
Ce 


In view of Eqs. (3.13), these reduce to 
Ri—}R=—keLo— (p/c) ], 
R;'—3}R=kp, 
R?—4}R=kp, 

R;‘=0, 
where 
R=R+R;'+2R?. 


since R;’= R,’. 
These may be rewritten as 


R{—-—R; = —kac’, 
4(R'+R,') = —kp, 
“=0, (4.4) 
R)'=R.?. 


The right-hand sides of the first two of these equations 
are functions of @ as determined in Sec. 2. Moreover ¢ 
and its first two derivatives with respect to x' and x4 
enter into the left-hand sides of these same two equa- 
tions since g44= e°*. Hence the field equations (4.4) now 
involve only the functions ¢, G, and H of the line 
element (3.12). 

The four equations (4.4) are not independent, since 
we have the relation 


Op/dx*= —Cadd/dx*, 


as follows from the definition of ¢ given in Sec. 2. If the 
left-hand sides of Eq. (4.14) are substituted for p and o 
in this equation, we obtain equations involving the 
derivatives of the Ricci tensor. It may be verified that 
these are satisfied as a consequence of the Bianchi 
identities, which will be discussed in the next section. 
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5. FIELD EQUATIONS IN THE PLANE 
SYMMETRIC CASE 


When the line element of space-time is given by Eqs. 
(3.12), the nonvanishing components of the Ricci 
tensor are 


Ré=e€°*(Gut2Hut+2H?+GP- (Git+2H,)d, | 
—— Ce 26 bez t+b2(b2— Gz)+ 2¢-H, |, 
R} = e 9 GutGi(G:—¢.) +2G.H: | 
a Ce birth. (oz . G,) 
+2H..+2H.(H.—G;:) |, 
*=R= e*[ Hit 2H?2+H.(Gi-—¢) | 
— eo Hi.+2H?+H-(¢.—Gz) |, 
R= 2e-°¢[ Ha— Hids— G+ HH, |. 


(5.1) 


The subscripts denote partial differentiation with 
respect to the variables indicated. 
The field equations (4.4) then become 
Rf— Ry} =2e°* Hut e—H(G:t¢,) | 
+24? H2t+H?— H.(G.+¢:) | 
= — koe’, 
3(Ri+R;') =e °*(Gut (Gi- 0) (Git Ai) +Aut Ae] 
“7 Ce 26 beet (¢.+H,) (o:— G;) 
+Hit+H?|=—kp, 
R}'— R2=e**[Gu— Hut (Gi— Hy) (Gio) 
+2H,(G,.—H,) | 
— eS bist Hart (¢2:—Gr) (d2— Hz) 
—2H.G, |=0, 
= 2e*[ H..— H.G:—Ho.+H.A.|=0. 


(5.2) 


We introduce the dimensionless variables 


f= x ‘Xo, t=cl ‘Xo, (5.3) 


where 
x= (kpo ?)-4 


and po is a constant with the dimensions of a pressure, 
which may be taken to be the same constant used in 
Sec. 2. Equations (5.2), after being multiplied by 
ao?/c?, become 
2e**(H,- +H—H,(G,+¢r) ] 
+2e°*[Het+H?e—H (G+) ]= —a0/ po, 
e°(G,,+ (G,+H,)(G,—¢,)+H++H?] 
—€ be tHetH et (6:+H2) (o:—G:) J 
= — p/ Po, 
B=e°*(G,,—H,1-+ (G,—H,)(G,—$,+2H,) J 
—€*[ beet Heet (b¢—Ge) (be— Hy) — 2H G;]=0, 
2e°*A = 2e**[ Hi, -H.d:—H:G,+H,H; |=0. 


(5.4) 


In these equations, o and p are functions of ¢, since 
the motion is assumed to be isentropic and irrotational. 
For the various specific fluids treated in Sec. 2, explicit 
forms of these functions have been obtained. We wish 
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to discuss the solution of these equations subject to the 
additional condition that the density p, which is also a 
function of ¢, satisfy the conservation-of-mass equation 


1 A(\/(—g)pu’) 
(pu”); »=—— r’ 
/(—g) Ox” 


1 
=———(e@+2Hp),=0, 
Vv (-g) 


(5.5) 


where p is a function of ¢ alone. 

The five differential equations in the system of 
Eqs. (5.4) and (5.5) are not independent. Because 
of the Bianchi identities there are two differential 
relations between them. We shall now examine this 
system in detail. 

On subtracting the third of Eqs. (5.4) from the 
second, we obtain 


e*[ 2H,,+3H?—2H 4, | 
— eH [ H;+26¢]= — p/ po. 
We subtract this from the first of Eqs. (5.4) and get 
e°¢H , H,+2G, ]—e*[2H x t+3H e—2HG; | 
= (ac?/po)— (p/ po). 


The first of Eqs. (5.4) may be obtained by subtracting 
(5.7) from (5.6). 

If we differentiate Eq. (5.6) with respect to £, we 
find after some manipulation that the result may be 
written as 


2c A, + (G,—¢,+2H,)A ]}+2H;B=0, (5.8) 


(5.6) 


(5.7) 


where the functions A and B are defined in terms of G, 
H, and ¢ and their derivatives by the third and fourth 
of Eqs. (5.4). In deriving (5.8) the first of Eqs. (5.4) is 
used to replace the term ac* which enters in the evalu- 
ation of pp= — aco. 

If we differentiate Eq. (5.7) with respect to 7 and 
use the first of Eqs. (5.4) we may write the result after 
some manipulation, using Eqs. (2.16) as 


pPr\ oC 
_ (G+2H+~)+20,8 
Po Po 


—2e °C A ¢+ (+ 2H;—G,)A ]=0. 


(5.9) 
Equations (5.8) and (5.9) may be written as 


e (G+¢+H) (4 eG o+2H) + H:B=0, (5.10) 


and 
e (G+o+2H) (4 ¢@-9+2H) ,— HB 
oc? pr 
--—(6,420+"). (5.11) 
2po p 
Thus, the field equations, Eqs. (5.4), imply the con- 
servation of mass, Eq. (5.5). Conversely, Eqs. (5.5), 
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(5.6), and (5.7) together with the fourth of Eqs. (5.4), 
namely, the equation A =0, imply B=0. The reason for 
this is that we cannot have H;=0 and H,=0 where 
~#0 and «+0, that is, where there is matter. 

We shall therefore take as the system of equations to 
be solved, the Eqs. (5.5), (5.6), (5.7), and the fourth of 
Eqs. (5.4). Equation (5.5) may be written as 


G,+2H,+ (9-/p)=0 (5.12) 


= — 2H —log(p/po)— logB(é). (5.13) 


Equations (5.6), (5.7), and the fourth of Eqs. (5.4) 
may then be written as 


p 
2e-*(H,e~*) ,+3(H,e-*)?— (er-n,) 
Po 


p p 
x ( eh —H,+2e#$,— 
Po Po 


Pr Pp e 
-e+H|eon.+2e*|-2( enn,) in 
p Po n Po 


p_ \*% of »p 
-3(er"1,) =——-_, 
Po Po po 
e? 


“C(e*) :pe-* y= (28), — (2), 
p p p 


(5.15) 


(5.16) 


respectively, where the spatial variable 7 is such that 
for any function 


fi=B(E) fe. 
6. BOUNDARY CONDITIONS 


The equations (5.14) to (5.16) must be supplemented 
by additional information in order that we may deter- 
mine the functions ¢, and H. This information is in the 
form of initial and boundary conditions. That is, values 
of ¢ and H and their first derivatives on certain loci in 
space-time must be prescribed in order that we may 
determine ¢ and H over a region of space-time. 

We now describe two types of physical problems that 
have been treated both in classical hydrodynamics and 
in special relativistic dynamics and deduce for these 
problems certain boundary conditions. In subsequent 
sections, we show that these boundary conditions are 
indeed sufficient to determine a unique solution to the 
problem. 

We first discuss the paths followed by particles in the 
fluid. That is, the curves 

dx*/ds = u*(x) (6.1) 
subject to the initial conditions at s=0 given by 
(6.2) 


In the co-moving coordinate system used in the pre- 


= Xo". 
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ceding sections, Eqs. (6.1) become 
dx4/ds=exp[ —$(x',x*) ], 
dx'/ds=0, i=1,2,3, 
and have as their solution 
x'=xo', 1=1,2,3, 


(6.3) 


S—So= f expo (xol,a*)dax'. 


That is, the world-line of any particle of the fluid has 
constant x', 2°, 2° throughout the fluid’s motion. 
Thus the co-moving coordinates are the analogs of 
Lagrange coordinates in classical hydrodynamics. The 
function $(x',«*) evaluated at «'=. 9, describes the 
motion of the “particle located at x !” and as this 
function changes, the motion of this particle changes. 

One class of plane-symmetric problems in classical 
physics may be stated as follows. The gas is initially 
(at a=0) at rest and at constant entropy with pressure 
distribution p(x'), and the motion of one of the particles 
is prescribed. Determine the subsequent motion of the 
gas from the laws of conservation of energy, mass, and 
momentum. In classical theory and in special relativity, 
the prescribed particle motion is such to increase the 
volume occupied by the gas, the motion is isentropic, 
and the flow variables are continuous and are deter- 
mined by the boundary data. In case the volume 
occupied by the gas decreases, shocks occur. One would 
therefore expect that the corresponding data would 
determine a unique solution of the field equations of the 
preceding paragraph for the cases where the volume 
occupied by the gas increases, and that physically 
unacceptable mathematical solutions of the field 
equations will arise in the other case where, for example, 
u*(x,t) [that is ¢(x,t)] will not be single-valued func- 
tions of « and ¢ as they must. 

Since p is a function of ¢ and since the particle motion 
is also determined by ¢, the corresponding problem in 
general relativity is as follows: Given ¢(x,0) and 
$(x0,t), determine a solution of the field equations. 
This problem will be discussed after the treatment of a 
second type of problem which will now be formulated. 

Consider a body of gas confined to a region of space- 
time subject only to the self-gravitational force and the 
hydrodynamic forces. The space-time outside of this 
region is presumed to be empty, that is, the metric 
tensor satisfies 


R,»=0 (6.4) 


in this region. 

The boundary between the region where Eqs. (5.14) 
to (5.16) hold and the region where (6.4) holds is given 
by the “outermost” particle’s world-line, say by the 
world-line of the particle at 2%. On this world-line we 
assume that p=p(¢)=0. There are therefore two 
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equivalent characterizations of the boundary: one being 


X= Xo 
and the other being 


¢(«,t) = constant. 
These will be the same if and only if 
o:=0. (6.5) 


That is, @ is independent of ¢ and hence p and o are 
independent of ¢. 

We shall assume, as is customarily done in general 
relativity, that the metric tensor g,, and its first 
derivatives are continuous across the boundary p=0 
(that is, at x=20). Thus (6.5) obtains both in the region 
occupied by the gas and on the boundary of the region 
where (6.4) holds. 

The justification for the assumptions: p=0O on the 
boundary, the coincidence of this locus and the world- 
lines of the outermost particles, and the continuity of 
the metric tensor and its derivatives across the bound- 
ary, is to be found in the general relativity formulation 
of the Rankine-Hugoniot relations. That is, the rela- 
tions that must replace the differential form of the 
conservation laws across surfaces where these cannot 
apply, surfaces where discontinuities in the dependent 
hydrodynamical or gravitational variables may occur. 
We shall discuss these generalized Rankine-Hugoniot 
equations in a subsequent paper. 

If Eqs. (6.5) hold, it follows from Eq. (5.12) and the 
fact that p=p(@) that 


[ (e¥) ,pe-*]y=[pe-*(e2#), F. 
p 


Hence, 


4 = K(r)e*+L (6), 


where K and LF are arbitrary functions of their argu- 
ments. It is a consequence of previous results* that the 
only solution of Eqs. (6.4) in a coordinate system in 
which (3.12) holds satisfying (6.5) is given by the 
static solution 


(6.6) 


1 
d= (o+b4)-4( de——as*) 
2 


1 
— (a-+bx)—(dy*+d2), (6.7) 
c 


where a and 6 are constant. In this coordinate system 
then 
—2G=—2¢=H=} log(a+dx). (6.8) 


It then follows that on the boundary (¢=¢0), K(r)=0. 
This implies that H is independent of r inside the region 
occupied by the gas. Thus it is a consequence of the 
assumption that p=0 coincide with the world-line of 
one of the particles that in the coordinate system used 
the metric is static outside the matter and this implies 
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in turn that it is static inside the matter, that is, the 
functions H and ¢ and hence the function G are inde- 
pendent of r. 


7. STATIC SOLUTIONS 


If in Eqs. (5.5) to (5.7) and the fourth of Eqs. (5.4) 
the dependent variables are independent of 7, then the 
first and last of these are automatically satisfied and 


the system of equations becomes 
e°OH (H:+ 2¢:)= p/ po (7.1) 


(7.2) 


and 
4 (2Het+3H?—2HG:) = p/po—ac/ po. 


These may be written as 


H,(H,+2¢,)=p ‘Po (7.3) 


and 
2H t+3H 7 = p/po—aoc*/ po, (7.4) 
where the spatial variable n is such that 
edt =dn. (7.5) 
We may consider H, as a function of ¢ and write 
H,=Y(¢). 
Equation (7.3) may then be written as 


¢,=([p(o)— ¥?]/2Y, (7.7) 


from which we may determine ¢ as a function of n by a 


quadrature 
* 2Yd@ 
n—m- f , 20. oat 
¢ p(¢)—Y? 


Furthermore we may also determine H as a function of 
¢ (or n) by a quadrature 


’ *H, ¢ 27? 
H—Hy)= f H,d,= f —do= do 
n0 $0 dy 0 p/po- i di 


The constants Ho and @¢o are the values of H and ¢, 
respectively, at 7=no. 

The equation determining Y(¢) is obtained from 
substituting 


Ay,= Y’(¢)¢,= Ry (p/ po Y?)/2Y 


into Eq. (7.4), where the prime denotes differentiation 
with respect to ¢. Thus 


Y'L(p— ¥*)/po]+3¥*=((p+2')/ pol Y. 
We define ¢o by the equation 


($0) =0. 


Then mo, and ¢o and Hp determine the values of the 
independent variable and the metric tensor on the 
boundary between the regions occupied by matter and 
empty space-time. If the metric is to have continuous 
derivatives at n=no (or 6=¢o), the initial value of Y 


(7.6) 


(7.8) 


(7.9) 


(7.10) 


(7.11) 
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for the differential equation (7.10) must be the value 
of Y taken on by the solution of the equation 


Y’Y*—3Y*=0 (7.12) 


at ¢=@o. Equation (7.12) is obtained from 


H,(H,+26,) =0 (7.13) 


and 


2H »+3H2=0, (7.14) 


the field equations 
R,,=0, 


in the same way as (7.10) is obtained from (7.3) and 
(7.4). 
The solution of (7.12) is 


Y=2Ce'®, (7.15) 


where C is a constant. Hence the initial value for the 
function defined by the Eq. (7.10) is 


Vo= Y (ho) = 2Ce**, (7.16) 


In the region occupied by matter the line element is 
given by 


x O° Xo" 2 Y 
ds*=—e**dr?— ( 
C c\ p/po—Y? 


re (dy’+dz"), (7.17) 


Cc 


where Y(@) is determined by (7.10) and (7.16), and 
H(¢) is given by (7.9). In empty space-time, in the 
same coordinate system, the metric tensor is given by 


9 2 - 
e 49 


xo xo 

° ‘ ° iat a ‘ 
ds? =—e?*d 7? — e *+dg?— 1? 

) Yar 9 

C eC? C2 


(dy’+dz*), (7.18) 


where L is a constant which may be taken to be one by 
changing the units of length in the y and z directions. 

Thus we see that specification of the function e(p,p), 
that is, a statement of the gas that is present, deter- 
mines the function p(¢) (see Sec. 2) which in turn 
determines the coefficients of the first-order differential 
equation (7.10). The line elements (7.17) is then 
determined. It will of course be a function of the 
constant C. This constant may be related to another 
constant M, the mass per unit area present, by the 
relation 


?1 ?l 
f pusy (—2)do= f pe~*x/(—g)d@=M, (7.19) 


Po 


where the integration is carried out over the region 
occupied by the gas. From (7.17) and (7.19), we have 


2} eH 


f p -do= M. (7.20) 
ou p po- } 
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Since Y and H depend on the constant C in virtue of 
Eq. (7.16), it is clear that the value of C determines the 
value of M and conversely. 

In the next section, we shall give a parametric 
representation of the function Y(@) defined by Eq. 
(7.10). This representation is particularly suitable 
when the function p(@) is one of those discussed in 
Sec. 2. 


8. EXAMPLES OF STATIC SOLUTIONS 


For the various functions ¢(~,) discussed in Sec. 2, 
the function p(@) is given by Eq. (2.18). In particular, 
the value of ¢ determined by the equation 


p(¢)=0 
is given by 
$=o= log{ 1+ (1/8) }. 


In case n¥1, we shall use the approximation repre- 
sented by Eqs. (2.31) and (2.32) in discussing Eq. 
(7.10). It is convenient to discuss the function Y (¢) 
defined by the latter equation in terms of the parameter 
H. It is a consequence of Eq. (7.9) that 

dp p/po- y* 


~~ (8.1) 
dH 2Y? 


Then we have from (7.10) and (8.1) 
dY [(p+ ')/po]—3Y? 
aH 2S*« 
We define the variable « by the equation 
"= (p/ po)u. 
Equations (8.1) and (8.2) then become 


do/dH = (1—u)/2u 
and 


du pt+p’ 

—=-———-— 3u—}(p'/p)(1—u). 
dH p 

In the region where Eqs. (2.31) and (2.32) hold, Eq. 


(8.5) becomes 
du n n 
—=1-—— (2+ Jw 
dH 2 2 


n—2 
u=- 


6+n 


(8.6) 


Therefore 


(Ae et n)H—1), 


(8.7) 


where A is a constant of integration. Substituting this 
value of u into (8.4) and integrating, we obtain 
n+2 1 


H-- 
n—2 


o=- log(Ae~6+™4#—1)+B, (8.8) 


n—2 


where B is another constant of integration. 
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Equation (2.32) is 


p= po(1+6)"e-*. (8.9) 
Hence 


Y?= po(1+6)"e~"*u. (8.10) 
The line element (7.17) may then be written as 
xo" sf dir 
ds? =—e¢dr?—— ——(dy’+dz*), (8.11) 
e A past a 
where @ and Y? are given as functions of H by Eqs. 
(8.8), (8.10), and (8.7). The constants of integration, 
A and B, occurring in these formulas may be evaluated 
when the line element is known for values of @ which 
do not satisfy the condition ¢o>. We shall illustrate 
the procedure for doing this by making the inconsistent 
assumption that the line element determined above 
extends to the boundary given by ¢». This assumption 
is inconsistent in that Eq. (8.9) is not the correct 
expression for the pressure at the boundary and in 
particular this p does not vanish at the boundary. This 
will have the effect of causing a violation of the bound- 
ary condition which requires that the components of 
the metric tensor have continuous derivatives at the 
boundary. Nevertheless, for illustrative purposes we 
determine the constants of integration A and B by 
requiring that the components of the metric tensor 
given by the line element (8.11) take on the values of 
the metric tensor given by Eq. (7.18) at the boundary. 
The latter equation may be written as 
xe xo? 1 aaa 
ds?=—e 4dr? — —e*4 dH? ———(dy’+d2?). (8.12) 
C 2 C? C 
If we normalize the variable H so that H= Hy is the 
value of H at the boundary then at the boundary we 
must have 


26(Ho) = — Hyo=2¢0, Y (Ay) =Ce 1Ho. (8.13) 
We may of course choose H)=0. Then 
¢(0)=¢0, Y?(0)=C°. 


It is a consequence of (8.8) and the first of (8.14) that 
we must have 


1 Ae 6+n)H_ 4 
¢=—-— | (n+2)11+-1oe( )| (8.15) 
(n—2) AT 


(8.14) 


It then follows from Eq. (8.10) that 
Y?(0) = po(1+-6) "u(O)e—"* 


n—2 
= ps*( )a-n=c. 
n+6 


9. INCOMPRESSIBLE CASE—STATIC SOLUTIONS 


(8.16) 


In this case, Eq. (2.28) holds and as a result Eq. (8.2) 
may be written as 


dY /dH = — (5+3Y?)/2Y. 
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The solution of this equation is given by 
Y?=1§(A%-*4—1), (9.1) 


where A is a constant of integration whose evaluation 
will be discussed later. 
Equation (8.11) may be written as 


dp 5(e%-%—1) 


-=— —}, (9.2) 
dH 2¥? : 


where Y? is given as a function of H by Eq. (9.1). 
Multiplying this equation by e® and setting 


b= ¢?— eo, (9.3) 


d® 6 
—=—3(—+ 
dH y 


The solution to this equation satisfying 


(Hy) =(—2¢0)=0 


we have 


(9.4) 


ad e“*du 
&(H) = —}e%e mares f . (9.5) 
2¢9 (A?— ee)! 
Equations (9.4) are consequences of Eq. (9.3) and the 
first of Eqs. (8.13) which define Ho as that value of H 
so that @=@p» and further state that Hyp= — 2¢y. 

The region occupied by the incompressible fluid is 
represented by the range of variation of the variable H. 
This range must be such that given by Eq. (9.5) is 
negative and Y? given by (9.1) is positive. Both of these 
conditions will be satisfied if we choose the constant of 
integration such that 


2> 4 (9.6) 
and restrict H to the range 
—2gy< H<2 logA. 


The total mass present will be given by 


f por’ (—g)usdx'dx*dx’. 


This quantity will be proportional to the number 


$ logA eH § logA e4dH 
M= f dH = J 
we 299  (A%e*#—1)! 


¥losA 22H] (,2H/3 
af etd (eH) 
“Jag (A2?— eH)! 


4/2 
ae ordi 
= $A‘ f sin*?wdw, 
wd 


e4#=A sinw 





(9.10) 


e~3¢0 1 3 
sinwo= -1/(1+-) A, 
A 6 


Equation (9.8) serves to determine A as a function of M. 
If H is in the range given by (9.7), then it follows from 
Eq. (9.5) that ®(H) is negative and hence p(H) is 
positive as must be the case. We may write Eq. (9.5) as 
e* cosw ¢* du’ 

—e%F (w) =d= —— 


, OS, 
2 sintw Foo sintw’ 


Tv 
O<wo<w<-. (9.11) 
2 


The pressure is then given by 


! 
p-ne(—-1). 


We have thus determined a solution of the field 
equations for an incompressible fluid which have the 
property that the pressure vanishes for the beginning 
of the range given by the inequalities (9.7) and is 
positive throughout this range. However, this solution 
cannot be joined to the solution for empty space-time 
at the point H=—2@9. The reason for this is evident 
from the differential equations satisfied by Y on both 
sides of the point H=—2¢o. For the empty region, we 
have 


(9.12) 


dY/dH=—3Y, 


whereas for the region occupied by the incompressible 
fluid we have the equation before (9.1). Since 640, 
dY/dH cannot be continuous across the boundary and 
hence we cannot satisfy the boundary condition that 
the derivatives of the metric tensor be continuous 
across the boundary. We then have the result: 

An incompressible fluid cannot bound a vacuum in a 
space-time with plane symmetry unless the boundary 
condition of the continuity of the derivatives of the 
metric tensor is violated. As is well known, a similar 
result holds in the spherically symmetric case. 

Equation (9.1) is the general solution of the field 
equations for Y(H). The general solution of the field 
equations for @(H) is obtained by adding a constant 
to the right hand side of Eq. (9.5). The constant of 
integration occurring in Eqs. (9.1) and the modified 
(9.5) may be evaluated by fitting these solutions to 
other solutions of the field equations, say to solutions 
corresponding to another gas. 

If the same boundary condition is not to be violated 
we must have that the equation 


pi(b1) = pod (e*-*— 1) 
must imply the equation 
(pit pr')o=01= — Spo, 


where #:(¢) is the pressure as a function of ¢ for the 
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second gas and ¢=¢; corresponds to the boundary 
between the two gases. 
10. SPATIALLY INDEPENDENT SOLUTIONS 


In this case the functions ¢ and H are independent 
of the variable & and the field equations (5.6), (5.7), 
and (5.15) reduce to 

e°¢(2H,,+3H/— 2H .6,) = — p/ po (10.1) 
and 


€°*H [3H,+2(p'/p), |= (p+p’)/po. 
We define 


(10.2) 
Y (¢)=e-*H,. (10.3) 
Then 

e~*(H,,—¢,H,)=Y'¢,, 


where the prime denotes the derivative with respect to 
¢. Equations (10.1) and (10.2) may then be written as 


2e-* Yo, + 3Y*= — p/ po (10.4) 
and 


3Y°+2V (o'/p)e*e= (p+p'/po. (10.5) 


Eliminating e~*¢, from these two equations, we 
obtain 


/ 


+ , 
r'--v2(“43r) /(=*-sr) coo 
p \po Po 


2¢-*, =| ———-3Y° 
pV po 


(10.7) 


p (b+?P’ ) 


Equation (10.6) is an Abel differential equation for 
the variable Y*. When it is solved for Y= Y(o) we may 
substitute its solution into Eq. (10.7) and determine 
¢(7r). We shall illustrate the method of dealing with 
these equations for the special case of the degenerate 
gas where 


p/po=e*?# 


and 
p/po=e**. 


Equation (10.6) then becomes 
Y’=—YV(e*#+3Y")/(e**+ Y?). 


If we define 
T=(¢#Y), 


the differential equation becomes 
T’=4T+2e*Y Y’=4T—2T(1+3T)/(1+T) 


that is, 
T'=2T(1—T)/(1+T). 


Hence T is defined as a function of ¢ by the equation 
e¢=AT/(1—T)’, (10.8) 


where A is a constant of integration. 
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Equation (10.7) may be written as 


dp 1 
Qe? —=—(¢-# Y?) 
dr Y 


T 
2T! AT} 


e¢dr = ——e*4dg = —_—IT. 
1+T (1—T)* 


(10.9) 


The last equation follows from Eq. (10.8). 
The function H may be determined as a function of 
T from Eq. (10.3) which may be written as 


H= fer ‘dr= 


B 
~leg-———, 
i-T 


i-T 


(10.10) 


where B is another constant of integration. 
The line element is given by 


Xo xo Po 

ds?= —¢*4d7°>——¢-# “de ~<em(a y’+-dz’). 
¢ Ce p 

In view of Eqs. (10.9) and (10.8), this may be written 

as 


" xp’ A*T Xo" A*T*d? 


—Aai-T)—@ BY—T)? 


1 2 
—— ———(dy*+d2’). 
ee 


In deriving Eq. (10.11), we have used Eqs. (10.8), 
(10.9), (10.10), and the fact that 


(p0/p)?= e*= A*T*/(1—T)® 


The pressure distribution is 


(10.11) 


for the degenerate gas. 
given by 


b/ po=e*# = (1—T)*/A°T?. (10.12) 


11. INCOMPRESSIBLE CASE—TIME-DEPENDENT 
SOLUTIONS 


We may now turn our attention to the second type of 
boundary conditions discussed in Sec. 6. The problems 
in which these conditions occur involve time dependent 
solutions of the system of equations consisting of Eqs. 
(5.5) to (5.7) and the fourth of Eq. (5.4). We shall 
confine our discussion of these equations to the incom- 
pressible case. Then by introducing the variable 7 used 
at the end of Sec. 5, we may write Eq. (5.13) as 


G=-—2H. (11.1) 
Equations (5.6), (5.7) and the fourth of Eqs. (5.4) 
become 
e°*(2H,.+3H 2—2H.6,)— 4H, (Hy+2¢,) 


=— p/po=—(e%-*—1), (11.2) 
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— 36-20 2— 4 (2H + 7H?) 
2e** (Hy, —H y+ 3H-H,)=0, 


—(p+7')/po=s (11.3) 
(11.4) 
respectively, where we have used Eqs. (2.18) to (2.22) 


and Eq. (2.28). 
Equation (11.4) may be written as 


Ayst3H,H-=H 4. 
Hence 


(#7), =v3a(r)e?, 


where a(r) is an arbitrary function of its argument. 
Equation (11.5) may be integrated further to give 


(11.5) 


etm [Vba(r)etdr+8(9), (11.6) 


where 6(n) is an arbitrary function of its argument. 
Substituting from Eq. (11.5) into (11.3), we have 
e 8H + oH (2H, +7H,?)=—6. (11.7) 


This equation may be considered as an ordinary differ- 
ential equation for H provided the constants of inte- 
gration are functions of r. 
A first integral of equation (11.7) is given by 
H2=— be 4 Aare 4 Le (7) eT, 


where ¢(r) is an arbitrary function of its argument, as 
may be verified by differentiation. If we set 


h= 4, 


(11.8) 


Equation (11.8) may be written as 


2 1 \? 
-3i-| (@4+1—) ~(1——.) | (11.9) 


WN dh 


‘German 


=n— No, 


or as 


F(h, nef 


(11.10) 


where 7 is kept constant in the integration and ho(r) 
is the value of h at n= 7p. 


Equation (11.5) may be written as 
h, =V3a(r )e*. (11.11) 


We must now examine the remaining field equation 
(11.2). Subtracting Eq. (11.3) from (11.2) one obtains 


26 2¢— 3H (e7), +— (24) Pr J+3e"( (E*) on — (A*), | 


=—_— be? -. 


Multiplying by $e* and substituting / for e”, we may 
write the resulting equation as 


1 
Pad *h,)t-hhe® (Iton— hyh,) = — fbe*. 
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This in turn may be written as 


1 e? 
(Sa,)— mths (=) = — 5%, 
h h,/ , 


Substituting from (11.11) 


1 hth, sh, 
(vV3a,)—- (=) = 
h V3a \h,/ , 


” 


, we have 


—35e%, (11.12) 


We may evaluate h, from the first of Eqs. (11.10) as 
h,=—F,/F,, 


where the subscript denotes the partial derivative and 


hence 
é €\? 
rimit / |3) (e434) -0( 4-1 
6 


Thus 
Fh, = 1 


and 
hotho, 


9 


' é €\77)! 
{3|<e+-4——a( h—4-) |} 
6 6 


Mdh( 3aa,+ $e-h) 


=) 
e . 


hi (3aa,+ 3e,h)h if 


9 


font 


3 - —_ _ 
2 


e € 2 } 
s[oe+4——a( 4 -) | | 
6 6 


3aa,+ $e-h 


a ’ 
9 9 


¢ es 
s[+4——a( 1.) 

6 6 

1 h, 1 

ihe(—) alle 

V3a h hn3 


” 


1 hth, sh, 
oe)" 
h vV3a h 
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(3aa,+ $e,h), 


Hence, if we choose ¢ such that 


€,= V3ade* = V3a(1+6), (11.14) 
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Eqs. (11.10) and (11.11) give the general solution to the 
field equations (11.2) to (11.4) subject to the continuity 
of mass equation (11.1). 

The line element may be written in terms of the 
function /(,r) defined by Eqs. (11.10) as 


xerh,? Xe hi 
dr? ——_ he" dy? —— 5 (ay? +dz*). 
C307 od 


ds*= (11.15) 
We may replace the variable + by a new variable 7’ 
such that 

dr’ =dr/N3a. 


This is equivalent to choosing 3a(r)=1. Then the line 


element (11.15) becomes 
Xo xo hi , 
dst=—h,2dr?*— —I-"8dy?——(dy’+-dz2), (11.16) 
e é 


where /(n,r) is given by 


f hidh 

Ji, 2 €\? 

3} { 3+ —$ h-4") | 
6 


- (1+6)(r— 1»). 


=1— Mo (11.17) 


(11.18) 


If in the above discussion we had chosen a(r)=0 
and €(7)=€ a constant, we could have obtained a static 
solution for the incompressible case. Equations (11.11) 
would no longer determine the function ¢. However, 
this function could be determined from the equation 
preceding (11.12), namely, 


hih?[ e*/hy y= 3 (1+8). (11.19) 


Thus 


e? ” dn 
-af mo ——+ constant, 

hy no h - 

e? j5/3dh 


—=H(1+8) a 


h, tg €0 3 
HOD 
6 


+constant. (11.20) 


The right-hand side of Eq. (11.20) is identical with 
the right-hand side of Eq. (11.13) if 4o(r) entering in 
that equation is such that at r=7 9 the value of the 
first term is equal to the constant in Eq. (11.20) and if 


ho’ =ho( 70). (11.21) 


The line element (11.16) which represents the general 
time-dependent solution for the metric due to the 
motion of an incompressible fluid depends on one 
arbitrary function f(r). If this function is such that 
the above conditions are satisfied, we may interpret 
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the solution as follows: At time r= 7» the gas is at rest 
for n~no and in gravitational equilibrium in the sense 
that the pressure forces balance the gravitational ones. 
This is the physical interpretation of the fact that at 
T= To the metric is given by a static solution of the field 
equations. At n=, h=ho(r). This determines $(no,7) 
via Eqs. (11.11) and (11.13) and (0,7) determines 
u“(no,t) and p(mo,7). These equations reduce to 


(no,7) = ho,(r). 


Since at n=, h=ho(r) and 


é rh ts 
hlnar) 3h (44) —a(e— ~ ) | 
) 26 


Thus if (n,70) is chosen so that at time r=79 we 
have a solution of the static field equations, then in the 
incompressible case the specifications of $(no,r) deter- 
mines, aside from a constant of integration, a general 
time-dependent solution of the field equation. Thus 
for this case the second type of boundary value problem 
discussed in Sec. 6 corresponds to the general time- 
dependent solution of the field equations. 


12. CONCLUDING REMARKS 


It should be pointed out that for the incompressible 
case discussed in the preceding section, the stress 
energy tensor used here reduces to that usually treated 
for an arbitrary perfect fluid. The restriction to isen- 
tropic motions implies that the density is constant 
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throughout. The results obtained in Sec. 9 state that 
the plane-symmetric analog of the Schwarzschild in- 
terior solution has the same difficulty with the boundary 
conditions as that solution. 

The results obtained in Sec. 11 give a complete 
solution of the field equations and the equations of 
motion of an incompressible fluid in terms of an arbi- 
trary function of time. This function may in turn be 
determined from conditions obtaining at a plane of 
particles located at the plane n=. The actual deter- 
mination of the function (0,7) depends on further 
specification of the problem. Thus if, as may be the 
case, the space-time is created by an incompressible 
fluid bounded by a compressible one and this in turn 
is bounded by a vacuum, these gases being initially at 
rest, then the determination of the function $(m,7) is 
accomplished by knowing the space-time on the com- 
pressible side of the compressible-incompressible bound- 
ary. This knowledge is in turn dependent on obtaining 
the solution of the field equations for the compressible 
case. An approximate method for dealing with these 
equations can be given and will be discussed in a later 
paper. 

We finally remark that although there seem to be 
some conceptual difficulties in the notion of an incom- 
pressible fluid in special relativity, these are not en- 
countered in general relativity if the definitions given 
above are used. The results of Sec. 11 show that such a 
fluid may be started from rest and no difficulties com- 
parable with those occurring in the special theory 
arise 
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Reduction of the Dirac Equation 


J. SucHer* 
Columbia University, New York, New York 
(Received March 22, 1956) 


A method is given for reducing the Dirac equation for an electron in an external field to small components, 
leading to reduced equations linear in the time-derivative operator. 





HERE exist at present several methods'* for 
reducing the Dirac equation for an electron in 
an electromagnetic field (A; V) to “large components.” 
Aside from the Foldy-Wouthuysen transformation,’ 
which cannot be exhibited in closed form, all of these 
lead to equations which are nonlinear in po=10/0t and 
hence to nonlinear eigenvalue problems for stationary 
states. 

We should like to point out a reduction method which 
is in closed form and yields equations linear in po. 
Thus, a linear eigenvalue problem results for a station- 
ary state. 

Consider 


po=THyp= (a-2+hm+ Voy, (1) 
with 
z=pteA, Vo=—eV, (2) 


and (A; V) independent of ¢. Let £, and L_ be the 
projection operators on the positive and negative energy 
parts, respectively, of the spectrum of 3C. In operator 
form, 


£4= (14H E")/2, (3) 
where 
&= |5¢| =+[c*}=m(1+0)! 
=m(1+30-30'+---), 
Q= (K?—m*)/m?. 
Using the decomposition 


Y=¢+x, o= Ly, a” L_y, (5) 


we get the following equations, equivalent to (1) and 


* Boese Fellow, Columbia University, New York, New York. 

1See, e.g., L. I. Schiff, Quantum Mechanics (McGraw-Hill 
Book Company, Inc., New York, 1949), p. 321 for the standard 
method. 

* B. Kursunoglu, Phys. Rev. 101, 1419 (1956). 

3L. L. Foldy and S. A. Wouthuysen, Phys. Rev. 78, 29 (1950). 


(5): 
(6a,b) 


(7a,b) 


Lig=9, 
L_x=x. 


p= KO, 
pox=Kx, 

Using (6b), and the decomposition 
d=o.t¢., ¢4=[(148)/2}, (8) 


we find 
o-= Rd, (9) 


where 
R=[m-+ (6+ 8’)/2—Vo} "La: 2— (6— 8’)/2], 
&'’=B6&B. 


Multiplication of (6a) by (1+)/2, and the use of (9) 
then gives 
(11) 


(12) 


is an “even” matrix operator since ® is “odd.” Equa- 
tions (7a,b) can be handled in similar fashion. For a 
bound state of energy E>0, we set x=0 and po=E in 
(11), obtaining the eigenvalue problem 


Eo+=Kreah+, (13) 


where we may consider ¢, and Hr.q as a Pauli-type 
spinor and operator, respectively. 

For the hydrogen atom 3rea is Hermitian at least 
to order a” Ry, and expansion of (12) in powers of p/m 
yields the usual fine-structure operators plus a‘ Ry 
corrections. In general, 3req cannot be completely 
Hermitian, since even if x=0, only (¢,6)= (¢4,6,) 
+(¢_,@_) is conserved and not (¢,,¢,) or (¢_,¢_) 
separately. 

The preceding operator formalism, although possibly 
of no practical advantage for the one-body problem, has 
been found convenient in the reduction to nonrelati- 
vistic form of a Bethe-Salpeter type equation for two 
electrons in an external field, in a study of the radiative 
corrections to the helium fine structure. 


(10) 


Pods - HreaP+ ) 
where 
KH red> @: mR+ Vot m 
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Relativistic Effects in Nuclear Forces* 
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\n attempt is made to reformulate in a relativistically invariant way a phenomenological theory proposed 
by Johnson and Teller. Such a generalized theory reproduces the earlier results, i.e., saturation of nuclear 
binding and approximately correct neutron-to-proton ratios. It also avoids the collapse of the nucleus 
occurring in the nonrelativistic theory for high kinetic energies. The theory predicts as a secondary result 
an extremely strong spin-orbit coupling which is of the order of magnitude of the phenomenological coupling 
introduced in the shell model. Furthermore, the theory predicts a strong attraction between nucleons and 
antinucleons. This could lead to a 1S bound state as the ground state of the nucleon—antinucleon system 
having the properties of a pseudoscalar meson. The strong attraction between antinucleons and nuclear 
matter also suggests a high value for the collision cross section of antiprotons with nuclei, an effect which 


has recently been observed. 


INTRODUCTION 


N a paper by Johnson and Teller’ a velocity-de- 

pendent potential was introduced to explain certain 
striking nuclear properties. This phenomenological 
model was based on the following data on nuclear 
forces. 


1. Nuclear forces lead to saturation of density and 
energy. 

2. Nuclei show shell structure which can be explained 
by the introduction of a smooth classical potential as a 
first approximation in which the nucleons (at least the 
top nucleons) are thought to move more or less inde- 
pendently. To get the right shell structure a strong 
spin-orbit coupling has to be assumed.” 

3. Nuclear forces are charge-independent. 


The simplest way to treat charge independence would 
be to assume that differences between protons and 
neutrons result from their nonidentity (Fermi-sta- 
tistics) and their different charge states. On the other 
hand the kinetic energy of the excess neutrons in nuclei 
do not balance completely the additional Coulomb 
energy of the protons. 

In I, a nuclear model was proposed in which the 
nucleons move in a potential which transforms like a 
scalar in a nonrelativistic sense. For convenience, this 
potential was assumed to arise from a linear coupling 
with a neutral, scalar meson field. As an essential part 
of this theory an additional linear coupling was intro- 
duced which is proportional to the kinetic energy of the 
nucleon; this additional term is repulsive. According to 
Fermi statistics the total kinetic energy increases with 
density. Since the additional term in the potential also 


* Work supported in part by U. S. Army Office of Ordnance 
Research. 

+ Submitted in partial fulfillment for the requirements of the 
Ph.D. degree at the University of California, Berkeley, California. 

1M. H. Johnson and E. Teller, Phys. Rev. 98, 783 (1955), 
hereafter referred to as I. 

2M. Goeppert-Mayer, Phys. Rev. 75, 1969 (1949); Haxel, 
Jensen, and Suess, Phys. Rev. 75, 1766 (1949). 


increases with density one can show that equilibrium 
can be obtained, and the saturation properties are 
correctly given. The kinetic-energy-dependent coupling 
has the effect of decreasing the mass of the nucleons 
within the nucleus. By assuming an effective mass of 
=(.4m, the correct nuclear radii are reproduced. Be- 
cause of the increased kinetic energy a smaller neutron 
excess can balance the repulsive Coulomb potential of 
the protons thus leading approximately to the correct 
neutron-proton ratios. 

According to these assumptions the coupling between 
meson field and a nucleon is linear in the field amplitudes 
and decreases with increasing nuclear momentum. For 
a certain momentum (kinetic energy~60 Mev) the 
coupling vanishes and for higher momenta it becomes 
negative. The interaction between nucleons remains, 
however, negative and is proportional to the square of 
the coupling. Thus for very high kinetic energies 
extremely strong attractions are obtained and the 
nucleus should collapse. We shall show that in the 
relativistic treatment this collapse is avoided. 


CHOICE OF COUPLING 


We will try in this section to find a relativistic 
formulation of an interaction which in the nonrelativ- 
istic limit will lead to a velocity dependence as proposed 
in I. We restrict ourselves to the consideration of 
classical potential functions which have a smooth 
behavior inside the nucleus. All ¥ terms appearing in 
an interaction may therefore be discarded as surface 
terms. They do not give any contribution to the volume 
energy which is our primary interest. However, we do 
not restrict ourselves to fields transforming like ordinary 
potential functions, but investigate potentials which 
are linearly coupled to the nucleon field like scalars, 
vectors, tensors, pseudovectors or pseudoscalars. We 
write the Dirac equation (setting #=c=1): 


iy»p»+m=0,j, (1) 
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with the possible interaction terms 
O:= ~ Ve 
0O.= iy,A v) 


scalar, 

A,=(A,iAo), 
F,,=—F,,, 

B,=(B,jiB,), 


vector, 


03=4ty7pF ny, tensor, (2) 


O=1ys7B), pseudovector, 


Os=17sV ps, pseudoscalar, 


or linear combinations of these fields. 

In calculating the nonrelativistic limit of the volume 
energy we can simplify our problem in two ways: 

1. We can discard all commutators of the momentum 
p with the interaction potentials since they will lead to 
V terms. 

2. We can drop all spin-dependent interactions and 
interactions which are linear in the momentum p since 
they will average to zero for a closed-shell nucleus, and 
in other cases correspond to surface effects in phase 
space. 

In the following we restrict ourselves to interactions 
which have a nonvanishing linear average. Terms which 
arise from averaging higher powers of the interaction 
will be disregarded. On the other hand, higher powers 
of linear averages will be retained. In time-independent 
problems this amounts to a self-consistent field treat- 
ment. On the basis of the transformation properties of 
the fields we observe that only the scalar interaction 
and the fourth component of the vector field interaction 
will contribute expressions linear in the field amplitudes 
to the nonrelativistic Hamiltonian since only these 
interactions transform like scalars in a nonrelativistic 
sense. Linear expression in the other interactions will 
either contain the VY, the spin o, or the momentum p, 
and they all can be dropped according to the approxi- 
mations stated above. 

Therefore we only consider the interaction with a 
scalar field V and the fourth component of a vector 
meson field Ao and we will also keep any functions of 
these fields which may appear in the nonrelativistic 
limit. We set up our Dirac Hamiltonian in the form 


H=a-p+8m—BV+Ao. (3) 


In this interaction a velocity dependence appears 
which can be seen by the following observation: all the 
operators involved are diagonal operators (i.e., do not 
mix large and small components) except for a=pie 
which multiplies p. The momentum therefore has the 
effect of mixing large and smaJl components. Since 


1 0 
hy 4) 
0 —1 
1 0 
-(_ ), 
0 1 


this has the consequence that the expectation value of 
8 tends to zero with increasing p, the expectation value 


(4a) 


(4b) 
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of J, however, remains unity. If we consider both A» and 
V positive and V> Ao, the net potential —(8)V+(/)Ao 
will be attractive for small momenta and will become 
repulsive for higher momenta. 

This behavior is readily seen in the nonrelativistic 
approximation. If we introduce for later convenience 
the notation 

V=amd, (5) 


Ay=bmdo, (6) 


where a and bd are coupling constants, ¢ and ¢@po field 
amplitudes, then we are led in the limit p<m to the 
Schrédinger Hamiltonian with H’=H—m: 


1 


H’=— 
2m(1—a@) 


p’—m(ap— bdo) 


1 
=—PP+V ett, 
2m 


with 
P 


V ett= amd _- }+-im6. (8) 


1— ag 2m? 


This obviously shows the decreasing contribution of 
the scalar interaction with increasing momentum. We 
have given here only that part of the Hamiltonian 
which is free of ¥ terms. The exact nonrelativistic 
limit of our Dirac equation, which can be obtained by 
a Foldy-Wouthuysen transformation, will be given later. 

We have constructed our interaction in a completely 
phenomenological way. However, the result is inter- 
esting from the view point of field theory. Assuming 
linear interactions with uncharged (isotopic singlet) 
meson fields, we may hope that already the adiabatic 
approximation (which neglects any changes in the 
nucleon state during emission and absorption of mesons) 
will give a fair result. In this approximation the scalar 
field and the fourth component of the vector meson 
field will give the main contribution, namely a classical 
instantaneous potential exactly of the type we intro- 
duced above. Meson theory also unambiguously deter- 
mines the sign of the interaction. It can be shown quite 
generally that an interaction with an uncharged scalar 
field always lowers the energy and therefore leads to 
attraction. The interaction with the fourth component 
of an uncharged vector field always gives repulsion 
between like particles (e.g., nucleons-nucleons). We 
have here the same situation as for the electromagnetic 
field which leads to repulsion between particles of the 
same charge. 

In our phenomenological approach, we have heavily 
relied on the assumption that the potential inside the 
nucleus is smooth. In field theory, this assumption 
corresponds to the introduction of a strong cutoff for 
meson momenta inside the nucleus. This assumption 
of low momentum cutoff would justify our replacement 
of the 6-function lattice of nuclear sources by the smooth 
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p distribution. Also the adiabatic approximation of our 
interaction would be quite reasonable. By disregarding 
the average of nonlinear terms we have excluded the 
processes in which two or more mesons are created and 
annihilated simultaneously. The justification of this 
restriction does not appear to be straightforward. In 
connection with the pseudoscalar theory arguments 
were given’ which seem to imply that the contributions 
of the “pair term” to the interaction is small, and which 
depend on a weak momentum cutoff. In the case of a 
postulated strong momentum cutoff this conclusion 
may not hold.‘ 


LAGRANGIAN AND HAMILTONIAN 


We will set up a Lagrangian for the interaction of 
nucleons both with isotopic singlet scalar and vector 
mesons of mass p; and ye, respectively. As stated, the 
interaction shall be of the type 


Lint= — g1¥*BV 9+ 220" go. (9) 


W has here the meaning of the total nuclear field 
operators, while ¢ and (¢,i¢o) are the field operators 
of the scalar field and the vector field, respectively. In 
the following discussion, we simplify our problem by 
treating the sources of the meson field in a nonrelativ- 
istic approximation. The nucleons obey Fermi statistics 
and can be effectively described by a Fermi gas of 
density p. The average kinetic energy of the nucleons 
can be written as 
Ex=Cpl, (10) 
where 
C= (3/10m) ($1*)!. (11) 


With these simplifications, the interaction Lagrangian 
assumes the form 


Y Be 
Lin= -|1 ss Jamon tomer (12) 
l1—ag m 


if we introduce the new coupling constants 
(13a) 
(13b) 


a= £i/m, 
/ 
b= g/m, 


and define (1—ag)"' by its series expansion. 

3K. A. Brueckner and K. M. Watson, Phys. Rev. 92, 1023 
(1953); S. Drell and E. M. Henley, Phys. Rev. 88, 1053 (1952); 
G. Wentzel, Phys. Rev. 86, 802 (1952). 

‘One may argue in the following way. The nucleons are fer- 
mions occupying volumes of approximately 1/R* in momentum 
space if R measures the nuclear spatial dimension. Emission and 
absorption of mesons will lead to recoil effects which can be 
accepted if the meson momenta k<1/R=(1/ro)A~! and the 
nucleon remains in the same state. Exchange of mesons with 
higher momentum would necessitate transitions to other mo- 
mentum states which are already occupied. Transition to unoccu- 
pied momentum states above the Fermi level may be assumed to 
be less probable except for nucleons near the top of the Fermi 
distribution. These contributions, however, will then be propor- 
tional to Af. This argument therefore introduces a strong mo- 
mentum cutoff for only single meson events which are based on 
the exclusion principle rather than an assumption concerning the 
interaction. This line of reasoning is related to arguments given 
in the self-consistent field treatment by Brueckner, Levinson, 
and Mahmoud, Phys. Rev. 95, 217 (1954). 
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Following the usual procedure of establishing a 
Hamiltonian form,® we arrive at the total Hamiltonian: 


H'= Ayuat Ain +n’ +h’ t+He’; ( 14) 


with 


Hower f Exod, 

Hin’ = - ffi —— Jomends, 
1—ag m 

Hin'= f omevodr, 


H,,.'= bf Get Ve ?t+ur¢ |dr, 


aw=3 {[¥+ VX e)? +n’ ¢’ 


y 4 
+useo( mi $1, 2m ev) fer 
My 


In addition, an equation must be satisfied : 


ur go=bmpt+¥ - x. (20) 
Here gy and m are the canonically conjugated field 
operators of the scalar field satisfying the relation 


r=. (21a) 
For the analogous operators (¢,i¢o) and (x,imo) of the 
vector meson field, we have 


z=09/dI+V¥ oo, mo=0. (21b) 
The condition (20) for go is connected with the fact 
that only three of the four components of the vector 
meson field are independent variables thus correspond- 
ing to an interaction with a meson of spin 1. It is easy 
to see that the Hamiltonian is positive definite as it 
should be. 

We now want to separate the classical part of the 


interaction. Therefore we write 


g=ot+¢', 
and 


¢o= dot oo, (23a) 


g=¢', (23b) 
where we now assume ¢, ¢ to be ordinary functions 
(i.e., not operators) describing a time-independent 
instantaneous classical field. 

5 E.g., G. Wentzel, Quantum Theory of Fields (Interscience 
Publishers, Inc., New York, 1949). 
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Substituting (23a) and (23b) into our Hamiltonian 
(14), the vector field part (17) and (19) can be written 


Hins'+Hat= f (bmodo—IL| Voo|*+u?6e] 


+3[2?+| 0X ¢e'|*+us?e"+us* go Ndr, (24) 


with the additional conditions, 
us? go = Vm (25) 
and 


— V¥bo+us*bo= bmp. (26) 


We recognize that the effect of the interaction of 
vector mesons with fixed nuclear sources can be de- 
scribed by a classical potential, ¢o (particular solution), 
which obeys the field equation (26). The primed 
operators (¢’,igo’) correspond to free (uncoupled) 
mesons (solution of the homogeneous equation). 

The reduction of the scalar meson interaction is 
similar. However, the calculation is a little more 
complicated by the nonlinear coupling which appeared 
in the nonrelativistic limit. Upon substituting (22) into 
(14) the Hamiltonian for the scalar meson interaction 
(16) and (18) can be written 


1 Ex 
Hin +E ~~ f{-[1-— en Jomotort-#) 
1—a(o+¢’) m 


+4[P+ |e (ot+y¢')|*+ur(¢+¢')]}dr, (27) 


where the operator in the denominator is defined by 
the expansion 


i oe a 
[1-a6+9)}'=-| 1+ et cett | (28) 
Y 7, 9 
and we use the abbreviation 
y=1—-—a¢. (29) 


Ordering the terms and using partial integration, we 
finally get 


1E 
Hint+Ha'= | —[1-—— Jamo +30 Vo|*+1u17¢? ] 


Ym 


1 Ex 
- o | ve— rot (: alae — ame] 
ym 


ay” a 
+ Beal 40+ vee 
7 Y 


+43[9?+|Voe'|?+yre"]¢dr. (30) 


We shall define ¢ in such a way as to eliminate the 
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linear coupling between ¢’ and the nucleons. This gives 
us a field equation for ¢: 


1 Ex 
—V'ot+u"o= 1 a — Jamo (31) 


y m 
In this case, however, the classical potential does not 
fully describe the interaction of the nucleons with the 
meson field. The mesons corresponding to the field ¢’ 
are still coupled by nonlinear terms. We will again 
assume that these terms can be neglected. 

The essential part of the total Hamiltonian (14) now 
has the form 


1 Ex 
u’= { {Exe (1-- )oméo+ bro 


Ym 


+L] v6l*+u]-AL| wool-tuset fdr, (92) 
with the abbreviation (29) and the secondary conditions, 


1 Ex 
—V'o+uro= (: sor — Jam, (33) 
y m 


— V'hotus’ho= bmp. (34) 

Obviously these field equations lead to Yukawa type 
potentials. Since p will always be a positive quantity, 
both potential functions ¢ and ¢» will be positive if a 
and 6 are chosen positive. One therefore sees that the 
scalar field interaction, which gives rise to a negative 
term in (32), is attractive, while the vector meson field, 
is repulsive, since it gives rise to a positive term. The 
formulas hold only for small kinetic energies and hence 
the source function for the scalar field never becomes 
negative as may appear in formula (33) but tends to 
zero for high velocities (see Sec. 2). 


SATURATION CONDITION 


We wish now to minimize the total Hamiltonian (32) 
with respect to the nuclear density p. This is the only 
free variable assuming fixed interaction constants a 
and 6b and meson masses p; and po, since @ and @po are 
expressed in terms of p by the field equations. We are 
only interested in the volume energy and consequently 
will drop all ¥ terms in these equations. We further- 
more want to assume a constant nuclear density p=po, 
which leads also to the constant field amplitudes, 


1 Ex® 
re Aan 


ym 


(35) 


ampo, 


(36) 


M2"bo= bmpo. 


Observing the normalization condition, 


fotr=o far=a, 


(37) 
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and defining the radius of the nucleus by 

R=r,A}, (38) 

where A is the number of nucleons, we get 

po=3/4ar,'. (39) 

The energy per particle (neglecting surface terms) will 
be designated by Ey. We find 


ne, J 
Ey=—=—Ex®— VitV2t+Ri— Ro, 
Bi 


(40) 


with the abbreviations 
Ex®=Cpo', 
Vi:=amd, 
V.=bmdo, 


(41a) 
(41b) 
(41c) 
(41d) 
(4le) 


Ri=}u1'¢"/po, 
R2= }42"0/po. 


It is interesting to note that in (40) one may consider 
¢ and ¢» as independent parameters by disregarding for 
the moment the field equations (35) and (36). Setting 
the variation with respect to @ and @o equal to zero, 
one obtains 


~dEy/db= (ad/y*)Ex°—Vit2Ri=0, (42) 
d0Ey/d¢o= Ve- 2R2=0, (43) 
which gives us back the field equations (35) and (36). 
That the derivatives of H vanish with respect to the 
classical fields ¢ and ¢o is, of course, a consequence of 
the assumed time independence of these fields. Mini- 
mizing (40) with respect to po will give us the saturation 
condition 
podEy/dpo= 3 (1/y)Ex°—R,+R2=0. 
If we subtract (42) from (43), we obtain with (44) 


(44) 


1 1\1 
Vie=Vi-—Ve= (-+-)-zx* 
3 y/¥ 


(45) 


Inserting this into the energy equation (40), we get, 


with (44), 
1 471 
y 3h 


(46) 


This expression is the volume part of the binding energy. 

Up to now we have treated protons and neutrons 
equally. If we take into account the electrostatic 
repulsion experienced by the protons and treat neutrons 
and protons as separate Fermi gases of density p, and 
Pp, respectively, we obtain the following total kinetic 
energy per nucleon: 


Ex” = Ex {1+ (5/9)A?], (47) 
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with 
A=(N—Z)/(N+Z)=pn—Pp/pntpp=5p/p, 


where JN is the number of neutrons, Z the number of 
protons. 

Minimizing with respect to the total density p leads 
to the binding energy formula 


1 &1 Syru 1X1 
)-#8t+-(—--) Bata 
3/7 9X3 y/¥ 


+ Ec,+surface terms. 


(48) 


(49) 


The first term is the volume energy as determined by 
(46). The second term is the symmetry energy, and the 
third term is the Coulomb energy. 

This formula has to be compared with the empirical 
Weizsicker mass formula, which we take from Green’s® 
“best fit” values (ro=1.2210-" cm): 

Eg= —15.75+23.42A?+ Eco.+surface terms. (50) 

(Numbers are given in Mev.) With this value of 

fo=1.22K10-" cm, (51) 

we get for the Fermi energy, using (41a), (39), and (11), 

Ex®=19.25 Mev. (52) 

We adjust y in such a way that the volume terms in 
(49) and (50) should become equal. This gives 


7v=0.559~0.56, (53a) 


ap = (0.44, (53b) 


This would mean that the nucleons act inside the 
nucleus if they had an apparent mass 

Mett = ym=0.56m. (54) 
Using (49), one finds 


Eg=—15.75+29.6A?+ ---. (55) 


The symmetry energy is comparable with the value 
obtained empirically by Green (50) and therefore will 
lead to approximately the proper neutron-proton ratios. 

We point out, however, that in case neutrons and 
protons occupy the different volumes 


V,=V[1+46V/V] and V,=V[1—}6V/V], 
respectively, then 6p/px A= N—Z/N+Z but 
bp V.-V, 1 6V 
ae Ja-—— ]-a[1-— | 
p VatV> 24 V 


The symmetry energy then will be only 


1 6V 
Exym= 29.1 as =| <29.6, 
24 V 


6A. E. S. Green, Phys. Rev. 95, 1006 (1954). 
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because of the expected smaller volume of the proton 
distribution. 
Using Eq. (45), we get, for the potential energy, 


V 12= m(ad— bdo) = 73.2 Mev, 
and therefore, for the vector field coupling, 


boo =0.363 ~0.36, 


(58) 


(59) 

We may point out that the saturation condition does 
not fix the coupling constants a and b but rather the 
dimensionless products a@ and bd». The meson field 
variables are determined completely only if we know 
the masses of the corresponding mesons, i.e., the ranges 
of the fields. It may be helpful to express our coupling 
constants a and 6 in a form analogous to the fine 
structure constant a= 1/137 in electrodynamics. 

Using the nucleon Compton wavelength, A=m 
we get 


ar = $(r0°/K*) (ap) (1— Ex®/y’m) (u1?/m?), (60) 
are = § (10°/A*) (bo) (u2?/m?). (61) 


With the values (51), (53), and (59), and A=0.210 
X10-* cm, therefore, 


, 


(62) 
(63) 


ay = 30.84 g m*, 


ae= 23.6y2" m*, 


SURFACE ENERGY 


Any statement about the surface energy is quite 
doubtful since ¥ terms were neglected in the section 
on Lagrangian and Hamiltonian. Some of these terms 
give strong negative contributions to the surface energy. 
Nevertheless let us investigate the contribution to the 
surface energy arising from the static potential in a 
special case assuming a constant p value up to a radius 
R=r,A' and p=0 outside this radius. We can solve the 
field equations (33) and (34) for @ and ¢o. This will lead 
to a potential function which decreases rapidly within 
a meson Compton wavelength. In addition to the 
volume term an energy term proportional to A! is 
obtained as a first approximation which is identified as 
a surface energy. The surface energy per particle is 
approximately 


1 
E,~ in| - (64) 


Mil) 


1 
ap—- bo} Pe, 


Melo 


If we assume both meson masses to be of the order of 
the w-meson mass (4;=“2="~1/ro), we would expect 


E,=4(Vi2/uro)A-*=~ 554-4 (Mev). (65) 


As in I, we get quite a big positive contribution from 
the potential to the surface energy. To account for the 
relatively small observed surface energy of E,~15A~} 
Mev, we should assume meson masses higher than the 
m® meson mass. However, such considerations are only 
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meaningful if we introduce all the other possible contri- 
butions. As has been pointed out, some contributions 
are negative and we therefore cannot conclude that 
the mesons used here are heavier than the x mesons. 


SINGLE PARTICLE MOTION 


We will concentrate now on the motion of a single 
particle in the nuclear field which is produced by the 
common action of all nucleons. This over-all field will 
have all the features of a classical scalar field in a 
nonrelativistic sense. However, we have not yet shown 
that the particles will move in first approximation 
independently of each other in such a field as is sug- 
gested by the success of the shell model. We do not 
want to prove this now, but simply will assume here 
that a self-consistent treatment of our theory will 
approximately lead to such a behavior, at least for the 
particles of highest energies. We shall give an argument 
for the weaker statement that actual fluctuations of 
the potential will be smaller than would follow from 
additive pair interactions. 

In our theory, the nucleons are sources of two kinds 
of mesons: scalar mesons and vector mesons. The 
exchange of the first kind leads to attraction, the 
exchange of the second kind to repulsion. However, 
the source strength of the scalar mesons is not a 
constant, but has the form 


1 2 
1-——_— (66) 
1— ag 2m? 

i.e., it decreases with increasing momentum p of the 
nucleons (measured relatively to the static field) and 
it decreases for pO with increasing field amplitude. 
The latter can be interpreted as a saturation of the 
scalar meson interaction, an effect which is the stronger 
the higher the momentum of the nucleon. If two 
nucleons approach, ¢, ¢o and the kinetic energy are 
expected to increase. The greater values of @ and the 
kinetic energy will reduce the attraction, but the 
repulsive term @o is not reduced. Thus one must not 
expect as great fluctuations in the attractive potential 
as would result if short-range attractions of particle 
pairs would be summed. 


SPIN-ORBIT COUPLING 


Let us now investigate the motion of a single particle 
in a central nuclear field which is composed of the self- 
consistent classical meson fields @ and @o. The Dirac 
Hamiltonian will have the form 


H=a-p+fm—Bamd+bmdo. (67) 
We are only interested in the nonrelativistic limit of 
this expression. We know that in this limiting process 
a spin-orbit coupling term (£,...) will appear. The 
contribution of the scalar field to this coupling can be 
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obtained from the well-known Thomas precession,’ 
—4i[vxv]. 
This leads to the spin-orbit energy, 
E,,o.(scalar)=+4e-[¥X v]. 


Replacing the acceleration by the force, assuming a 
central potential V,(r), introducing the momentum 
p=mvy and orbital angular momentum l=rXp, we 
get the usual form 


i sry; 
Ey.o.(scalar) = -—( Jee. 


4m?\r or 


(68) 


(69) 


(70) 


From the fourth component of a vector field (which 
behaves like an electrostatic field), we will get the same 
Thomas precession term since there is no difference in 
the nature of a scalar field and the fourth component 
of a vector field in the nonrelativistic limit. However, 
the particle in its orbital motion will not only experience 
the fourth component of the field but also an admixture 
of the other three components. In fact, a particle 
moving in a pure electric field will experience a magnetic 
field contribution, 

H=— (vx E), 
which, with 
eE=mv 
and 
oL>= (e/m)H, 
leads to the Larmor precession 
@L=VXY. (71) 


The total precession resulting from the vector meson 
field therefore yields 


or= ort+o,=+3[¥Xv]. 


The corresponding spin-orbit energy, 


(72) 


(73) 


1 si1ovV, 
Ez.o.(vector) = +—( Jer, 
r or 


4m? 


is similar to E,..,(scalar) except that it carries the 
opposite sign. 

In our theory, we have a superposition of a strong 
attractive scalar and a strong repulsive vector potential 
(V, is negative but V, positive). Therefore in this case 
the vector field precession will add to the scalar field 
precession constructively and so will lead to an ex- 
tremely strong spin-orbit coupling. This coupling is in 
addition enhanced by the fact that the effective mass 
in the interior of the nucleus is reduced. The spin-orbit 
coupling will also have the correct sign required by the 
shell model. 

The stated results can be obtained by finding the 
nonrelativistic limit of our Dirac Hamiltonian (67) by 


7L. H. Thomas, Phil. Mag. 3, 1 (1927). D. R. Inglis, Phys. 
Rev. 50, 783 (1936); Phys. Rev. 56, 1175 (1939). 
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using the Foldy-Wouthuysen® transformation, 


V’=e'S¥, (74) 


Here S is some Hermitian operator which will be chosen 
in such a way that the transformed Hamiltonian, 


ys is i 
H’=e'SHe‘s, 


has only diagonal operators (i.e., operators which do 
not mix large and small components). This can be 
accomplished in approximate steps for small momenta 
(pm) and potentials which are sufficiently smooth 
(their variation within a nucleon Compton wavelength 
should be small). Then S will be a small operator of 
order p/m and we can use the expansion 


We choose, for our S in first approximation, 


i 1 1 
s=-—s0-| p+p 
4m 1—a¢ 1—a¢ 


(75) 


(76) 





a: V (bdo), (77) 


4m(1—ag)? 


1 ae 

ion 1—a@ 
vod 

(Fl 


and get 


1 
H’=am+0—| 
1—ad 


—Bamo+ neni 
8m 


1 
+————0-[v (8a¢+bo0) Xp]. (78) 
4m(1—ad@)* 


This Hamiltonian is Hermitian. To see this for the last 
term, one uses the assumption that ¢ and ¢» are central 
fields. Positive and negative energy states are clearly 
separated up to order of p” (higher orders were dropped). 
For the nucleons we have to take the upper rows of 
the Dirac operators, i.e., 8-1. We at once recognize 
the very large spin-orbit coupling term, 


=—— 0 -[v (ao+b¢o) XP] 
4m(1— ad)? 


oe 
9 «(aa bb) (o-l). 


———— (79) 
Vaal ag)’ r or 


In calculations with the shell model, it is customary to 
introduce the proposed strong spin-orbit coupling term 
in the form of the Thomas precession term multiplied 
by a large phenomenological factor \, i.e., 


A... = —(-—)io I). 
m\r or 


8 L. L. Foldy and S. A. Wouthuysen, Phys. Rev. 78, 29 (1950). 


(80) 
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The potential usually chosen for heavy nuclei, if we use 
ro= 1.22X10-* cm, is a square well of depth 


Vo=+40 Mev=vm=0.043m. (81) 


Let us assume for a first crude estimate that the 
eigenfunction for a particle in our velocity dependent 
potential is similar to the eigenfunction of a particle in 
an ordinary potential of 40 Mev with the same binding 
energy. Then we can compare the spin-orbit energies, 


ol 7” 10V 
Ea T=>— [ y*? (r)- —f" (n)rdr 
4m?d 9 r Or 


R(e-l) : 
” Avo |W7(R) |? 


4m 


for the phenomenological oy and 


in “fe nro 


_R@: I) dobby 


ae, 


~ (ob boo) W(r)rdr 


'W(R) |? (83) 


4m 


from our theory, if we define inside the well the con- 
stants dy=ad, bo=bdo. With the values ap and bo of 
Eqs. (53) and (59), 


Qotbo |y(R)|? \W(R) |? 
(1—ao)00 |¥"(R)|?_ | W7(R) |? 


The value \=33 which one obtains for y(R)=y7(R) is 
in reasonable agreement with the estimated phenome- 
nological coupling.’ A more careful consideration of 
the level ordering in nuclei with our velocity dependent 
potential may require higher values of \. At the same 
time the change in effective mass near the surface leads 
to 





|y(R)|?> |7(R)|? (85) 


A detailed discussion of this question will be given 
elsewhere. We note here that the serious discrepancy 
between the ordinary Thomas term and the phenome- 
nological spin-orbit coupling is removed. 


INTERACTIONS OF NUCLEONS WITH NUCLEI 


We calculate the effective potential which acts on a 
nucleon of kinetic energy E’=E—m impinging on a 
heavy nucleus at rest. We assume that the potential of 
the nucleus will not change appreciably by the presence 
of the bombarding nucleon. This approximation should 
be quite good for heavy nuclei since here the fluctuation 
in nuclear density caused by the addition of the incom- 
ing particle to the nucleus will be small and the nucleus 


® W. Heisenberg, Theorie des Atomkerns (Max Planck Institute, 
Gottingen, 1951). 
%” Ross, Mark, and Lawson, Phys. Rev. 102, 1613 (1956). 
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itself is in a state of minimum energy which does not 
change with small changes of p. 

For constant values of ¢ and ¢o, the Hamiltonian 
operator (67) for a nucleon reduces inside the nucleus 
to the form 


H=[m*(1—ag)'+-p*}++bmgo=E, —_—(86) 


where a, 6, ¢, and $9 have the same meaning as in the 
last sections. We will consider this energy as resulting 
from an effective potential Ves, which we define by 
the equation 


H=(m?+2?}}4+-Ven=E£ (87) 


By elimination of ~ from Eqs. (86) and (87) Vers can 
be expressed in terms of the total energy E of the 
bombarding nucleon. For convenience, we introduce 
the dimensionless quantities, 
e= E/m, (88) 
(89) 
(90) 


(91) 


vett= Verr/m, 
aux ep=0.44, 


bo= bdo= 0.36, 
and get 
Vett = €— [ (e— bo)?+ao (2— a) }}. 


In Fig. 1, tere is plotted against «. We observe that 
the effective potential is negative up to energies e= 1.13 
(EZ’=121 Mev) and then becomes repulsive for higher 
particle energies. 

The effective potential can be compared approxi- 
mately with the real (dispersive) part of the potential 
introduced in the optical model. For very small kinetic 
energies (E’—0), we find 


Vett= —0.047m= — 43.8 Mev. 


(92) 


(93) 
From the position of the giant S-wave neutron reso- 
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Fic. 1. The effective potential, 1, for nucleons is plotted 
against nucleon energy. The upper panel shows the behavior 
between 0 and 6 Bev. The lower panel shows the same curve on 
a larger scale for low energies including negative energies which 
correspond to bound states in the nuclear well. The starting point 
of the curve is determined by the depth of the nuclear potential 
for zero kinetic energy. 
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nances at low energies Adair" and Feshbach, Porter, 
and Weisskopf" estimated the depth of the ordinary 
square well potential with the radius R=1.45X10-"A? 
cm to be Vo=42 Mev. Recent calculations by Lawson” 
and Ross, Mark, and Lawson” with a diffuse well, 


V= Voll err, 


indicate that a potential depth Vo=42.8 Mev with a 
radius R=1.3X10-"A? cm and a’=1.45X10" cm™ 
also reproduces the experimental data. Comparing the 
values VoR? (which roughly takes into account the 
different definitions of R) with our V.s;R? as given by 
(93) and (51) leads to a fair agreement. We will point 
out, however, that this comparison can be made only 
in an approximate way since the behavior of the wave 
functions on the surface of a velocity-dependent well 
will be a little different from the behavior on the surface 
of an ordinary well. The correct resonance positions will 
therefore be reproduced at a slightly different (smaller) 
value for the effective depth of the potential than given 
by these authors. 

The analysis of proton elastic scattering at 5, 17, and 
31 Mev on the basis of a diffuse well! indicates an 
energy dependence of the real part of the potential in 
agreement with our theory. 

Calculations by Taylor’® based on total neutron 
cross sections between 30 and 400 Mev’'® indicate a 
strong decrease of the real part of the potential around 
120 Mev. On the basis of our theory such an effect 
should be expected. Calculations of cross sections in 
collisions of nucleons with heavy nuclei will be given 
in a later paper. 


INTERACTIONS OF ANTINUCLEONS WITH NUCLEI 


Up to now we have discussed the interactions of 
nucleons with nuclei. It is possible, however, to draw 
some conclusions on the negative energy states, i.e., 
the antinucleons. Our Dirac Hamiltonian (67) and its 
nonrelativistic limit (78) clearly exhibits a striking 
difference in the behavior of nucleons and antinucleons. 
In case of nucleon-nucleus interaction the difference of 
the scalar meson and vector meson potential constitutes 
the effective potential. In case of antinucleon-nucleus 
interactions the vector meson potential also becomes 
attractive since it is similar to the electrostatic field in 
the case of opposite charges. Therefore it will add to the 
scalar meson potential which is always attractive. On 
the other hand the spin-orbit coupling will be only of 
the order of the ordinary Thomas term. 

We can describe the interaction of heavy nuclei with 
the bombarding antinucleons of total energy E by an 

1 R. K. Adair, Phys. Rev. 94, 737 (1954). 

12 Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 

13 R, D. Lawson, Phys. Rev. 101, 311 (1956). 

M4 Melkanoff, Moszkowski, Nodvik, and Saxon, Phys. Rev. 
101, 507 (1956). 

16 T, B. Taylor, Phys. Rev. 92, 831 (1953). 
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Fic. 2. The effective potential, v’.¢¢, for antinucleons is plotted 
against antinucleon energy. In contrast to the nucleon potential, 
this potential is always negative. 


effective potential, 
(94) 


- ’ 
V ett=0 ett. 


We only have to give bo the opposite sign in (86) and 
(92). We get 


v' ett= * [ (e+bo)?+a(2 —_ ao) |. 


In Fig. 2, this effective potential is plotted against the 
total energy E= em, of the bombarding antinucleon. We 
observe that this potential is always strongly attractive. 
The decreasing attraction with increasing energy is 
again due to the decreasing contribution of the scalar 
interaction. 

The strong attraction between nucleons and anti- 
nucleons may give rise to a bound state of the nucleon- 
antinucleon system! analogous to the electron-positron 
system. Perhaps this could lead, as in the case of the 
positronium, to a 1S ground state which would exhibit 
the properties of a pseudoscalar meson. Since our theory 
is not based on the w-meson field it may be quite 
satisfactory to explain the + meson as a consequence 
of these nuclear interactions. 

As a consequence of this strong attraction a cross 
section higher than the geometric cross section was 
predicted'* for collisions of high energy antinucleons 
with nuclei. Recent measurements on the attenuation 
of the intensity of the antiproton “beam” by Cu and 
Be at the Berkeley Bevatron, indeed, seem to indicate 
such a result.!*° 

We will try to give an estimate of this cross section. 
As in the section on surface energy we describe the 
nucleus by a meson source distribution of constant 
density po up to a radius R=r9A* and p=0 outside this 
region. This will give rise to an effective potential for 
antinucleons which decreases exponentially for r>R 
(Fig. 3) 


(95) 


V’=$3V'orr(R/r)e-2-®, (96) 


Here a is a measure for the slope of the potential which 


17 E, Fermi and C. N. Yang, Phys. Rev. 76, 1739 (1949). 

18 H.-P. Duerr and E. Teller, Phys. Rev. 101, 494 (1956). 

1” Brabant, Cork, Horowitz, Moyer, Murray, Wallace, and 
Wenzel, Phys. Rev. 101, 498 (1956). 

* Chamberlain, Keller, Segré, Steiner, Wiegand, and Ypsilantis, 
Phys. Rev. 102, 1637 (1956). 
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Fic. 3. The nucleon density and effective potential assumed in 
the calculation of the antinucleon cross section is shown in this 
figure. 


in general will not only depend on the meson masses of 
the vector and the scalar field, but perhaps can have 
contributions from other fields which were dropped in 
the calculation of the volume energy. It also will 
depend on the slope of the p distribution which has 
been assumed here to be infinitely steep. We therefore 
will take for a some semiempirical value as suggested 
by calculations on energy levels in nuclei using diffuse 
wells,” 

For simplicity we will treat the high-energy anti- 
nucleons as classical particles which have a certain 
impact parameter d. This approximation will be valid 
for momenta p>>(h/4E’)(dV/dr). In this classical 
picture we then have to distinguish four cases: 


(1) Particles with impact parameter d< R will inter- 
act with the nucleons. We will assume that they are 
all annihilated. 

(2) Particles with impact parameter R<d<R, will 
be strongly deflected by the attractive field and as a 
consequence fall into the nucleus, thus increasing the 
annihilation cross section from +R? to rR,’. 

(3) Particles with impact parameter R,<d< R; will 
be elastically scattered and will contribute to the scat- 
tering cross section. 

(4) Particles with impact parameter d>R, will be 
scattered by angles smaller than the angle J» given by 
the geometry of the experiment and will not contribute 
to the cross section. 


In case of gradually decreasing p-distribution and a 
finite “annihilation length,” (3) would also include 
annihilation and inelastic scattering events. 

In an attenuation experiment with poor geometry, 
where shadow scattering is not measured, the total 
cross section for high-energy particles will therefore be 


o=aR2= frR’, (97) 


where 


f=R?(Ep0)/R (98) 


gives the factor multiplying the geometrical cross 
section for a certain particle energy E and cutoff angle 
#0 of the experimental arrangement. 

We consider an impinging antinucleon of classical 
energy 


H=[m?(1—a¢)*+ p*}!— bmgo= E, (99) 


and impact parameter d in its incident plane (Fig. 4). 
@ and ¢» will be constant inside the nucleus but will 
have an exponential dependence on r outside the 
nucleus. In the Hamiltonian operator, we therefore 
have to retain the ¥ terms which appear from the 
commutators of with the potentials and which are 
proportional to %. In a classical calculation these terms 
can all be neglected (4-0) and the Hamiltonian reduces 
to its classical form (99). 

According to the first Hamilton equation, the change 
in momentum will be 


dp/dt= mF (VH)>, 


dp dp dx 
T+ |x o| 
di dt dt 


(100) 
where 


(101) 


Here s° is the unit vector in the direction of the path 
of the antinucleon and dx? is the infinitesimal rotation 
of this direction. We are only interested in small 
deflections and consequently will replace in the calcu- 
lation of the force, instantaneous velocity and momen- 
tum the actual path by the straight line 


d=r cosé, (102) 


where (7,5) are the polar coordinates of the particle. 
However, the changes in velocity due to the presence 
of a velocity-dependent potential will be taken into 
account. The velocity of the particle »(r)=ds/dt of 
certain impact parameter d along the path is given by 














Fic. 4. The classical orbit of the antinucleon in the nuclear field. 





RELATIVISTIC EFFECTS 


the second Hamilton equation, 
o(r)=0H/dp(r), (103) 


where p(r) is the momentum along the assumed straight 
path (102) at r. 
The radial velocity will be 


dr/di=v(r) sind, 
and we get, from (100) and (101), 
p(r)v(r)dx/dr= (0H /dr) cots. 
With (102), this yields the total deflection, 


eS 1 oH 
j=2 f jit (— a. 
0 [r’—d?}! p(r)v(r) \ ar 


Assuming that ¢ and ¢» have the same functional 
dependence on 7 as given by (96), we introduce the 
dimensionless quantities, 


ag = }a08, 
bbo= db0z, 


(104) 


(105) 





(106) 


(107a) 
(107b) 


and 


=—¢~ al r—R) 
r 


o 
« 


R 
na expl—a(d—R)] exp[—a(r—d) ], (108) 


with approximately 
&=a{.1+(1/ad) }. (109) 


We can write 


(ao+ bo) — 3 (a0? —by?)z 
we. — ~1)-+ (dotebs)2—3 (ae? —b?)2 
For high energies E (small deflections), i.e., 


(@—1)> (aot ebo)z 
>} (ae? — be?)2?, (111) 


the denominator can be expanded and we are led to 


(110) 





ao+eb 
haz s— [1 Ast Av +-°>], 


ée—1 


F(2)= (112) 


; (113a) 
2 a+ ebo 


dot bo 
a-[ . 


ée—1 


1 ae?— be? | 


1 [ (ao+ ebo)* 


. nth 





+4(0'—b)| 


(113b)_ 
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Since the function F(z) is proportional to z and will 
consequently decrease very rapidly with r, we can 
approximate the square root in the integral (106) by 


[Pe }= [2dr }1 ———+$-- + (114) 
4d 


Introducing the notation 
tas La(r—d) }}, 
the integral (106) can be written 


dot+eby R vi a 
9=[2ad}}——- ate f {[1-= Jesn(-9) 
é—-1 d 0 4ad 


(115) 


R 
x{1 = adel ®) exp(—y?’) 


2 


+A — exp(—2y")—+-: | a. (116) 


This gives 


[=] ~ aotebo R 


— omg a(d—R) 
2 


P—1 d 


Xo— Ai +Aale—--- J, (117) 


3 
n=(1+—), 
8ad 
1 VR. 
h=T(14_ enon, 
v2 16ad/ d 


1 11 \R 
= (1+ j —— gta, 
V3\ ad] & 


The deflection angle depends exponentially on the 
impact parameter. According to (111) the expansion 
in brackets of (117) converges rapidly for d&«[4$2aR }}. 
For a rough estimate of 3, we use the first term in 
the expansion (i.e., A1:J;=A2/2=0 and Jo=1) and set 
(R/d)*~exp[_— (d— R) )/2R]. This gives 


waR 4 aygt+ebo 1 
[=] aa exp| -a(1+—) a-R)| (119) 
2 é-1 2aR 


with 


(118a) 
(118b) 


(118c) 


For the calculation of the cross section, we have to 
express the impact parameter in terms of the deflection 
angle. An experimental arrangement with a cutoff angle 
%o will measure a collision cross section equal to the 
geometric cross section times the factor (98) : 


1 (wa, 2)! dot eby 
j=[1+ as in( = "| . (120) 
0.5-+aR do € hail 
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Chamberlain et al.” have measured the cross section of 
antiprotons of average kinetic energy E’=430 Mev 
(e=1.4) in an attenuation experiment with Cu (A =63). 
The cutoff angle is #)=13° which excludes the shadow 
scattering in the cross section. With the choice of 


a=1.0X 10" cm, (121) 


and the values of ap and bo given in (53) and (59), we get 


fou=2.15. (122) 


Using (38) and (51), the cross section will be 


Fu=1.59X 10 cm’. (123) 


The more exact calculation on the basis of (117) gives 

fou=2.17 and ¢cu=1.60X 10-* cm? which shows that 

our crude approximation (119) is already very good. 
The experimental value 


(ocu)exp= (1.58+0.22) X 10-* cm? (124) 


is in good agreement with our result. 

The calculated value for o, however, will depend 
strongly on the choice of a, which is only known within 
wide limits. Ross, Mark, and Lawson!” have calculated 
the energy levels in nuclei with the Saxon potential 


V= VolLites’(-2 PP, 


and found that the choice a’ = 1.45X 10" cm™ led to an 
improved level ordering. This a’ is not directly com- 
parable with our a. However, we can show that a 
choice a=1.0X10" cm will lead to a potential of 
similar slope to the Saxon potential with a’= 1.45 10" 
cm in the region d= R,~1.5R which is of interest to us. 

Similar calculations on Be® (E’=455 Mev, #)=19°) 
gives fpe=2.51, i.e., one=0.508X 10-* cm? which is to 
be compared with the experimental value of (0.365 
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+0.059) X 10“ cm?. The application of our theory to 
this very light nucleus is, however, quite doubtful. 

On the basis of our classical model, we can also 
estimate the annihilation cross section, which we define 
by 

Jo= farR’, (125) 
with 
fo=R2(E)/R°. (126) 


The factor f, can be determined in a classical manner 
and depends on the energy of the bombarding anti- 
nucleon. In this calculation we explicitly have to take 
into account the deviation of the particle orbit from a 
straight line in the field of the nucleus. 

In case of the 430-Mev antiprotons of the Cu attenu- 
ation experiment, we get 


(fa)ou= 1.81. (127) 


The comparison with (121) shows that approximately 
84% of the collision cross section is due to annihilation. 

The analogous calculation for Be® (Z’=455 Mev) 
yields (fa)ne=1.76, which implies by comparison with 
the calculated value for the collision cross section that 
here only 70% of the collision cross section is due to 
annihilation. 
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Multiple Photon Production by Electron Pair Annihilation in Flight* 
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Starting with the Feynman-Dyson S matrix, we have computed the two leading terms in the high-energy 
expansion of the cross section for multiple photon production by electron pair annihilation in flight. In the 
extreme relativistic limit, when In(Z,/m)>>1, where E, is the positron energy in the laboratory system, our 


result reduces to that previously obtained by Gupta. 


We also calculated the first four terms in the high-energy expansion of the three-photon production cross 
section. Gupta obtained the leading term only and found a discrepancy between o3 and oy for n=3 by a 


factor $. This discrepancy is removed. 


For the sake of simplicity, Gupta assumed that the principal contributions to the cross section come from 
(1) low-energy photons and (2) small scattering angles. We proved that all these assumptions are indeed 


valid. 


The possibility of observing multiple photon production is discussed. 





INTRODUCTION 


HE first explicit estimate of the high-energy cross 
section for multiple photon production by electron 
pair annihilation in flight was given by Gupta.! In an 
independent estimate of the high-energy cross section 
for three-photon production, Gupta showed that the 
principal contribution to the cross section arises when at 
least two of the photons have very small scattering 
angles. He assumed that the third photon is also likely 
to be emitted in the forward direction. 

When estimating the cross section for multiple photon 
production, Gupta further assumed (1) that all photons 
are likely to have small scattering angles, and (2) that 
in the rest system of the electron pair, all but two pho- 
tons are likely to be soft.’ 

Gupta’s results exhibit a discrepancy by a factor 3 
between his general formula for the multiple photon 
production cross section op, as specialized to n=3, and 
his independently calculated formula for the three- 
photon production cross section o;. He attributed this 
discrepancy to the approximations made in com- 
puting on. 

This raises the questions: (a) Does the discrepancy 
between Gupta’s formula and the “correct” formula for 
o» increase, decrease, or remain constant for increasing 
n? (b) Under what conditions are Gupta’s assumptions 
valid? 

We propose to answer these questions by first proving 
the validity of assumption (2). Then we will make full 
use of it at the very beginning of the computation of on. 
The calculations thereby become very much simpler 
than in Gupta’s work. 

We also propose to compute the first four terms in the 


* Submitted in partial fulfillment of the requirements for the 
Ph.D. degree at the State University of Iowa, Iowa City, Iowa. 

t Now at Iowa State College, Ames, Iowa. 

1S. N. Gupta, Phys. Rev. 98, 1502 (1955). 

2 A group of photons whose collective energy is small compared 
to the electron energy, consists of what we call soft photons. At all 
other energies a photon is called hard. This statement refers only 
to the center-of-mass system of the electron pair. 


high-energy expansion for the three-photon production 
cross section. 
I. MULTIPLE PHOTON PRODUCTION 
(a) Transition Amplitude 


Throughout this discussion we employ the system of 
units in which #= 1, c=1, and a metric tensor which has 
the nonvanishing components g11= g22= g33= — goo= 1. 
The product a,y*, between the four-vector a, and the 
Dirac matrices y, is denoted by a. 

According to energy-momentum conservation, photon 
production by electron pair annihilation in flight can 
occur only by the emission of a minimum of two hard 
photons (& and k’). Considering the production of n+2 
photons, we will show that the principal contributions 
to the cross section arise when: (A) There are only two 
hard photons, the remaining photons (q:---qn) being 
soft.? (B) In the Feynman diagrams, none of the soft 
photons is emitted by internal emission, i.e., from the 
electron line segment between the two hard photons. 

For this purpose it is convenient to isolate the two 
hard photons and to consider a partition of the soft 
photons into two groups of r and m—r in number. The 
two hard photons, and the bare electron line segment 
between them, are isolated in the diagram Fig. 1. The 
¥ nf 
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Fic. 1. A Feynman diagram for multiple photon emission by 
electron-pair annihilation. The energy-momentum vectors 41, gs, 
++, Gn represent soft photons. The vectors k’ and k represent hard 
photons. 
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Fic. 2. A part of the diagram 
illustrated in Fig. 1. The four- 
vectors + and mw, are associated 
with internal lines, and 7,=p, 
—(q+ ay "Gr), r=p—(qnt+- “Qr41), 


k=a—k, x’ =9,—Gr. 


an 


4 
4 


, 


+ 


first group of n—r photons is emitted from the directed 
electron line segment leading into the isolated pair, and 
the other group of r photons is emitted from the electron 
line emerging from the isolated pair. 

Let us compare the contributions to the transition 
amplitude from the configuration illustrated in Fig. 1 to 
one which replaces the soft photon g, by a hard photon 
Q,. Everything else remaining the same, the relevant 
factors are illustrated in Figs. 2 and 3. The correspond- 
ing analytical expressions are 


e(q,) 


(ix,—m)* 0 (ix!—m)~ 


_e(k) 
a) (ix+m)", (1.1) 


ead 

array 
where e¢,(k) is the polarization four-vector associated 
with the photon k. The variables w, w’, w,, and Q,, are 
the energy components of k, k’, g,, and Q,, respectively. 
All electron line segments are internal, and the associ- 
ated four-vectors can be expressed in terms of the initial 
and final variables by 


w= p—(qnt>*°Grss); (q+: 
x’ =%4—Qr, x =74—(,. 
The remaining parts of Fig. 1, which are not illustrated 


in Fig. 2, can be represented by two spinors ¢ and x. If 
we now introduce the spinors 


v= P(ixy,—m)", 


(1.2) 


e(k) 
(ack my (int), 


1+ = py— *Gr-1); 


(1.3) 


k=a—k, 


(1.4) 


e(k) 
t= er (ix+m)—x, (1.5) 


2w)! 


7 
= 


Fic. 3. A part of a Feynman dia- 
gram for multiple photon emission 
by electron-pair annihilation. This 
is the same as the part illustrated 
by Fig. 2 except that the soft 
photon g, is replaced by a hard 
photon Q,, and «x =2,— 


--<-<-=--- O 


a3 
ay 
x 


we can write for the ratio of the matrix elements corre- 
sponding to (1.1) and (1.2) 


Ne — ee (*) ( +m? ) 16) 
e(q,)(ix!+-m)e(k’)E INO,7 \x?+-m* 
In the soft photon limit 
Vols), E>to(k,p), 
so that R decreases like 


eee) 
Yoe (q-) Lips +m Je(k’) Eo 
P+°Qr 


Wr t 
(2) et 
Q, p+°Qr 
The first factor depends on w, only through the polar- 
ization vector which hardly affects the magnitude of R. 
It follows that R decreases like (w,/2,)!. The quantity of 
interest, however, is (Q,/w,)R, because the density of 


final states contributes a factor (Q,/w,)? to the corre- 
sponding ratio of transition probabilities, and therefore 





(1.7) 





(1.8) 


Fic. 4. A part of a Feynman dia- 
gram for multiple photon emission 
by electron-pair annihilation. This 
is the same as Fig. 2 except that 
the soft photon g, and the hard 
photon k’ are permuted, and x* 


Sy , 


a factor (Q,/w,) to the ratio of the transition amplitudes. 
It follows that the probability distribution involving 
three hard photons is smaller than the probability 
distribution involving only two hard photons. Their 
ratio is the ratio of soft- to hard-photon energies. Our 
proof was given for a special case only, namely for the 
photon in Fig. 1 which is the immediate neighbor of the 
hard photon k’. To make the proof more general, we 
only need to prove the second condition (B). 

Turning to condition (B), let us compare the contri- 
bution to the transition amplitude from the configura- 
tion illustrated in Fig. 1 to one which is obtained from it 
by permuting the hard photon k’ with the soft photon 
gr This permutation results in the internal emission (see 
condition B) of a soft photon. The relevant factor 
arising from this permutation is illustrated in Fig. 4. 
The corresponding analytical expression is 


U 


(in,— mai (ix*—m)“ 


5 tar (int) OP ery as 


a 2w,)! (2)! _ 





MULTIPLE PHOTON 


where x*=2,—k’. We can write for the ratio of the 
matrix elements corresponding to (1.1) and (1.9) 


k’) (ix* " K+? 
ro bas )(ix*¥+m)e(q “I +m ) (1.10) 
Pe(qr) (ix’+m)e(k’)E I\ x? +m? 


In the soft-photon limit, R’ decreases like 


ie ——) 
Hoe (qr) Lip, +m Je(k’) Eo 
P+°Qr 
bea <5 
x ae (1.11) 


The first factor again depends on w, through the 
polarization vector only, which hardly affects the magni- 
tude of R’. It follows that R’ decreases like (w,/w’). 
Since the difference between the matrix elements arises 
from merely permuting the soft- and hard-photon 
variables, there is no additional factor arising from the 
density of final states and R’ is actually the quantity of 
interest. We can conclude, by a suitable generalization 
of the argument presented above, that for each soft 
photon emitted by internal emission (see condition B), 
the corresponding transition amplitude is smaller by the 
ratio of soft- to hard-photon energies. 

The conditions (A) and (B) having thus been cor- 
roborated, we now proceed with the calculations of the 
transition amplitude. 

The analytical expression corresponding to the iso- 
lated pair, F2, is the spinor matrix related to the 
transition amplitude M, for two-photon production by 


Mil pp; kk’) =0(p4)Fo(pyp; kR’)u(p), (1.12) 


where the spinors u(p) and i(p,) are the negatron and 
positron plane wave amplitudes normalized to 


ii(p)u(p)=1, 0(p,)0(p4)=—1. 


The transition amplitude for (n+ 2)-photon production 
is in the first approximation 








(1.13) 
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x| —i(py—Mi—*+*—q.)—m lI 
—2p- (git: +-+9.)+(git: ++ +92)? 
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+**—n)—™m 
= 2p: (get -++ Gn) + Get = +95) 


e, 
x ail" (1.14) 
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We write the four-vector products a“b, as a-b for 
simplicity. The symbol £ indicates the soft photon 
limiting form. There is a sum over the index (r) which 
describes the partition of the soft photons, and a sum 
over the permutations (p) among them. That the 
symmetrization of the initial and final states is correctly 
included in these two sums can be seen by dividing the 
sum over all the permutations into the following four 
classes: Class I consists of the permutations among the 
soft photons alone. Class IT consists of the permutations 
between the two hard photons alone; they are included 
in F;. Class III consists of those permutations among 
soft and hard photons which do not result in internal 
emission (see condition B). The sum over these permuta- 
tions can be expressed as the sum over all partitions. 
Class IV consists of the remaining permutations, each 
of which provides a configuration involving internal 
emission. 

According to statement (B), which was proved above, 
class IV can be neglected. Class II is included in Fy. 
Therefore, Eq. (1.14) is correctly symmetrized. 

We use the relations 


C.p+=2e.' pr — Pres, 
pe,=2e, p—e.p, 
D(p+) (ips —m) =0, 
(ip+-m)u(p) =0, 
which we apply in succession in the soft photon limit, 
and we obtain from (1.14) 
e” 1 


Myx se oe * 


(2ar)8"/? (2e1+ + » 2a) # <r> (p) 





Dyes" * Paver 
Pa Qi' Py: (Qt: ++ +47) 
p: Crti** 


Pp: (qrpit:- ‘ 





f Paperen a kk’). (1.16) 
P°n 


At this point we use the identity, easily ow by 
induction : 


1 
(vit *29 +yn) FaFa°* * Pa 


where the sum extends over all permutations of the 
variables, and find 
e 1 


M nx akon? 2 


(2ar)*™? (2w 1+ + « 2)! <r> (p’) 
gore ip Pane, 
P+ P+°Qr 
x(= —).. (= en 
P: Qr+1 p: Qn 





oe (ESE 
yi(yitya): _ 





Jasco, kk’). (1.18) 





484 


Here (p’) is any of the remaining permutations of the 
soft photons excluding those within either group of the 
partition. Next, we employ another identity, which can 
also be proved by induction, 


> (-1)*"2 a:!- 


<r> (p’) 


+ Ol dpys ***Ay 


&=n 


se II (a,'—a,), 


s=] 


(1.19) 


and obtain finally 


smn € 1 es" p+ esp 
Mu| Il pr £m & ( hee 


) fats (1.20) 
o=1 (2a)! (2w,)'\ pi-gs pds 


The reduction of M42 to the particularly simple form 
(1.20) is not surprising in view of previous work by 
Glauber,’ Thirring and Touscheck,‘ and Jauch and 
Rohrlich.® These authors, considering the emission of an 
additional soft photon during an almost arbitrary scat- 
tering process, described by the matrix element M, 
obtained for the matrix element M;, describing the same 
process with one additional soft photon 


€ 1 (o* é: per 
~ (2m)? ( (2u)*X pg pq 


where p’ is associated with the scattered electron. We 
can apply the substitution law® to (1.21) in substituting 
the positron momentum p, for —p’ in (1.21) and M2 


for M, to obtain 
pre 
-—). 
Ph 


If one were to apply an iteration process in this manner, 
the result would be precisely (1.20). 


*)M, (1.21) 


e€ 1 (= é1 
(2m)! (2a1)*\ py -qu 


($) Cross Section 


The transition amplitude and cross section are related 


by 
“Le ae ay” t fev Jo 


x fPGu(P/—-P), (1.22) 


Gny2=4(2m)" DL | Maye”. (1.23) 


pol spin 


The negatron and positron energies are E and E,: The 
initial energy momentum is ~;=/,+ and the final 
energy momentum is pp=k+k'’+91+ - - - Gn. Introducing 


3R. H. Glauber, Phys. Rev. 84, 395 (1951). 

4W. Thirring and B. Touscheck, Phil. Mag. 42, 244 (1951). 

5 J. M. Jauch and F. Rohrlich, Helv. Phys. Acta 27, 613 (1954). 

6 See J. M. Jauch and F. Rohrlich, The Theory of "Photons and 
Electrons (Addison-Wesley Press, Cambridge, 1955). 
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the quantities 
2p: pr m? m? 
+ ae 
P-QsP+"Gs (Pgs)? 
it follows from (1.20) that 





®,= -«if | (1.24) 


(P+ 0)”. 


a” s=n 


Gny2=——{ TI os 


(mye se (1.25) 


5D .}Go. 


We evaluate the integral in the c.m. system of the 
electron pair. Defining 


b.= < (P4,4s), 
0.= < (p,q), 


we can write 
2(1+6?) 1 


ere 6? cos*d,) v(i- 8 cos)? 


s=1,---,7, 


s=r+l1,--+,n 


(1.26) 


1 


——————————, (1.27) 

7° (1+6 cos#,)? 
where ym is the electron energy and B= | p,| /ym.Wecan 
see by inspection that in the high-energy limit y>>1, the 
angular distribution has very sharp maxima for |#,|<«1 
and |r—#,|<«1. We know this is also the case for the 
two- hard-photon distribution contained in G2. This 
proves the validity of assumption (1) by Gupta (see 
Introduction). We can also say that both energy and 
momentum conservation in the soft-photon limit is 
essentially that between the electron pair and the two 
hard photons. It follows that 


s=n a d*q, 1 
Onp2~o2 [] fee 
1 (27)? J we nl! 
The remaining integrals are elementary and we find 


[aC in(¢x/e1) }* 


n!} 


(1.28) 


(1.29) 


On42(€2,€1) =o2- 


The factor m! arises from the fact that the » soft photons 
are .indistinguishable. The factor C arises from the 
integral over the angular distribution, 


1 pd, 2 
C= 5,2 Line} wef], 


“a (1.30) 


which we have evaluated in the high-energy limit. 
The factor In(€2/¢:) arises from the integral over the 
energy distribution 


€2m dw, €2 
f —=in(). 
em Wes €j 
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We have carefully refrained from specifying the 
energy limits ¢2 and ¢;. We wish to make a few remarks 
concerning these limits. However, we first show that 
w dw is invariant under Lorentz transformations. This 
would provide the energy distribution in the laboratory 
system. Furthermore, it would enable us to discuss the 
limits in the laboratory system. 

The quantity wd*k is a well-known invariant. We 
write w#k=w'dwd gu” sinddd. If we choose the polar 
axis along the direction of motion, then d¢ is invariant. 
Thus we need only to prove that w sindd# is invariant. 
According to the transformation equations x=w'/w 
=7(1—8-cos#) and a!=7(1+8-cosd’) we have (dx/da™) 
= (w’/w)?=sinddd/sind’dd’ so that indeed, w sinddd is 
invariant. It follows that w ‘dw is invariant. 

As proved by Jauch and Rohrlich,® the contributions 
from real and virtual photon energies below the experi- 
mental energy resolution emc’, cancel to each order of 
the coupling constant. We thus take for the lower limit 
e:=e.’ The upper limit e<y,m, where ym is the 
positron energy in the laboratory system. However, we 
have shown that the principal contributions come from 
the low-energy distribution. We thus obtain a crude 
estimate and a cutoff-independent result by using y,m 
for €2. One can show in a rough way that this leads to an 
error which amounts to neglecting terms of the relative 
order [In(y,/e) }-'. We thus obtain 


LaC In(y+/e) ]” 


(hy 


(1.31) 


where C= (2/r)[In(2y,)—1]. 
2. THREE-PHOTON PRODUCTION 


In this section we wish to make an independent and 
better calculation of the cross section discussed in (1) 
for the special case of three-photon production. We do 
not at the beginning distinguish hard and soft photons, 
and we regard all three photons on an equal footing. For 
this reason we make a slight change of notation by 
using hi, ke, and k; for the energy-momentum vectors of 
the three photons. 


Fic. 5. A Feynman diagram for 
three-photon emission by electron- 
pair annihilation. 


~~ oe oowsP 
-—amee oom 


Pe p 


7 One should use the lowest photon energy which is observable 
with the particular apparatus employed. However, this quantity 
is of the same order of magnitude as emc’. 


PRODUCTION 


Fic. 6. A Feynman diagram for 
double Compton scattering. 


The cross section for this process is 


EE, 
om ths f dbs f oe A, 
L(p-p+)?—m*]}! 


(2m)? | 
—— LoD | M3|6(p+p.—ki— ko— hs). 


4 pol spin 


(2.1) 


In order to specify the probability amplitude M3, we 
introduce the spinor matrix 


T=—¥ e(ks)[i(p,—ke)—m}"e(ks) 


X(i(p—ki) +m} 'e(k:), (2.2) 


where the sum extends over all permutations of the 
three-photon variables. Then we can write 


é m 


M;= D(p \Tu( ), 
(2m)7? (EE 42w12u22ws)! 7 P 





(2.3) 


which corresponds to the sum over all permutations of 
the three photons on the Feynman diagram illustrated 
in Fig. 5. 
We have the relation 
(2)? ar 
——¥ F|Ms|*=————_,,_ (24) 
4 pol spin (4:r)? EE ,wwws 
where the quantity 


X=-YD Tr(ip—m)T*(ip,+m)T (2.5) 


pol 


has been computed for the double Compton process by 
Mandl and Skyrme.* A typical diagram for the double 
Compton process is illustrated in Fig. 6. We make the 
following substitutions®: (a) p’-—p,; (b) kr>—hky; 
(c) we change the over-all sign of the probability dis- 
tribution. 

By introducing the system 


a=) a; *, 
c=)” a1, 


b=h br", c=L (abi), 
o =) bi, 5=) (aib:), 
A= 10243, B= bybob;, p=) (ab;"+a4; 1b), 


8 F. Mandl and T. H. R. Skyrme, Proc. Roy. Soc. (Lond 
A215, 497 (1952). ig si 


(2.6) 
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where a;=—p-ki, b=—p,-ki, we can write (using 
o=o’ from energy-momentum conservation) 


= {2(0b—L(e+0) (0+2)—(ab—c)—8—2p] 
+[2p(o—2)—8 ]e—20(a?-+") 


4o 
+i +B)(o-+1)+(aA+B) 
AB 


o—1 
x (7 - 2)+0rt -)+25| } (2.7) 


which is wholly unsurveyable and requires a suitable 
approximation. 

In order to see which approximation can be made, we 
develop (2.3) in further detail. We introduce center-of- 
mass coordinates and the quantities 


3,= < (p,k,), d2.= < (py,ks), 3;= < (p,ks), 
T'(123| pp.) = —es[i(p,—he) +m ] 
3 } —k, oe ly 
Xes[i(p—ki)—m Je 2.8) 


—~4 


LX Tr(ip—m) 


jw, pol 

XI(nsl| pps) (ip +m)T (123 | pp). 
Noting that 
w3|0(w2t+ws) 


w1 
alee = |2y——(1+cos#; cos#2 
™m Owe m 


X tsn= 


+sind, sind, cos| g2— ¢i1|)} =D, (2.9) 


we obtain, after performing the trivial integrations, 
_ Shard dw, pd f dQ 
tet what = 
WD 
7?(1—B cosd;)y?(1—B8 costs) 





(2.10) 


Xai2 

—B cosds)(1+8 cosd;) 
X 132 

(1—B cos#,) (1+8cosd;) 


with 
X13 
- + 
(1—8 cos#;)(1—Bcosd2) (1 
X 231 
+t + 
(1+-8 cos) (1+-8 cosds) 
Xais 


4 
(1+8 costs) (1+8 cosd:) 
X 321 


+ | (2.11) 
(1—B8 cos#3)(1—8 cos) 
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When >>1, we see that the integrand of (2.10) has two 
very sharp maxima for |#,|<1, |#|<«1 and both 
|\93|K1 and |w—d;|<«1. The latter is, however, the 
charge-conjugate case of the former. Thus we return to 
(2.4) and (2.7), and we can use the approximations 


y>l, |d:|K1, |82|K1, |o3|«K1. (2.12) 


We must also multiply by a factor 2 to compensate for 
an equal contribution from the charge conjugate case. 

Then, with? 
2,= 27°(1—B cos? )—~1+ 78 ?, 


2.13 
witws~wr~7, — 


we have 


d3=w323/2y, 
by~2yw3. 


a= 21/27, ay2y’, 


2.14 
by~2yu1, by~woz2/2y, ( . ) 
In this approximation, according to (2.14) and (2.6), 


g,p,6>>1, and aA+bBKo’. (2.15) 


It follows from (2.15) and (2.7) that 
X~|2(ab—d)[2o+ (ab—c)—a (a+b) | 


4 2 
+2o(a+H—pe)+-—[ob—A-B]}. (2.16) 


The system (2.6) reduces to 


1 1 2y 1 1 
oxt(—+—), t+ —, = B— 
W121 W323 Z2 = 2wyws wPs, 

(2.17) 
5=>> w/z, 


B2y*wyw380. 


p~4/* 7% zi, 


Ah ww32123, 


o=27’, 


There are altogether nine final variables, three mo- 
mentum components for each photon. Energy-momen- 
tum conservation eliminates four of them. The conserva- 
tion of angular momentum, expressed as the azimuthal 
symmetry about the polar axis, eliminates one more. 
There remain therefore altogether four independent 
variables for which we choose the set 

w1, 21,22, and g= | 2— ¢1| ’ (2.18) 


where ¢; and ¢2 are the azimuthal angles for k; and kp. 
According to (2.9) and (2.13), D“—~2(y—w1) so that 


1—e’/y 20 20 
a= f aw, f dss f dz 
ely 1 1 


Qn dey 
x f —o3(W,21,22,¢), (2.19) 
0 2r 


9 We now let m=1. 





MULTIPLE PHOTON PRODUCTION 


TABLE I. A avmnany | of results for + waltiple- and three-photon production cross sections 0 by electron a pair 0 annihilation i in Hight. 











Multiple-photon production 


Three-photon production 





1 2a Y+ a wi 
ony in(% “Yan 2y,) yy 


in(* *)>1 74>1 
2a, (y n-3 
(Gupta) on ‘T “ris in(* *) In(2r,) 


in(* ‘)>1 Iny,>1 


2 
esmor=| (In(2*)+4)(n(2r,)—1) +5 | 
(*:)>1 y>l 
(Gupta) onion = n(%*) In(2y,) 


in(* ‘)>1 Iny,>1 


y+mc?= electron energy 
emc?= experimental energy resolution 








with 
ar, Wi 


0 3(W1,61,22,9) =—— — 
4y” ws; 


xX LF (w1,21,22, 9) +F (ws,23,22,¢) J, 
w1 


Wm, 23=—{wr2itze 
sf ws 


U3>= 1 —Wi, 


(2.20) 
—2wi[1+ (2—1)(a—-1)! cose }}, 


1 1 154 1 
F(wssisu0)=—( -1)+— —(2+—) 
2122 \Wr 2123 Wy Wi 


a % ( 1 -) 
2122 Wi \2Z1W1 22 
In the last step we have divided by an additional 
factor 2, because the two photons (with energy-mo- 
menta k; and &;) emitted within the same cone are 
indistinguishable. The physical property that these two 
photons are completely equivalent permits us to see 
readily the following relation (which can be obtained by 
straightforward manipulation) : 


9 (w1,21,22,¢) ws 


3 (ws,23,22,9')| wi 

The variables ¢ and ¢’ are related to the azimuthal 
angles ¢i, ¢2, and ¢; for the vectors ki, ke, and ks, 
respectively, according to ¢’= | g2— ¢s|, and, as before, 
¢=|¢2—¢1]|. It follows, therefore, that with 


-e'ly dw 70 dz; 70 dz 
Na at 
27’ 


2 Wy 2wy 
Xx a ae )+—|. (2.21) 


21 W3 ZoW3 


and 


are eto “!7 dw, 
72> a) —(1-+-wi— 
2y ¢ Wi 


2wy’) 
2a (e~ 5 cose) 


b= 2w,(1—2;)!(1—22)4 
we can write 


(7.23) 


3=O31+ 032. 


We find 


ary 7 
ou= {ino n( +1 ]-2 Inzo in(~) , (2.24) 
27? é é 


9 


ar, Y r 
33=-—— nas Inz in( > )~ (ney (1-*) (2.25) 
27 é 3 


where we have neglected terms of the relative order e’/y 
and 1/20. 
According to (2.23), 


ary? OY a 
o3=— Inzo }in( =) +3 Joins —13}+— » C26) 
PY 6 


7 


(2.24), and (2.25), we obtain 


By transforming to laboratory coordinates and by 
estimating the contributions from all angles, we obtain 
finally 


o3=o2a{C In(y4/e)+3C+ ir}, (2.27) 


where as before C= (2/m)[In(2y7,)—1]. In the limit 
In(y4/¢)>>1 this result agrees with the multiple-photon- 
production cross section (1.31) which gives 


O142=020C In(y+/e). 
CONCLUSION 


A comparison of our results with those of Gupta is 
shown in Table I. One sees that in the extreme relativistic 





488 


limit (Iny,>>1), our o, reduces to that of Gupta. It is 
also apparent that when In(y,/e)>>1, our o; and op 
specialized to n= 3, agree. Gupta’s a3, which is obtained 
in the limit In(y/¢)>>1, Iny,>>1, disagrees by a factor 
$. The error lies in Gupta’s estimate for o3, not in o, as 
he asserted. 

Some rather interesting photon showers have recently 
been observed in cosmic rays.'°"! These showers consist 
of about 20 high-energy photons within an extremely 
narrow cone of less than 0.001 radian, and the very 
conspicuous absence of charged particles. It was first 
thought that the small value of the fine structure con- 
stant a ruled out multiple-photon production by 
processes in quantum electrodynamics. Gupta con- 
jectured, however, that perhaps the energy dependence 
is such that for sufficiently high energies, the energy- 
dependent factor becomes comparable to a~", where n 
is the number of photons produced. 

In order to investigate this point further we note that 
the average or most probable number 7 of photons in 
excess of 2, emitted in the extreme relativistic limit is 


fi~ (2a/m) In(y,/e) In(2y,). 


This leads to the following table for 7, with y,/e taken 
to be 100: 

2y+ 108 10? 108 10° 

n 0.296 0.344 0.394 O 444 


1 Schein, Haskin, and Glasser, Phys. Rev. 95, 855 (1954). 
11 A. DeBenedetti et al., Nuovo cimento 12, 954 (1954). 
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We see that it is very unlikely that the Schein event is 
an electron pair annihilation. One may argue that this is 
a freak event. Since there have been several such 
photographs involving about 15 to 20 photons, one 
wonders why cases involving from 5 to 10 photons have 
not been observed. We therefore agree with Gupta’s 
conclusion that the Schein event cannot be accounted 
for by electromagnetic processes. 

The table suggests that even three-photon annihila- 
tion is unlikely. Although the multiplicity increases 
with increasing energy, we must remember that o2 (and 
thus ¢,) decreases rapidly with increasing energy. In 
fact, using the exact formula for o3 at energies of the 
order 10° Mev, we find 


ox~3.5X 10-8 mb. 
o3~7.4X 10-5 mb. 


Let us consider smaller energies. Taking (y,/e~100) 
we find 

2y+ o2 mb 03/02 

10 32 0.038 


108 1.5 0.15 
10° 0.025 0.26 


Thus, three-photon production appears to be most 
likely to be observed at relatively low relativistic 
energies. 

I am indebted to Dr. F. Rohrlich for suggesting this 
problem, and for his advice and encouragement given 
during the course of its solution. 
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A Laplace transform relation between the distribution function exp{—S8H} in quantum statistical 
mechanics and the Green’s function of the wave equation has been noted by Koppe. This relationship may 
be extended to the stationary-state scattering equation. General properties of the transformation are 
discussed. Applications to the evaluation of the virial coefficients are considered. A further application of the 
perturbation methods of Brueckner and his collaborators is described. 





I. INTRODUCTION 


HE evaluation of the thermodynamic functions 
in quantum statistical mechanics necessitates 
the evaluation of such quantities as 


Z=Tr{u(8)}, (1) 
where 
u(8)=exp{—BH}. (2) 


Here H is the Hamiltonian for a system of N identical 
particles and B=6@"'= (kT), where T is the absolute 
temperature. 

The Hamiltonian H can ordinarily be decomposed 
into the sum of a kinetic energy term K and a potential 


energy term V: 
H=K-+V, 


Here p; is the momentum operator of the ith particle 
and M is its mass. The potential energy of interaction 
between the ith and jth particles is represented by 
V.;=v(r;—r;). It will prove convenient to express 
the pair (i, 7) by a single index a, so 


V=LaVa, (4) 


where the index a runs over all }N(N—1) pairs. 

A great variety of approximate methods for evaluat- 
ing Eqs. (1) and (2) have of course been developed. 
When the “thermal” de Broglie wavelength, %/(M@)}, 
is small compared to regions over which »(r;—r;) varies 
appreciably, the expansions of Wigner’ and of Mayer 
and Band? in powers of #/@ are useful. General methods 
of developing such expansions have been obtained by 
Goldberger and Adams* and by Goldberger and 
Gell-Mann.‘ These latter methods have made use of 

* Research supported in part by the National Science Founda- 
tion and in part by the Wisconsin Alumni Research Foundation. 

1E, P. Wigner, Phys. Rev. 40, 749 (1932). 


2 J. Mayer and W. Band, J. Chem. Phys. 15, 191 (1947). 
3M. L. Goldberger and E. N. Adams, J. Chem. Phys. 20, 240 


(1952). 7 
4M. L. Goldberger and M. Gell-Mann (unpublished). 


the fact that the differential equation satisfied by «(8) 
du/dB= — Hu, (5) 


is formally equivalent to the Schrédinger equation if 
B is replaced by it, permitting application of methods 
employed in quantum electrodynamics. 

More recently, the similarity of (5) to the Schrédinger 
equation has been exploited by several different 
methods. Feynman® has used his path-integral tech- 
nique to give a theory of liquid He. Kubo,® Schafroth,’ 
Chester,* and Nakajima’ have discussed perturbation 
expansions in powers of V. In these developments 
there is considerable similarity to quantum mechanical 
perturbation theory. 

To our knowledge, the close relation of Eq. (5) to the 
stationary-state Schrédinger equation of scattering 
theory” has not been developed. Indeed, as we shall 
see in the next section, the Laplace transform of 
Eq. (5) leads directly to the stationary state scattering 
equation. At this point we have available the great 
variety of techniques for handling the scattering equa- 
tion. We may, for instance, at the very outset formulate 
the problem in terms of the solutions to the two-body 
problem in quantum mechanics (which we may 
consider as a soluble problem, and for which there 
exist useful variational principles), eliminating com- 
pletely any appearance of the potentials V;; of Eq. (3). 
This involves applications of the quantum mechanical 
theory of multiple scattering."-" In Sec. III, the 
evaluation of the virial coefficients with the use of 
variational principles will be considered. 

In Sec. IV a method will be discussed for replacing 
the Hamiltonian H by one of the form H=K(p) 
+Vc(p), where K and V¢ are functions of the particle 
momenta rather than matrices. As will be seen in Sec. 
V, this is formally related to the problem of obtaining 
the index of refraction of a scattering medium (i.e., 


5R. D. Feynman, Phys. Rev. 91, 1291 and 1301 (1953). 

6 R. Kubo, J. Chem. Phys. 20, 770 (1952). 

7R. Schafroth, Helv. Phys. Acta 24, 645 (1951). 

8 G. V. Chester, Phys. Rev. 93, 606 (1954). 

9S. Nakajima, Phil. Mag. Suppl. 4, 363 (1955). 

10 See, for instance, M. Gell-Mann and M. L. Goldberger, 
Phys. Rev. 91, 398 (1953). 

11K. M. Watson, Phys. Rev. 89, 575 (1953). 

12.N. C. Francis and K. M. Watson, Phys. Rev. 92, 291 (1953). 

13 Gyo Takeda and K. M. Watson, Phys. Rev. 97, 1336 (1955). 
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the “optical model”), as was done by Francis and 
Watson.” It is even closer to the theory of nuclear 
binding of Brueckner and his collaborators.” By 
this method one does not have to expand the exponential 
in Eq. (2), for instance. 

The use of contour integrals much like those which 
we shall encounter is already familiar in quantum 
mechanical perturbation theory'** and in statistical 
mechanical perturbation theory.’ Wentzel,” for instance, 
has formulated the eigenvalue problem in meson field 
theory in a form closely related to that which we shall 
use. His method has been extended to the evaluation 
of the quantity Z in Eq. (1) in unpublished work by 
Goldberger. Finally, it has been noted by Koppe™ 
that a Laplace transform of exp{— fH} leads to the 
Green’s function for the wave equation having H as 
its Hamiltonian. It is this latter observation which 
provides the starting point for our present application 
of stationary-state scattering theory to statistical 
mechanics. 


Il. GENERAL DEVELOPMENT 


In the present section we shall discuss the properties 
of the Laplace transform of u(8) and develop techniques 
for its evaluation. 

Let us designate the eigenfunctions of H for our V 
particle system by y(A=1, 2, 3,---), so 


Ay= Eh. (6) 


To obtain a sensible statistical-mechanical problem, we 
must (in general) suppose that the system is enclosed 
in a box of finite volume V, at the limits of which the 
y satisfy appropriate boundary conditions. Under 
these conditions, we may suppose the states A to be 
discrete and denumerable. For many calculations, 
however, it is convenient to let U-> at certain stages 
of the calculation. This is done in order to replace sums 
over intermediate states by integrals. We shall hence- 
forth refer to this as the “U(o) limit.” We shall 
also assume (as is customarily done in quantum 
mechanics) that this limit is unique for any specified 
set of boundary conditions on the system. In particular, 
the set of states y and the density of states A are 
supposed to approach definite limits, the states y 
remaining orthonormal in the “large” volume V. 

Let us denote the least of the eigenvalues A, by E,: 


Ex,g& (alld). (7) 
The matrix «() is positive definite, having eigenvalues 


4 Brueckner, Levinson, and Mahmoud, Phys. Rev. 95, 217 
1954). 
: is K. Brueckner, Phys. Rev. 96, 908 (1954) ; 97, 1353 (1955). 
16 K. Brueckner and C. A. Levinson, Phys. Rev. 97, 1344 (1955). 
17 R. Eden and N. Francis, Phys. Rev. 97, 1366 (1955). 
18S, Kato, Progr. Theoret. Phys. 5, 95, 207 (1950). 
1B. DeWitt, University of California Radiation Laboratory 
Report UCRL-2884 (unpublished). 
2” G. Wentzel, Helv. Phys. Acta 15, 111 (1942). 
#1 H. Koppe, Ann. Physik 9, 423 (1951). 
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e*®>0(A=1, 2, ---), of which the greatest is e*#4, 
Now let ¢. and ¢» be arbitrary, normalized state 
vectors (not necessarily belonging to the set y,), 
satisfying (¢., ¢)=0. We may easily verify then the 
following inequalities” : 

Ex (a|H|a), 

e PBL > (a|u(8)|a) 20, 
|Re(b|u|a)| <e**4, 
|Im(b|u|a)| <e#*2, 

Conditions (8) imply the convergence of the Laplace- 
transform integral 


(8) 


W(E)=- f eu (8)dB, (9) 


where E is a complex number and 
ReLE] <Ez. 
The inversion of Eq. (9) is 


(10) 


1 c— 100 
u(s)=— f e *6W (E)dE. 


TU + in 


(11) 


Here c is real and” 
c< Ey. 


For brevity, the contour in Eq. (11) will be referred to 
as Ci. 

Applying the transform (9) to Eq. (5) and using the 
boundary condition that «(0)=1, we obtain 


(E—K)W=1+VW. (12) 


Operating on this equation with (E—K)-, which is 
nonsingular on C,, we obtain 


1 1 
W=+—_+—_—___VW. (12’) 
E-K E-K 


W is evidently the Green’s function for the operator 
(E—H). Finally, the “Mller wave-matrix” Q(E) is 
introduced as 


0Q(£)=W (E£)(E-—K). (13) 


Since (E—K)~ is nonsingular on C,, we may multiply 
(12’) from the right by (E—K) to obtain 


1 
o=1+——_Va. (14) 


* These relations may be easily demonstrated by using xi* 
= [ado ]/V2, x2*=[batigy]/V2, FF |> (x2 2+, uxi,2*) >0, etc. 

*8 Conditions (8) and the conditions that the matrix elements 
of u(8) and du/d8 be piecewise continuous are sufficient to imply 
the validity of Eq. (11), we recall. 

*If E,>0 it is convenient to replace E;, by a new quantity 
Ex'<0 so as to avoid the apparent singularities arising from 
— on the positive real axis. We may henceforth consider 

L<O. 





SCATTERING THEORY 


This is precisely the familar stationary state scattering 
equation in quantum mechanics,> except for our 
apparent use of E as an arbitrary complex variable 
rather than as the energy. 

To solve Eq. (14) it is convenient to use a representa- 
tion in which the kinetic energy K is diagonal. Such a 
representation will be designated by the symbol #, 
which includes a specification of the momenta, spins, 
and any internal variables for our N particles. Thus the 
matrix elements of 2 are labeled as 


(p’|Q| p). 


[Our formal arguments do not require that we specify 
“‘p” as a momentum representation. For these, then, 
“»” can be any representation which diagonalizes K. ] 

The evaluation of Eq. (1) requires only the probabil- 
ity distribution (p|«(8)|~) for which we shall need 
only the diagonal elements of , or 


and 


W.a=(p|W| >). (15) 


Our next problem is to study the singularities of Q 
and W in the complex E-plane. We shall, indeed, find 
that the only singularities lie on the real axis for 
E,<E<o™ This will permit us to deform the 
contour C; into a new contour along the real axis. 
Thus £ is a real “energy” in Eq. (14). It will, of course, 
be necessary to specify the limiting process by which E 
becomes real just as in conventional scattering theory. 

To begin the discussion of the analytic properties 
of W4(E) and Q,(£) in the complex E-plane, we impose 
some conditions on the potentials V;;. It is reasonable 
to suppose that the “range”’ of the potentials V,;=0(r; 
—rj;) is much less than U!. This is necessary for passage 
to the U() limit discussed at the beginning of this 
section. It will also be supposed that the potentials 
v(r;—r,;) are everywhere finite. Whether or not this is 
“true” for the potentials found in nature is probably 
a useless question, since the very concept of a potential 
is expected to fail as r;—rj. It would appear therefore 
that no loss of generality is incurred by assuming the 
finiteness of the V;; everywhere. 

It follows from Eqs. (9) and (10) that Q(Z) and 
W(E) are analytic everywhere for Re(E)<£;. Also, 
it will appear that as | E|—>~[Im(£) #0 and greater 
in magnitude than some arbitrary positive number ], 


Q4(E)>1, Wa.(E)-1/E£, (16) 


and T4(E) is bounded. 
To continue, we introduce the scattering operator 


25 See, for instance, reference 10, for a systematic account of 
stationary state scattering theory in the form used in the present 


paper. 


T as 


1 
0=14+——T, 
E—K 


(17) 


1 
T= V+V——T. 
E-K 


The second equation follows from the first and Eq. 
(14). These are of course familiar equations in scattering 
theory. The second Eq. (17) has the formal Chew- 
Goldberger*® solution T=V+V(E—K—Y)-'V, which 
in terms of the representation “A” of Eq. (6) may be 


written as ( Al Vip) 

PIVIAMA|V |p 
Ta=(p|T| p)=(p|V | p)+X rs 
X E-E, 


| al V |p) |? 
=(9| V|9)+2———. 
» E-E, 





(18) 
Now the sum 


Sv=L |(A| V| p)|?=(p| V?| p) (19) 
in absolutely convergent by our assumptions that the 
V ;; are everywhere finite and that the system is confined 
within the volume VU. 

To show that the series in Eq. (18) is absolutely 
convergent for Im(£) #0, we choose some A (0<A 
<Ao), where Ao=least of the values |E—,| (for any 
d). Then 

|(A| V | p)|? 


E-—E, 


<—|A|V|p)|?. 
A 


From this inequality and the comparison theorem, it 
follows from the absolute convergence of (19) that the 
series (18) is absolutely convergent. Thus 74(£) exists 
everywhere, except on the rea] axis. The quantity 


dT4(E) l(A| Vp) |? 
dE  ‘% (E-E)? 


also exists (by the same arguments) everywhere off 
the real axis. Thus T4(£) is analytic everywhere in 
the complex plane, except on the real axis. It is evident 
from Eq. (18) that 7a has just simple poles at all 
E=£, on the real axis. Since K is diagonal in the “p”’ 
representation, it follows from Eqs. (13) and (16) 
that both Qg and Wg are analytic everywhere except 
on the real axis for E, < E<@ and that these have 
simple poles for E=E, (A=1, 2, ---). Finally, the 
relations (16) follow from Eqs. (18), (19) and the 
argument following these. 

At this point we are evidently able to deform our 
contour C; into a new contour C2, which runs from + 
to Ez, just above the real axis and returns to + 


26 G. F. Chew and M. L. Goldberger, Phys. Rev. 87, 778 (1952). 
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Fic. 1. Contours 
of integration, as 
described in text. 


- 


Lo Le) 
Vw 





below the real axis, as is shown in Fig. 1(a). This 
follows from the fact that JT is bounded [see Eqs. 
(16) and (18) ] when C- is held a fixed distance from the 
real axis. Since the only singularities of W.2(E) are 
on the real axis, we may take C2 as close to the real 
axis as we please. 

If some of the A, are negative (corresponding to 
“bound states’), it may be convenient to explicitly 
evaluate the residues at these poles and to define a 
new contour C; which runs along the positive real axis. 
This is shown in Fig. 1(b). 

The integral (11) for (8) may now be written in 
several forms: 





(p| T(Z)| ae 


1 1 
SE ne EB 
(olu(e)|e)=— f | cep 


2ri C2 E-K 
=Z cP |p) |e AX 
rb 





1% Ta(E-in)  Ta(E+in) 
. Je-mar, (20) 


2eidy \(E—in—K)* (E+in—K)* 
Here K=K(p) and the EA,» are the negative-energy 
eigenvalues of H. The second integral is over real E 
and 7 is the (small) distance of the contour C; from the 
real axis. 

The integral in Eq. (20) is of course independent of 
n. We must be careful in passing to the limit »=0, 
however. This is a consequence of the expected non- 
commutativity of this limit with the U() limit 
discussed at the beginning of the present section. 
To study the effect of these limits, we rewrite Eq. (18) as 


[(A| V| p)|? 
ee i 


In this expression, {dm represents a discrete sum over 
states \ before going to the U(~) limit and an integral 
over continuous variables (with possible discrete terms 
also appearing) after passage to the U() limit. 

The expression (21) is to be inserted into the C:- 
integral in Eq. (20). Because of the absolute conver- 
gence of both integrals and the boundedness of T4(E) 
on C2, we may interchange orders of integration and 
perform the E integral before doing the m integral. 
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This integration may be carried out explicitly, since 
there are only simple poles at E=E, (one readily 
verifies that there is no pole at E=X). Finally, the 
resulting expression is substituted into the expression 
(1) for Z: 


z= f dn,(p|u(8) | p). 


Here the order of the sums (or integrals) over 
p states and \ states may be interchanged. This 
follows, since for large E, we expect dm~ (E,)!%dE, 
and since the p-sum is absolutely convergent. Indeed, 
using (A| V| p)= (E—K)(A| p), we have 


2 fang) fameo|0|p)|*|= fame. (22) 


Had we not taken the U() limit before, we could do 
so now. The point is that we get the same result in 
either case, so it is correct to take this limit either 
before or after doing the E-integral. 

In spite of this, the form of the integrand in Eq. 
(20) changes appreciably on passage to the U() 
limit. In scattering theory three separate classes of 
limits appear most frequently : 


TH= lim lim T(E) 


Im(EZ)—(0 +) 


— 0 


= “outgoing scattered wave”’ solution, 


T= lim [ tim r(B)| 


Im(EZ)—(0 —) 


eo 


= “incoming scattered wave” solution, 


lim 
Im(E) (0+) 
(E¥E)) 


T® = lim r(8)| 
U2 


=“standing wave” solutions. (23) 


We shall have opportunity later to demonstrate 
applications of each of these limits. It is worth noting 
that T~(E) is real, whereas 7, and T,@ are 
complex, with T,=[T,@]*. For example, passing 
to the limit »=0, after taking the U(@) limit in Eq. 
(20), we obtain?’ 


1 
(p| (8) | p)= Live F*| (Ao | p) |?+-e-FX + lim— 
127i 


T¢(E) 


oo Ta (E) 
x f emiE| ————}, (24) 
; (E—in—K)? (E+in—K)? 


27 Strictly speaking, we have shown only that Eq. (20) is 
correct for finite » [with a trivial correction of O(n) at the lower 
limit of the integral] and is indeed independent of 7. There is 
no reason to expect that a limit does not exist as 7—0. In specific 
calculations, it will of course be possible to check this. 
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It must be emphasized that we have given an 
incomplete discussion of the U() limit. That is, we 
have assumed that this limit is unique and is equivalent 
to replacing the sum in Eq. (21) by the corresponding 
integral over continuous \’s. This assumption is, of 
course, also made in scattering theory.” Evidently, 
some care is required in taking this limit properly. 

As a preliminary to our subsequent discussion, we 
shall express 2 in terms of the two-body scattering 


operators f, : 
1 


la= Va-+ Va——ta. (25) 
1—K 


4 


This is the integral equation for solving the two-body 
scattering problem. In terms of the /,’s, an exact 
expression for {2 is” 


1 
2=1+—— F 4.., 
—t. 


4 


1 
0, 1--—— } tgQz. 


Ba 


We may consider Eqs. (26) as representing a starting 
point for the evaluation of Q, and W,—that is, a 
starting point after the two-body problem has been 
solved. Actually, these equations represent only the 
simplest example of an extensive class of equations 
involving two-body scattering operators, of which 
more will be said in Sec. V. 

We observe also that Eqs. (26) are formally valid 
for either Bose-Einstein (B-E) or Fermi-Dirac (F-D) 
statistics. It is convenient, however, to consider the 
tq’s as properly symmetrized: amplitudes in the equa- 
tions. In Sec. V more will be said concerning this 
point also. 

A simple aie expansion of Eqs. (26) leads to 


1 
—— } tst:::. (27) 


i . | e-Eae 


This has a structure similar to the corresponding 
perturbation expansion of Eq. (14)—but differs in 
that exact two-body /,’s rather than ‘‘Born-approxima- 
tion” V,’s appear. 

Ill. THE SECOND VIRIAL COEFFICIENT 


Equations (26) permit one to calculate Z in terms of 
two-body scattering operators, although it is rather 
cumbersome in the form given if N is large [a different 
approach is adopted in Sec. V for large NJ]. For 
evaluation of the second virial coefficient, V=2 and 
the sum over pairs has just one term: 


1 
Q=1+—4. 


(28) 


* This is readily verified by substitution into Eq. (14), using 
Eq. (25). A derivation was given in reference 11. 
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The second virial coefficient’ in the equation of state, 
pv=NO[1+ (B/V)+(C/0*)+ - - +], 


is B. On defining 
7r=2v2N[ 2rh?/M6 |}, 
we have 


3 


=—1f ((plu@)|p) ~exp(—Bp*/M))— 


(2m n)3 


vlan ae 
2rid (2h)? — Ky 
t| 
— feof. dEe wos (30) 
ei (E—K)? 


We have taken the U() limit here, and in doing so 
have set 


(p|t| p)=V/ (2rh)*(p| t| p), (31) 


in accordance with the accepted convention for normal- 
ization in the continuum. 

There exist, for instance, variational principles which 
may often lead to practical means for the evaluation of 
t. As an example, we quote the familiar Schwinger 
variational form 


(p'|t | p) 


vo — ?, Xp) (Xo', Wo ) 
: (32 


oS — a 


ane 3 1 
(v9, [»- Soe ov.) 
Ert+in—K 


which is stationary with respect to independent 
variations of Y~ and y™ about their correct values 


1 
Vp'? =xpt ‘7. ae —y“, 
Er+tin—K 


(33) 


Here we have written the E of Eq. (30) in terms of 
its real and imaginary parts as E= Er+in. 

An alternative approach is to assume that the two- 
body potential in momentum space is factorable. Let 


(k|o|k’)=Go(k)o(k’), (34) 


for example, where k is the relative momentum of the 
two particles, G is a constant, and ¢(k) is a function 
of k subject to the existence of the integral (36). 
The integral equation for /, 


1 
t=1-+o——_1, 


is satisfied by “ 
(k| t|k’)=$(h)o(k)/(1—-D), 


29 See, for instance, D. ter Haar, Statistical Mechanics (Rinehart 
and Company, New York, 1954), p. 171. 


(35) 
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” F- P(E k 
E—(k?/M) 


If there exist points E on the negative real E-axis 
for which /=1, there are bound states, according to 
the general remarks made in Sec. II. 

The potential (34) describes scattering in the S-state 
only. It is easily generalized to describe scattering in 
all angular momentum states: 


(36) 


nl 
(k|o|k’)}=E EG. obs (bos, (R') E V™(k) ¥"(k’), 


where & is a unit vector in the direction of k. The 

G,,. are constants and m,; is some positive integer 

dependent on /. Spin dependence may also be included. 

The integral equation for t may still be solved explicitly. 
As a specific example, let us take 


o(k)=(R+a"), a>0. 
The integral (36) for J is readily evaluated to give 
T=q{(1+1Z)/(2+1)}, 


(37) 


(38) 
where 

q= — (2)°GM/2a, 
and 


Z?= (ME/e?)(0<arg(Z) <2). (39) 


There is evidently a single bound state when 


g>1 
at 
E»y=— (a®/M)[q—1F. 


We interpret g as giving a measure of the strength of 
the potential, being positive for an attractive potential 
and negative for a repulsive potential. 

Substituting into Eq. (30) and doing the p-integral, 
we obtain 


q x 
=-r[eons* f dz 
i To 


1—g-Z2 
Xexp[— (8a*/M)Z?] Nd 


{¢2+[q—-1-Z2*} 


The e~*#* term is missing when there is no bound 
state. In the low-temperature limit this becomes 


p=—rfeomsi()(=) |. (41) 


It is beyond our present scope to develop further 
applications. We observe, however, that a great variety 
of potentials may be approximated by “factorable 
potentials” such as we have discussed. 

A third possibility for at least approximate calculation 





} (40) 


of the second virial coefficient lies in the use of dispersion 
relations® for the evaluation of the amplitude (p|¢| p). 


IV. A GENERAL PERTURBATION METHOD 


In the present section we seek a perturbation method 
for labeling the states , in terms of the “unperturbed” 
states |p). That is, we seek a correspondence between 
\ and p. This means that we shall have “untangled” 
the operators K and V in H and may write 


(p| (8) | p)=e PK )+VL)), 


where V is a function of p. The task of accomplishing 
this bears great similarity to the problem of calculating 
the refractive index of a scattering medium” and to 
the theory of muclear saturation of Brueckner ef a/,'*~"7 

By an appeal to the adiabatic theorem, we may for 
instance imagine that we gradually turn the potential 
V on or off [the energy levels are all discrete, since the 
system is confined to a box]. The transition of the 
system from A to p levels (or vice versa) may then be 
observed. In the presence of unresolved degeneracies, 
however, this transition is not unique. Furthermore, 
in systems as complex as those which we are considering, 
the problem of resolving these degeneracies is in general 
unmanageable. The quantum mechanical perturbation 
problem is thus quite difficult in most cases, unless 
the perturbation is very weak or unless simple sym- 
metries obtain. 

The corresponding statistical problem is in some 
respects much simpler. Let us suppose that we have an 
ensemble of identical systems for which the “coarse- 
grained volume-elements” 


ir fadnglit, +9) (42) 


are each uniformly populated, and suppose also that 
V=0. We now “turn on” V very slowly and follow 
the members of the ensemble which started, say in 
5740. To accomplish this change in V, we replace it by 
gV, where g is a dimensionless parameter confined to 
the range of values 0<g<1. Because the ensemble 
is uniform in 67,0, the initial degeneracy is immaterial 
for its subsequent behavior. When g has reached the 
value g=1, the members of the ensemble coming from 
5740 will occupy some “volume element” 


f dn 


10 


of \ states. Their energies will lie in some range 

EB p—}5E 0 £ Ey CB t+ HE. (43) 
As long as the range 5£ jo is small enough to be unimport- 
~ % Goldberger, Gell-Mann, and Thirring, Phys. Rev. 95, 1612 


(1954); M. L. Goldberger, Phys. Rev. 99, 979 (1955) ; R. Karplus 
and M. A. Ruderman, Phys. Rev. 98, 771 (1955). 
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ant for macroscopic considerations, we need never have 
worried about the degenerate states.*! We may go even 
further in the application of “coarse-grained” distribu- 
tions. Having chosen a given range of energies as 
defining our approximation, we need say only that 
most of the states in 67,0 go into the range d£jo. In 
other words, the calculation of individual energy 
levels is not required—it is only necessary to follow 
some mean of the energy of the set of states originally 
in 67,9 into the range 5£ jo. The statistical problem may 
thus be much simpler than the corresponding dynamical 
one, and this simplification of course results from the 
limited dynamical information required to obtain 
thermodynamic properties of a system. (The arguments 
of this paragraph will be given more formally at the 
end of this section.) 

To develop the formal perturbation technique, we 
shall follow an argument similar to that of Eden and 
Francis.'’** The quantity W of Eq. (12) may be used 
to define a quantity Mo| p) as follows: 


W|p)=Mo|p)Wa, 


(p|Mo|p)=1, (45) 


of course, W4 is defined in Eq. (15). Equation (12) for 
W | p) is then 


(E—K)Mo|p)Wa=|p)+VMol| p)Wa. 
If we define 


(44) 
with 


(46) 


Ve= (p| VM)|p), 
and operate on (p| by Eq. (46), we obtain 
[E—K(p) Wa=1+Vc(p)Wa, 


using Eq. (45). 
Since Wa, Vc, and K are all functions of p (and not 
matrices), Eq. (48) may be solved algebraically for Wa: 


(47) 


(48) 


Wa(p)= (49) 





E—K(p)—Ve(p). 


We repeat that all quantities appearing in Eq. (49) 
are numbers and not operators. Thus the ‘“‘untangling”’ 
of noncommuting operators mentioned at the beginning 
of this section has been formally accomplished. Equation 
(11) is now 


(plu(6)|p)=— f cotton 
Ps 4 Set co E—K(p)—Ve(p) 


Wa has, as we have seen, only simple poles [before 
going to the V() limit ]. These occur at 


E=K(p)+Ve(), (51) 


31 That difficulties from singular energy denominators do not 
occur has been observed, for instance, in references 8 and 9. 

32 A more comprehensive formulation of the method of Eden 
and Francis has been given in the review by DeWitt (reference 
19), which contains a survey of perturbation methods in 
quantum mechanics. 


(50) 
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which is the Brueckner-Levinson'® and Eden-Francis!’ 
form of the eigenvalue problem. Unfortunately, Eq. 
(51) is somewhat misleading, since it has solutions for 
all FE, quite independently of the momentum state /. 
(This point was perhaps not sufficiently emphasized 
by the above authors.'”) To see this, we observe that 


Vra(P’Wa*(p) 
(p'|W| p= ———_—, 
r E-E, 
|2 
win Iva(e)|* 
» E—E* 


where y(p) is the eigenfunction yy in a p-representation. 
Comparison of Eqs. (49) and (52) makes it quite 
evident that E= E, (any A) is a solution of Eq. (51). 
Equation (51) then establishes no connection between 
a given state | p) and a particular yy. On the other hand, 
if a convergent perturbation procedure can be found, 
leading from a state po to a state Ao, Eq. (51) will 
certainly be satisfied for E=E,o, p=po (since it is 
true for any EZ, and any p). Defining 
Uc=VcJ, (53) 
where 9 is the unit matrix, we rewrite Eq. (46) as 
(E—K—c)Mo| p)= (E—K—c) |p) 
+[V—Vc]Mo|p). (54) 
It is evidently verified that 
(p|[V—Vc ]Mo| p)=9, 


so Eq. (54) may be put into the form 


(55) 


1 
M)|p)= yee 


r 


—[1—A,][V—Vc]Mo| p). (56) 
q Vc 
Here A, is the projection operator onto the state | p).* 
In the next section, methods of solving the perturba- 
tion problem will be considered. For the moment, let 
us suppose it has been completely solved. By this, we 
imply that we have started from a state | po), belonging 
to the set for which* 


K| po)=K (po) | po), (57) 


and obtained a unique eigenstate of H with eigenvalue 
Eyo, the states |po) and A» being paired. We have 
therefore found a transformation 7,,(p) of the p-repre- 
sentation onto the p-representation such that 


Lol (Pa) _ 5(A—Ao). 


33 Equation (56) is just Eq. (117) of Eden and Francis (reference 
17). In contrast to these authors, we still consider E to be a 
complex variable which is made to approach its desired eigenvalue 
as a limit. This simplifies the handling of singularities associated 
with the degeneracy of those states |p) having eigenvalue K(p). 

4 The state | po) will in general be a linear combination of the 
degenerate states | po). 


(58) 
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The corresponding transformation on W is 


(Po'| W| po)= 2 To(p’)Xp"| W | p)T o*(p) 


5(Ao—Ao’) 5(po— po’) 
i, 2-ke 





because of the one-to-one correspondence poo. [We 
have used Eqs. (52) and (58) here. ] 

We now transform back to the po-states of Eq. (57). 
Let the transformation function be Spo(po) so 


(po| W | po) =  & Spo(po’) (po' | W| Po)Spo* (po) 
po’ .po 


| Spo( po) |? 
=>) ————.._ (60) 
po E—Enxo 


In accordance with the remarks made at the beginning 
of this section, we suppose the eigenenergies Ayo in 
the sum (60) to lie within a small range of values, 
5Ex». We also suppose that we made no effort to find 
the set of states po, but began with the state po, and 
that the perturbation procedure led to a limit Vz(o) 
for Vc: that is, 


Vc—V 1 (po). (61) 


The energy K(po)+Vz(po) cannot be identified with 
any one of the Ex, but may be supposed to lie within 
the range 6E yo if our perturbation procedure is a correct 
one. If 5Exo is small enough to be neglected, we may set 


Exe K (po) + Vx(po) (62) 
in Eq. (60) to obtain 





W | po) = Spo 0 , 
(Pol W1 b= vac Sloe 


1 


= ~. (63) 
E—K(po)—Vx(o) 





“ 


Finally, we return to the “coarse-grained” volume 
elements, 5779 mentioned earlier. Let us suppose that 
“most of the states” in dry go into a range “dE xo” 
about some limit 


K (po) +V cK (po) +V 1(po). 


[Vx(po) is not necessarily the same as the Vz in Eq. 
(61), since we are considering a cruder approximational 
technique. | If this approximation method has been a 
valid one, we may suppose that we have found an 
“approximate wave function” Tp(p) such that 


LY 2T v0(p—r(p)=AA—do), 
LX a| A(A—Ao) |?= Me 


where A~O except for Z, within the range “dE x9” of 
K (po) +Vi(po). 


(63a) 
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Applying the transformation J to W, we have 
[again, not the same W as in Eq. (63) ] 


(po'| W| po) = p> To (p’){p’ | W | p)T v0* (Pp) 
A(A—)o’)A(A—Ao) 
a E-E, 





(64) 


In the “coarse-grained” sense, this is diagonal. If 
the range “dEo” is negligible, we may again set 


Ex= K(po)+V1(po). (65) 


In view of the normalization (63), we obtain from 
Eq. (64) 


(66) 





W = : 
(po| W | po) E-K(p)—Vilbo 


Evaluating the integral (50), we have 


(po| (8) | po)=exp{—BLK (po) +Vi(po) ]}. (67) 


The use of a “coarse-grained” density has many 
advantages for providing simple physical interpretations 
of methods employed for approximation. For instance, 
“wave packets” may be used to approximately diag- 
onalize matrices (this was, of course, done in Eq. (64) 
by means of physical rather than mathematical argu- 
ments). As an example, the degeneracy associated with 
the position of “liquid droplets” in the gas may be 
resolved by the use of wave packets. Again, the 
“potential” V; may be given a physical interpretation 
which can be of help in estimating the position and 
density of large groups of energy levels.** 


V. AN EXPRESSION FOR Uc 


In the present section we propose to develop an 
expression for Uc in terms of two-body scattering 
operators. To do this we shall make use of the fact 
that evaluation of (p|@|) is formally identical with 
the problem of calculating the index of refraction of an 
extended, homogeneous medium, as was done by 
Francis and Watson.” The final result provides just the 
Brueckner-Levinson-Eden-Francis‘*“” formulation of 
the eigenvalue problem. 

Let A be a projection operator onto the appropriately 
symmetrized Bose-Einstein or Fermi-Dirac subspace 
of the states |p), which will be called |p).** Then 


Q=0A (68) 


is the required solution to Eq. (14) (being a linear 
combination of unsymmetrized solutions).'* The equation 
obtained by letting Eq. (14) operate on A is 


a 
a=14+——1Va, 


(69) 


5 Applications and more detailed development will be published 
separately by W. B. Riesenfeld and K. M. Watson. 
36 That is, |p)=A| >), if properly normalized. 
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where J=A is the unit operator on the symmetrized 
states. It is easily seen that Eq. (69) is equivalent to 


te 
Q=!I+- VQ. 


(70) 
E-K 


V= ) > V5= z, Va 
<i. a 


Vis=30 (p's |V | ppd + (pips |V\ ppd], (71) 


the + or — sign referring to B-E or F-D statistics, 
respectively. Now consider the solutions to 


(72) 


a 
Qo= 1+——_V. 
E-K 


Evidently, we obtain 


Q=QA. (73) 


The two-body scattering amplitudes are introduced 
by [“a” refers to the pair “(i, 7)’”] 
ta=VatVa(1/e)Ia, 
(pi ps’ | to| pids) = (pip; | t| Pips) Ors’ ps5 ;’vjby;'p/60;'0:], 
ta=Tatteoay 
e= E—K-Q, 
Q= Lata. 


The set of equations (74) defining /, is not identical 
with Eq. (26). To understand this difference, we must 
consider the magnitude of the matrix elements of f,: 


(42 /3)ro! — 
ta=[an “interaction energy” }<*—————~O(V,). (75) 
V 


(74) 


Here ro is the “range of the interaction.” By the 
assumptions made in Sec. II, we consider [ (44/3)ro° JU 
to be a very small number. 

Factors such as V,.(1/e)J, are of course of the order 
of (75), because the sum over states involves /dn 
= [Vd'p/(2nh)®, which cancels one factor of (4x/3)r0° 
XU. On the other hand, : 


V.-te— V.-Ta=V- 
é 


1 1 
r (76) 


does not contain a sum over states since fc, is diagonal. 
It is thus of O[ (4r/3)ro®O- f and negligible. 

However, the difference between e and (E—K) is 
not negligible for very strong interactions.*7 The 


37 Some calculations of this effect have been made by Brueckner 
et al. (references 14-17) and by Frank, Gammel, and Watson, 
Phys. Rev. 101, 891 (1956). For nuclear forces the “self-consistency 
correction” seems important for quantitative calculation, but 
not for qualitative studies. For “weaker forces” the correction 
, is negligible—but for much stronger forces, even the qualitative 
features are changed. A more careful study of the propagators 
is given in reference 35. 


THEORY 497 
physical interpretation of the use of e in Eqs. (74) 
is that the two-body scattering must be calculated in 
a self-consistent manner for a pair of particles moving 
in the medium of the other particles. 

It is important for what follows that the J,’s have 
no diagonal matrix elements with respect to the 
complete set of symmetrized states |p). 

The desired solution to Eq. (72) is 


Q = FQe¢, 


1 
F=14-> leFa, 


S$ 4 


1 
F,= 1-+-- zs Iss, 
€ BAa 


1 
Qe=1+——Me. 
E-—K 


To show that these provide a solution t9 Eq. (72), 
we substitute them into the right-hand side of Eq. 
(72) to obtain (after a little simplification) 


(78) 


- 


1 
cs -I,F Qe. 
é 


Q=Nc+ > 1 


——_ 


By the same argument which was used in connection 


with Eq. (76), 
1 
[1 tee|=1, 
E-K 


to relative order [ (4/3)r.U-"]. In this approximation, 
which we may consider to be “almost exact,”’ Eq. (78) 
reduces to 


Qo= FQe¢, 


and the proof is complete.** 
To proceed, we must calculate the diagonal matrix 
element 


(p|2|p)= (p|Mo|p), 


where |f) is a properly symmetrized state of the 
system. It is evident that Q and Q¢ are both diagonal 
in this representation, so 


(p|Qo|p)= (p| F |p) (p|Qce|p). (80) 


The last equation (77) for Q¢ is evidently only a simple 
algebraic equation. 

From this point, we follow in detail the method of 
Francis and Watson.” Define 


L= (p| Lelal’a|), 


88 This result, in the form of Eqs. (77) was first obtained in 
reference (11). The terms dropped were stated to be of relative 
order (1/N), where N is the number of particles. For a uniform 
medium such as was there considered, this is equivalent to our 
present criterion that (42/3)ro U~! be small. 


(79) 


(81) 





K. M. 


(82) 


1 
(p| F|p)=14+-L. 
é 


Here e=e(p) is also, of course, diagonal in the p- 
representation. Let A(p) be a projection operator onto 
the state |p). From the third of Eqs. (77), we obtain 


1 
F.\p)=|p)+- X IsFe\p). 
€ Ba 
Operating on this with [1—A() ], we obtain 


1 
[1—A(p) JFa|p)=- Y [1—A(A)] 
€ Bea 


1 
XIsL1—A(p) Fs|p)+-- X 
€ Ba 


XL1—A(p) Wa|)(p| Fs|p). (83) 


We verify that (j|Fs|p) is independent of the index 8, 
and so define 


Fc= (p|Fa\p). (84) 


Now a new set of operators G, is introduced by the 
relation 


[1—A(p) ]F.|p)=[G.—1]|p)Fe. (85) 
Substituting Eqs. (84) and (85) into (83), we obtain 
for the G,’s the set of equations 


1 
Ga=1+- D0 {L1-A@H) lIs}Ge. (86) 
€ B¥a 


To continue, we may write Eq. (81) as 
L= (p| Data(1—A(p))Fa|p) 
=[Ve—(|Q|9) Fe, 
where the quantity V¢ is [from Eq. (85) ] 
Ve= (P| DaleGa|p). 


WATSON 


To obtain an equation for Fc, we form the diagonal 
matrix elements of Eq. (77) for F,.: 


1 
Fo=(p| Fa|p)=1+-(p| X IsFs|p). — (90) 
é Ba 


Now to O[ (44/3)rU-], we have 
(p| X IsFs|p)=L, 
Ba 
and 
Fo= (p|F |p). (91) 


{We are not considering [NV (42/3)ro*U-"] as small.} 
Equations (88), (90), and (91) lead to 


Fo=1+ [Vc—(plQ\p)]. (92) 


E-—K(p)—Ve 
To complete the evaluation of 


Qa= (p|2|p)=Fe(p|Qc|p), 
we write 


(p|Qe|p)=1+ 





(lols), 
E-K®-Glolp 


and use Eq. (92) to obtain 





=1+ Vo(p). (93 
E—K(p)—Vc(p) “A , 


Finally, 


Wa= (p|Q\|p) 


1 
E-K(~) E-K(p)—Ve(p) 


This is of the form of Eq. (49). 

Equation (89) represents one of a variety of forms 
for Vc, which involve /,’s. Applications of these methods 
will be published separately.*® 

It is a pleasure to acknowledge helpful conversations 
with Professor M. L. Goldberger and with Dr. Marshall 
Rosenbluth. The author is particularly indebted to 
Dr. W. B. Riesenfeld for many discussions concerning 
this work. 


(94) 
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Rotational Losses in 4-79 Molybdenum 
Permalloy at Low Frequencies 


JoserH M. KELLy 
Armour Research Foundation of Illinois Institute of 
Technology, Technology Center, Chicago, Illinois 
(Received April 24, 1956) 


F a magnetic field larger than the maximum de- 
magnetizing field expected (41M) is applied to a 

ferromagnetic disk, then the material should be sat- 
urated and consist only of one domain. It has been 
shown! that when this magnetic field is rotated in 
the plane of the disk, the magnetization will rotate 
with the field in the plane of the disk and lag the field 
by an angle proportional to the field and the losses. The 
average torque on the sample multiplied by 2rf (f 
=rotational frequency in cps) is equal to the power 
dissipated in the sample by the rotating magnetic 
field. Since we are dealing with a single domain, the 
eddy current losses can be calculated and subtracted 
from the total loss observed to obtain the anomalous 
losses. 

Previous work? over the frequency range from 15 
kc/sec to 2 Mc/sec showed that the torque became 
field-independent above a certain value of field. These 
measurements, however, were made at low fields 
(10-20 oersteds) and it was not certain that domain 
wall motions were eliminated. 

Subsequent measurements made at 60 cps showed 
that even at 600 oersteds the losses are still decreasing. 
Macroscopic eddy current losses were completely 
negligible for the $ mil thick 4-79 Mo-Perm sample 
used. 

A rotating permanent magnet structure was used to 
obtain torque data on § mil thick 4-79 Mo-Perm over 
the frequency range 5-30 cps. Over this range and for a 
magnetic field of 1700 oersteds, the eddy current torque 
is negligible. The anomalous torque obtained was 
found to be independent of frequency from 5-30 cps. 

For both the 60-cps data and the 5-30 cps data a 
torsion arrangement was used to measure the sample 
torques. The time constant of the torsion suspension 
was approximately 5 sec, so that only the average or 
dc torque per cycle was measured. 

The data shown in Figs. 1 and 2 were taken using a 
stationary magnetic field and a rotating sample. The 
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Fic. 1. The experimental eddy current plus anomalous torques 
on three 0.005-in.-thick, }-in.-diam disks of 4-79 molybdenum 
Permalloy plotted as a function of the rotational frequency of the 
magnetic field. The magnitude of the magnetic field was approxi- 
mately 11 300 oersteds. 


sample, held by a bearing-supported rotor, was brought 
up to rotational velocities of the order of 200 cps by an 
air jet. The air jet drive was removed, and the time 
rate of change of angular velocity of the sample plus 
holder was measured as a function of angular velocity. 
Sample holder torques (bearing, windage, etc.) were 
measured by rotating the holder plus sample in the 
essentially field-free region of a three-coil Helmholtz 
arrangement and the holder alone in the magnetic field 
and then in the Helmholtz coil. 

Figure 1 shows the torque data obtained on three 
supposedly identical samples A, B, and C (0.0051 in. 
thick, } in. diam 4-79 Mo-Perm). Torque as a function 
of frequency was measured at five different field values 
on specimen disk C and the results are shown in Fig. 2. 
The torques plotted in Figs. 1 and 2 include only eddy 
current and anomalous torques on the sample and not 
bearing, windage, and sample holder torques which 
have been subtracted out. 
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Fic, 2. The experimental eddy current plus anomalous torques 
on sample disk C of Fig. 1 plotted as a function of magnetic 
ae rotational frequency for five values of magnetic field magni- 
tude. 
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TABLE I. The experimental and calculated eddy current torques 
at 30 cps for various magnetic field amplitudes. The experimental 
eddy current torques were obtained from the data of Fig. 2 by 
subtraction of the extrapolated anomalous torques at 0 cps. 








H 
(oersteds) 


Texp 


0.280 
0.235 
0.164 
0.120 
0.073 


Teale 


0.278 
0.239 
0.171 
0.119 
0.078 





11 300 
9800 
7100 
4600 

830 








A consideration of the experimental errors and the 
error in calculating the eddy current contribution to 
the torques suggests that the anomalous loss in 0.005 in. 
thick 4-79 Mo-Perm is frequency-independent over 
the frequency range from 6-38 cps. Table I illustrates 
the agreement between the experimental and calcu- 
lated eddy current torques. 

The results quoted here plus the previous work done 
from 15 kc/sec to 2 Mc/sec indicate that the anomalous 
losses in 4-79 molybdenum Permalloy are essentially 
frequency-independent from 6 cps to 1 Mc/sec. The 
field dependence and the frequency spectrum from 0 to 
6 cps are being investigated at the present time. 

1R. Kikuchi, J. Appl. Phys. (to be published). 

2 T. L. Gilbert and J. M. Kelly, Conference on Magnetics and 


Magnetic Materials, Pittsburgh, Pennsylvania, June 14-16, 
1955 (unpublished). 


Method of Polarizing Nuclei in 
Paramagnetic Substances 


G. FEHER 


Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received May 31, 1956) 


VERHAUSER' has shown that a saturation of the 
electron spin resonance leads to a large enhance- 
ment of the nuclear polarization. A necessary condition 
for this enhancement is that the nuclei relax via the 
electrons whose resonance is being saturated. A scheme 
which is applicable to substances which exhibit re- 
solved hyperfine lines was proposed by Bardeen, 
Slichter, and Pines.’ It requires that the predominant 
relaxation process for the nuclei results from a modula- 
tion of the a(I-S) hyperfine interaction. 

The scheme proposed in this paper, applicable to 
substances which show a resolved hyperfine structure, 
places no requirements on the detailed relaxation 
mechanism of either the electron or the nucleus. It 
requires, however, that one sweep through a certain 
fraction of the external magnetic field in a time short 
compared to either relaxation time. The method is 
illustrated in Fig. 1, which shows the energy levels of 
a system with J=}, J=} vs applied magnetic field as 
given by the Breit-Rabi* formula. This system is placed 
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Fic. 1. Energy levels and their populations 
for a system with J=}, J=}. 


in a microwave magnetic field of frequency v, and radio- 
frequency field vy, both being perpendicular to the 
external magnetic field H. For H>H, (see Fig. 1, 
region I), the population of both upper levels is given 
by }V(1—e), where N is the total number of electrons 
and 2e~g.uoH/kT is the electronic Boltzmann factor. 
(We are neglecting the nuclear Boltzmann factor 
&nuoll/kT which is approximately 10° times smaller.) 
If we sweep through H,, we will induce electronic transi- 
tions between the m;= +4 levels. If we do this under 
adiabatic fast passage conditions,‘ the net magnetiza- 
tion of the electrons responsible for this transition will 
be turned through 180°. This reversal of the magnetiza- 
tion results in a reversal of the Boltzmann factor as 
indicated in region II of Fig. 1. At this stage, each set 
of levels corresponding to the same my exhibits a 
nuclear polarization and we could perform a nuclear 
resonance experiment in which the signal would be pro- 
portional to the electronic rather than the nuclear 
Boltzmann factor. However, the total population of 
both m;= +4 levels equals that of the m;= —} levels, 
so that the sample as a whole does not exhibit a net 
polarization as yet. In order to obtain a net polariza- 
tion we have to turn over the population of only one 
set of levels. This may be accomplished either by 
having a fixed radio-frequency and sweeping the mag- 
netic field through H; in an adiabatic fast passage or 
keeping a fixed magnetic field and sweeping the radio- 
frequency. This is made possible by the fact that the 
spacing of the upper set of levels is different from the 
lower set (vy’>vy) as may be seen from the Breit- 
Rabi formula.’ In order for only one transition to occur, 
the difference in level spacings has to be at least equal 
to the nuclear line width. The degree of nuclear polariza- 
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tion 7 obtained in region III will be given by 
n= (N4—N4y)/(N4+N yy) eg uo /2kT, 
or more precisely by 
n= tanh(g.uoH/2kT). (1) 


For T=1°K, H=10* oersteds, and g.=2, we get a 
polarization of 7-~0.7. This polarization will, of course, 
decay with a characteristic time comparable to the 
nuclear relaxation time but may be re-established by 
successive magnetic field sweeps. 

It is worth noting that from the difference in the 
level spacings given by® 


h(v’—v)=a(1+2*)!— ax+ 2g ruoH, (2) 


where 
x= (gr+g7)uoH/a, 


and a is the hyperfine interaction constant, one may 
obtain the absolute value of the nuclear magnetic 
moment without having to know the electron wave 
function at the nucleus. Similar methods have been 
proposed and applied in molecular beam experiments.°® 

The transitions Am;= +1, Am;=0 will also affect the 
electron resonance line. This provides us with a sensi- 
tive method of studying nuclear resonance phenomena 
by observing the behavior of the electron spin resonance 
line. 

For the sake of simplicity, the case 7=}, J=} was 
treated. One can easily extend the arguments for larger 
values of J and J, in which case a nuclear polarization 
of any 2 adjacent levels may be realized. 

I am indebted to Professor J. Bardeen, Professor 
D. Pines, and Professor C. P. Slichter for sending us 
a preprint of their work? and discussing it with us. 
I would also like to acknowledge helpful discussions 
with Dr. P. W. Anderson. 


1A, Overhauser, Phys. Rev. 92, 411 (1953). 

2 Bardeen, Pines, and Slichter (private communication; to be 
published). 

3G. Breit and I. I. Rabi, Phys. Rev. 38, 2072 (1931). 

4F. Bloch, Phys. Rev. 70, 460 (1946). 

5 Kusch, Millman, and Rabi, Phys. Rev. 57, 765 (1940). 


Polarization of Phosphorus Nuclei 
in Silicon 


G. FeHER AND E. A. GERE 


Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received May 31, 1956) 


N the preceding Letter a scheme for polarizing 
nuclei was described. This Letter deals with the 
experimental verification of the scheme. 

The experiments were performed on a phosphorus- 
doped silicon crystal having a room temperature resist- 
ivity of 0.3 ohm-cm (~3X10'* centers/cm*), Fletcher 
et al.‘ were the first to observe a resolved hyperfine 
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structure in a similar sample arising from the inter- 
action of the donor electron with the magnetic moment 
of the phosphorus nucleus. Subsequent studies? showed 
a very long electron spin relaxation time which made 
this kind of sample ideal for the testing of the polariza- 
tion method. The external field at which the transitions 
were observed was about 3000 oersteds and the tem- 
perature of the sample was 1.25°K. The electron spin 
resonance line was observed with a balanced-bridge 
superheterodyne detection scheme’ which was sensitive 
to the real part of the susceptibility, x’. The rectified 
output from the if. amplifier was fed directly into the 
recorder. This system avoids the necessity of modu- 
lating the magnetic field and thus eliminates unnec- 
essary complications which may easily cause a mis- 
interpretation of experimental results. The microwave 
cavity was made out of Pyrex with a thin silver coating 
on the inside. This permitted the rf field necessary for 
the Am; transitions to penetrate. It was supplied by a 
coil wound around the cavity. Both the rf and micro- 
wave magnetic fields at the sample were of the order of 
a tenth of an oersted. This insured adiabatic fast- 
passage conditions for all of the transitions induced. 

In order to prove that a polarization of the nuclei’ 
has taken place, we have to show that the population 
of the levels corresponds to the value predicted by 
theory. Since the amplitude of the electron spin reson- 
ance line is proportional to the population difference 
between two levels, it was used as a probe to investigate 
the occupancy of the levels. 

Figure 1 shows the experimental results. The pre- 
dicted populations are shown below each recorder 
tracing. The transitions which are induced at each 
stage are indicated by arrows. The time variation of the 
external magnetic field is shown above the tracing. 

In Fig. 1(a) no rf was applied. From the theory of 
adiabatic fast passage,® we would expect the electron 
spin resonance line to have equal amplitude and sign 
when the time between two successive passages through 
the line is short in comparison to the relaxation time. 
In our case this condition was not completely fulfilled 
since the relaxation time of the sample was of the order 
of a minute whereas the time between two sweeps was 
approximately 20 sec. This explains, partially at least, 
the experimentally observed reduction in amplitude. 

Figure 1(b) shows the effect of inducing nuclear 
transition between the m,=+4 states. This was ac- 
complished by sweeping the radio-frequency generator 
from 52-54 Mc/sec. A similar result was obtained by 
sweeping the radio-frequency generator from 64-66 
Mc/sec, which induced transitions between the m,= —4 
states. Since this nuclear adiabatic fast passage re- 
verses the population of the levels with the same m,, 
the population of the levels with different m, has been 
equalized. We should therefore not expect a signal 
when sweeping back through the line. Experimentally 
we find a small residual amplitude which again can be 





LETTERS TO THE EDITOR 


ee all ab RED ere 
den + Seewoltlneg erie 





oe We 








M+ 
oo N 
ms>*V2 . quire F0-e) 
— — 


my=-72 
nN, ey Ms2- . 
Reve) sv? Hare) are) 








m,r*72 ene —_ —_ 
— z(-€) atte) 


(a) 


SSE Sa Sale, 2H 2 1506 
Ho = 3110¢ 


ic 


1 SEC-4 bk 








—-et 


M,=+172 Nise) #(1-€) 

2 = 
Ms=+V2 hoy Na-eyy Nive) 
We 


mye-1/2 
M.2-1/2 — a — 
— Mase) | Save) S(ive) 





M,e¢V2 
Ms*-V2 gga 
s°°V2  Biive) Ka-e) 8-€) N(-€) 


(b) 


Ho= pedis, “ahaa Hg = 31506 —— 
Ho = 310g debe ining 





2 Be 





SEC -4 


ae 


mm, =+Vfe Nase) “(-€) 
Ms*+/2 " ms-ve eS We ae 


Ms= +e 


hi 








Fic. 1. Electron spin resonance 
lines in phosphorus-doped silicon 
under adiabatic fast-passage condi- 
tions. The electron line is being 
used as a probe to investigate the 
population of the levels after 
different transitions have been 
induced. (a) No radio-frequency 
field applied. For infinite relaxa- 
tion times, the amplitude of the 
line after the second ge 
should be the same as after the 
first. (b) After first passage 
through the line, the radio-fre- 
quency field is swept from 52 to 
54 Mc/sec to induce the Avy 
transition, after which nuclear 
polarization is established. (c) 
After first passage through the 
line, the radio-frequency field is 
swept from 50 to 65 Mc/sec to 
cover both the Ayy and hpy’ 
transitions. 
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explained by the finite relaxation time. It is this case 
that exhibits the nuclear polarization given by n~e 
—~geuoH /2kT. This may be readily seen from the figure 
by merely adding the occupancy of the m;= +} levels 
and comparing it with that of the m;= —} levels. 

Figure 1(c) shows what happens if we induce both 
nuclear transitions by sweeping the rf through the 
52-65 Mc/sec range. We see from the level diagram that 
the population of the levels is just opposite to the ones 
in Fig. 1(a). We should observe therefore a reversal of 
the electron spin line, which indeed is verified experi- 
mentally. 

It should be noted that it is the magnetic field in 
which the nuclei come to thermal equilibrium that 
enters into the polarization formula. This may be 
several times larger than the magnetic field in which the 
spin transitions occur, as long as the field is changed to 
the resonance field in a time short compared to the 
relaxation time. 
1 Fletcher, Yager, Pearson, Holden, Read, and Merritt, Phys. 
Rev. 94, 1392 (1954). 

2 Feher, Fletcher, and Gere, Phys. Rev. 100, 1784 (1955); 
G. Feher and R. C. Fletcher, Bull. Am. Phys. Soc. Ser. II, 1, 
125 (1956). 

3G. Feher, Rev. Sci. Instr. (to be published). 

4A. Honig, Phys. Rev. 96, 234 (1954); A. Honig and J. Com- 
brisson, Phys. Rev. 102, 917 (1956). 

5 F. Bloch, Phys. Rev. 70, 460 (1946). 





Lowest Odd-Parity States in 
Even-Even Nuclei* 


H. MorinaGA 
Department of Physics, University of Lund, Lund, Sweden 
(Received May 25, 1956) 


LTHOUGH they are much less common than the 

even-parity states,'? quite a few odd-parity 
states have been identified in even-even nuclei. Such 
states are expected to arise from configurations different 
from the ground-state configurations. In order to see 
if there is any general trend in these states, the lowest 
experimentally identified odd-parity states were com- 
piled and their energies were plotted against A. The 
result is shown in Fig. 1. Most of the points were ob- 
tained from known beta- or gamma-ray decay schemes 
except for the very light nuclei. In many of the cases 
it is not very certain that the experimentally identified 
lowest odd-parity states are actually the lowest odd- 
parity states. In each case where the level scheme is 
well established there are usually several odd-parity 
states in a cluster, so that in the not-well-established 
cases the observed odd-parity states are probably close 
to being lowest. This situation might not occur in some 
light nuclei. Among 41 points plotted, the identification 
of the parity is quite certain for more than 30 points 
and the rest are more likely to be odd-parity states 
than even-parity states. 
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Fic. 1, Excitation energies of the lowest odd-parity states in 
even-even nuclei plotted against A. The dots represent the cases 
where parity assignments are quite certain and the crosses repre- 
sent the less certain cases. The straight line represents the em- 
pirical pairing energy E=67 A~*/4 Mev. 


The results indicate quite marked trends as follows: 
(1) These states have, where the identification of the 
angular momentum is certain, odd angular momentum, 
predominantly 3, and there is no case where even 
angular momentum is assigned positively. This con- 
firms the rule found by Glaubman’ and treated theoret- 
ically by Talmi.‘ 

(2) These states appear not too far from the line 
E=67A-*/* Mev (a semiempirical formula which is 
used to describe the separation of two mass parabolas 
in even-A nuclei®), with two kinds of exceptions: (a) 
anomalies at the Pb isotopes (and also around N= 82), 
and (b) the low-lying 1~ states in very heavy nuclei 
which are considered to be collective odd-parity states.° 
This fact indicates, in other words, that in general the 
lowest odd-parity states lie on the odd-odd mass 
parabola. It is interesting to see that at A= 208, where 
an anomaly takes place, the 3~ state (the lowest odd- 
parity state) of Pb” lies closer to the odd-odd empirical 
mass parabola than its ground state lies to the even- 
even curve, indicating that the ground state is anomal- 
ously stable. 

(3) The points appear in groups, around oxygen, 
around calcium, around strontium, etc. These are the 
places where the jump in the oscillator shells takes 
place, i.e., 1p3/2 to 1d 5/2 and 251/2, 1d3/2 and 2512 to 
1 f2/2, 2p1/2 to 1gy/2, etc. This might seem to be due only 
to the fact that in this region the states of the parent 
nuclei that undergo beta decay mostly have odd parity. 
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This surely makes the identification easy (or possible), 
but it is not the only reason why such states are found 
in this region. In the intermediate region, the lowest 
odd-parity states could not appear so low; for example, 
in Mg™ one can exclude 3-, 4-, and 5~ states up to 
about 8 Mev, since the 9.4-Mev 4+ (T=1) state does 
not decay into such states (no evidence of three or 
more gamma rays in cascade). 

(4) In the heavy-element region, the effects of cores 
are very pronounced (around Pb, around N=82, and 
around V = 50). 

(5) Surprisingly enough, the points in light nuclei 
fall fairly well on the line, suggesting that these states 
are probably of shell-model nature like those in heavier 
nuclei. This is in agreement with the shell-model 
picture of the lower odd-parity states in O'*.7 

The general trend shows the similarity of the lowest 
odd-parity states in even-even nuclei to the ground- 
state configurations of odd-odd nuclei in their symmetry 
character, namely, the existence of two unpaired 
nucleons (which interact rather weakly with each 
other). 

This rule seems to be quite useful for the investiga- 
tion of decay schemes. So far there seems to be no 
definite violation. There are some decay schemes where 
much lower lying odd-parity states have been con- 
sidered. These seem to need further investigation. 

The author appreciates very much the hospitality 
of the staff of the Physics Department, University of 
Lund, and he is also very grateful to the Swedish 
Atomic Energy Commission for the grant which made 
his stay at Lund possible. 

* This work was started at Purdue University and preliminary 
results were reported at the New York Meeting of the American 
Physical Society (January 1956) as a post-deadline paper. 
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Radioactive Isotopes Cl*° and Ga"‘} © 


H. Morrnaca* 
Department of Physics, Purdue University, Lafayette, Indiana 
(Received May 25, 1956) 


N order to look for more odd-parity states in even- 

even nuclei,! two previously unknown isotopes Cl 
and Ga™ were made and investigated. The ground 
states of these nuclei are most likely negative-parity 
states according to the shell model, and therefore 
allowed transitions to some of the negative-parity 
states would compete well with the transitions to lower 


THE EDITOR 


even-parity states even though such odd-parity states 
have a relatively high energy. Moreover, the forbidden- 
ness of the high-energy beta component can keep the 
half-life of these isotopes fairly long in spite of the high 
decay energy which is expected from beta energy sys- 
tematics. 

In order to produce Cl, solid argon was bombarded 
by fast neutrons from a beryllium target bombarded 
by 10-Mev deuterons from the Purdue cyclotron. 
Gamma-ray measurements made after the neutron 
irradiation showed gamma rays with energies of 1.46 
Mev, 2.75 Mev, and 6.0 Mev, in addition to the 1.37- 
Mev gamma ray attributed to the 110-min A“ pro- 
duced by the (n,y) reaction on A® and the 3.1-Mev 
radiation due to S*? produced by the (n,a) reaction on 
A®. From both gamma-ray measurements with a Nal 
scintillator and beta-ray measurements with a GM 
counter, the half-life of this new activity was found 
to be about 1.4 min. Since Cl is the only unknown 
isotope which could be produced by irradiating argon 
and since moreover the energy of one of the gamma rays 
(1.46 Mev) coincides with the energy of the first ex- 
cited state of A”,? this new activity is attributed to Cl®. 
Also, the assignment of this activity to chlorine is con- 
firmed by chemical separation. 

The beta spectrum of this activity was investigated 
with the aid of a 2X2X2 in. Plastifluor scintillator 
and was found to extend up to about 7.5 Mev. There 
is also at least one strong lower energy component which 
has its end point between 3.0 and 3.5 Mev. The in- 
tensity of the 2.75-Mev gamma ray is found to be close 
to that of the 1.46-Mev gamma ray by comparison of 
the spectrum with that of Na™ taken by the same 
spectrometer. These characteristics suggest a decay 
scheme as given in Fig. 1(b). The decay energy is in 
good agreement with the beta energy systematics. 


~15 
r c1*° 





Fic. 1. Proposed 
decay schemes of 
Cl® and Ga™ com- 
pared with known 
decay schemes of 
Cl® —_ [Kraushaar, 
Mihelich, and Sun- 
yar, Phys. Rev. 95, 
456 (1954)] and 
Ga™ [Kraushaar, 
Brun, and Meyerhof, 
Phys. Rev. 101, 139 
(1956)]. In the 
decay scheme of Ga” 
(c), only the major 
components of the 
beta and gamma 
radiations are shown. 
For the fit with the 
systematics of odd- 
parity states, see 
the figure in refer- 
ence 1. 
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The second excited state seen here is most likely to be 
an odd-parity state because of the low comparative 
half-life of the beta transition to this state, and spin 3 
is preferred to 2 on account of the Glaubman and Talmi 
rule. The energy value is just about what is expected.! 

Ga™ was produced by bombarding pure germanium 
metal with the same neutron source. Very many gamma 
rays with various half-lives were observed after the 
bombardment, but all could be assigned to some known 
isotopes produced by fast neutrons on Ge, except for 
three distinct gamma rays with energies 0.58, 2.3, and 
2.6 Mev which decayed with a half-life of about 8 min. 
All the possible activities expected from neutron ir- 
radiation of Ge are known except those of Ga” and Ga", 
and the yield of the latter is expected to be much smaller 
than that of the former because of the high (m,p) 
threshold and the more unfavorable isotopic content. 
Also, the energy of one of the gamma rays agrees well 
with that of the first excited state of Ge™.? Therefore 
this activity is assigned to Ga”. 

It is rather difficult to determine the decay scheme 
from this, but it is noticed that the gamma-ray in- 
tensity distribution looks quite similar to that of Ga”, 
just as the Cl decay is similar to the decay of Cl**. 
Also, from the systematics of odd-parity states, odd- 
parity states can be expected at around 3 Mev. There- 
fore, the decay scheme of Ga” is probably like that 
given in Fig. 1(d). 

The author is very grateful to Dr. E. Bleuler and 
Dr. D. J. Tendam for the use of facilities at the Purdue 
cyclotron and also appreciates very much the enthusias- 
tic help of Mr. E. L. Robinson in the investigation of 
Cl. Thanks are also due Miss L. Roth for providing 
the pure germanium sample. 
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Bremsstrahlung in High-Energy 
Nucleon-Nucleon Collisions 


R. E. Curxoskxy 


Carnegie Institute of Technology, Pittsburgh, Pennsylavania 
(Received May 21, 1956) 


REVIOUS studies of the bremsstrahlung emitted 

in high-energy nucleon-nucleon collisions have 
treated the interaction between the two particles in 
the Born approximation’; this procedure is certainly 
incorrect for the high-energy gamma rays, where the 
spectrum shape is modified by the strong interaction 
in the low-energy final state of the two nucleons. In 
this note we show that the spectrum, for gamma-ray 
energies sufficiently close to the end point that the 
final nucleons are in an S state, can be calculated by a 
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method similar to that used in calculating the spectrum 
of mesons produced in nucleon-nucleon collisions.” 
This calculation predicts a peak in the bremsstrahlung 
spectrum for high-energy gamma rays, a measurement 
of which would provide interesting information about 
nucleon-nucleon interactions. 

Consider first the neutron-proton bremsstrahlung, 
with the final state being a *S state. As a special case, 
the final state may be a deuteron, giving a discrete 
line 2.2 Mev above the end point wo of the continuous 
spectrum; the cross section for deuteron formation is 
determined from the principle of detailed balancing 
to be 

dao= 3wo(2M)“"doa(wo), 


where M is the mass of a nucleon, and dog is the 
photodisintegration cross section. The energy is 


supposed to be nonrelativistic but much greater than 
the deuteron binding energy B. In general, we may 
write 


My=— (Wy), J= f j(x)-ee- de, (1) 


Let J=Jo+J’, where Jo is the contribution of the 
ordinary current associated with free particles, and the 
remainder J’ represents effects such as meson exchange ; 
furthermore, let H=H )+H’, where H’ gives the 
interaction between the two particles, and let ¢ denote 
an unperturbed state. Then 
(2w) 1M 5; 

=— (Yy,J pi) — (Ws,J oi) 

+ (vy, J Ao—E:— ie |" A’Y,) (2) 

ecuikn (vs,J pi) 

+2 ns,’ bn) (En— Es— te) (Gn, J oi) 

+2 n(Ws,J on) (E,— E;— ie) a, (on,Hpi). 


The contribution of the first two terms depends only 
on W;(x) for points « within the range R of nuclear forces, 
and this is also true of the less important third term 
for sufficiently high-energy gamma rays. While ¥;(«) 











Fic. 1. Predicted bremsstrahlung spectrum (in the c.m. sys- 
tem) for collisions of 400-Mev neutrons with protons. The discrete 
line with a 16}-ub cross section corresponds to deuteron forma- 
tion. The low-energy curve is the semiclassical result, which is 
known to be correct in the limit; the high-energy peak is pre- 
dicted by the calculation in the text. 
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Fic. 2. Predicted bremsstrahlung spectrum (in the c.m. sys- 
tem) for collisions of 90-Mev neutrons with protons. 


is unknown for r<R, we may expect y,;(x)/Ry;(R) 
to be nearly independent of energy over a considerable 
range of final-state energies. Therefore we can write 
(2w)*M ;;=([Ry,(R) JA, where the factor A is a slowly 
varying function of the initial energy and the gamma- 
ray frequency; this allows us to relate the part of the 
high-energy continuous spectrum due to *S final 
states to the cross section for deuteron formation. 
Since from Eq. (2) it seems plausible that A depends 
primarily on the gamma-ray energy, 


Made \Ye®(R)|* 





o3= day(w) 
(2)? |Wa(R)|? 


3 (=), wdw/M 


RF hee 





doa(w), (3) 


where g=[M(wo—w) }! is the relative momentum of 


the nucleons in the final state, and the zero-range ap- 
proximation has been used for Ry;(R). 

In an exactly similar way, we find that the contribu- 
tion of 1S final states to the spectrum may be expressed 


as 
1 fwo—w\! wdw/M 
ioy=—( ) da*(w). (4) 
4n\ B* J Bt+wo—w 





Here B* is the energy of the virtual singlet state (70 
kev), and do*(wo), which is defined by the above 
expression, may be interpreted as the photodisintegra- 
tion cross section of the (virtual) singlet deuteron. 
For the purpose of a rough numerical estimate, one may 
neglect all spin-dependent effects [ except in determining 
¥,(0) ], which gives 


dor=$L | Yo (0) |/ |v. (0) |* Jos. (5) 


Equations (3) and (5) were used with the experi- 
mental photodisintegration data* to calculate the 
high-energy part of the curves shown in Figs. 1 and 2. 
The low-energy curves were obtained from the well- 
known semiclassical formula and the experimental 
scattering data.‘ Similar results are obtained in proton- 
proton scattering, although the intensity of gamma 
radiation is much reduced, owing to the absence of 
electric dipole radiation. Further discussion of these 
questions is deferred to a more complete study. 
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